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HWR Berlin, Wintersemester 2017/2018

Mathematics for Business and Economics
Berlin School of Economics and Law

Worksheet 1 — Exercises

Problem 1:

What is mathematics? Why are mathematical methods effective? Why does it make sense to
apply mathematical methods if confronted with problems?

Please read the first part of the paper of physics Nobel prizewinner Eugene P. Wigner “The
Unreasonable Effectiveness of Mathematics in the Natural Sciences — What is Mathematics?”
and try to find and to identify your own epistemological position.

Problem 2:

What is your answer to the following question of mathematician and philosopher Morris
Kline: ,,Is mathematics a collection of diamonds hidden in the depths of the universe and
gradually unearthed, or is it a collection of synthetic stones manufactured by man, yet so bril-
liant nevertheless that they bedazzle those mathematicians who are already partially blinded
by pride in their own creations?” (Quotation from Hal Hellman: Great Feuds in Mathematics.
Ten of the Liveliest Disputes Ever. John Wiley & Sons, Hoboken, New Jersey 2006, p. 203.)

Is mathematics a discovery or a human invention?
Is mathematics natural and an inherent part of nature existing always and for ever,
or is mathematics artificial and a construction of the human mind?

Problem 3:

British physics Nobel prizewinner P. A. M. Dirac describes his view with the following words:
“One may describe the situation by saying that the mathematician plays a game in which he him-
self invents the rules...* (Quotation from Paul A. M. Dirac: The Relation Between Mathematics
and Physics, James Scott Prize Lecture, Proceedings of the Royal Society (Edinburgh), Vol. 59,
1938 — 1939, part I, pp. 122 — 129.

And Mathilde Marcolli, who has won the Sofja Kovalevskaya award in 2001, says: “If intelligent
extraterrestrial life exists, they will most probably invent completely different mathematics,” sim-
ply because ... mathematics can be invented freely, ...” (German quotation ,,Wenn es aulerirdi-
sche Lebewesen gébe, dann wiirden sie hochstwahrscheinlich auch eine vollkommen andere
Mathematik erfinden, weil eben ,,... Mathematik frei erfunden werden kann, ...« from Antonia
Rotger: Zur Person — Matilde Marcolli, MaxPlanckForschung, Das Wissenschaftsmagazin der
Max-Planck-Gesellschaft, Issue 1/2005, pp. 76 — 80).

As simple example for such a free invention of
mathematics, we will compare different solution
strategies for the following problem:

What is the size of the area of the Scm
parallelogram on the right?

Find the area of the given parallelogram using math-
ematical methods you have learned at school.
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Problem 4:

A mathematician, who invented completely different mathematics, has been the Stettin senior
high school teacher (German: ,,Oberlehrer am Gymnasium®) Hermann Grassmann. He was able
to find the extensions — or in other words: the areas — of simple geometric objects using his theo-
ry of extensions (which he called ,,Ausdehnungslehre®).

Please compare the solution strategy of Grassmann, which you have discussed at the first lesson,
with the solution strategy you have learned at school and applied at solving problem 3.

Problem 5:

Find the areas of the following parallelograms by using the solution strategy of Grassmann.

a) b)
3cm
.......... 3.2cm
5cm
3.9cm
1.6cm
9cm
4.2 cm
c) d)
25¢cm
10 cm
40 cm 30cm
3cm
5cm 6 cm
Problem 6:

To take part at this course “Mathematics for Business and Economics” successfully, mathematical
basics from primary and secondary school are required. If you do not have a good knowledge of
school mathematics, it will be expected that you refurbish your knowledge of school mathematics
and that you remove possible deficiencies of school mathematics at your own initiative.

Lengthy repetitions of school mathematics will not be part of this business math course. You are
personally responsible for your own mathematical future. Therefore please have a look into your
old schoolbooks of mathematics. Please find out whether you have severe mathematical deficien-
cies (e.g. when calculating fractions or transforming simple equations, etc...). And please develop
strategies to close possible gaps in your knowledge of school mathematics autonomously.
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Problem 7:

Please get academic textbooks about mathematics for business, economics, and finance in your
library, by searching through second-hand internet shops for used books, or at a bookshop.

It is of no great importance, which math books you use and read. Most introductory academic
textbooks discuss the topics of the modular description. But it is of very great importance that you
solve autonomously as many business math problems as possible. The books should help at and
give support to your individual learning process.

As learning processes differ from person to person, you will find different books readable (or
unreadable). So please compare different math books to find out which books are a good fit for
you.

Problem 8:

Different textbooks use different mathematical notations. Our math course will mainly use the
mathematical notations which are common in Germany, e.g. the notation used in the textbooks
of Tietze (see modular description of the equivalent German math course “Wirtschaftsmathema-
tik”, LV-Nr. 200 601.01 — Jirgen Tietze: Einfiihrung in die angewandte Wirtschaftsmathematik,
17. Auflage, Springer Spektrum, Berlin, Heidelberg 2013).

It will be expected from you however, that you will gain the capability to deal with different
mathematical notations and mathematical representations within your academic studies. Especial -
ly you should then be able to identify identical mathematical descriptions even if they are written
in a mathematically totally different style.

Therefore please get several different math books and compare the mathematical styles and nota-
tions they are written in. The use of different letters or symbols for the same mathematical vari-
able should not shatter you neither mathematically nor mentally.

Problem 9:

Please always bring your electronic pocket calculator to the lessons. And please practice to do
complicated calculations with your pocket calculator. The results of the following calculations
should be found by you within less than 20 seconds.

Please round all results to the nearer ten-thousandth (leave four decimal places).

a) b) L1 ¢)
o | 1085 -1 400 | 1.085" 400-1.085
0.085 0.085 L1
(1+0.085)"
d) €) 3207-10° f) 3
| 156-10° i o6 ] -5
34-(5+In300) n_t I BT
440 6

Short note: At the written exam it is not allowed to use programmable electronic pocket calcu-
lators. Therefore please solve all problems with pocket calculators which are not programma-
ble.
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HWR Berlin, Wintersemester 2017/2018

Mathematics for Business and Economics
Berlin School of Economics and Law

Supplement of Worksheet 1 — Exercises

Problem 1:

The following parallelogram with the coordinates given by Nini had been discussed at the first
IBMAN math lesson at Oct 12, 2017:

8cm

a) Find the area of this parallelogram with the strategy Hayate presented at the lesson.
b) Find the area of this parallelogram with the strategy invented by Grassmann.

Problem 2:

Now we generalize problem 1: The first side vector a will point ay units of length into the direction
of the x-axis and ay units of length into the direction of the y-axis.

The second side vector b will point by units of length into the direc-
tion of the x-axis and by units of length into the direction of the y-axis.

Show that the equation of the formula of
the area of this generalized parallelogram
will be

by A

by generalizing the solution strategy of
Hayate.

parallelogram = ax by —ay bX

ay by
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HWR Berlin, Wintersemester 2017/2018

Mathematics for Business and Economics
Berlin School of Economics and Law

Worksheet 3 — Exercises

Problem 1:
The following supply and demand functions of a market are given:

Supply: p =x+15 Demand: p=-2x+60
a) Find the equilibrium price pe and equilibrium quantity x. algebraically.
b) Compare your result with the graphical solution.

¢) Transform the supply and demand functions into a system of two linear equations.
Find the two coefficient vectors a and b and the resulting vector of constant terms r.
Find the outer products (oriented areas) of the three different parallelograms which can
be constructed by Pauli vectors a, b, and r.
Find the equilibrium price pe and equilibrium quantity x. by the strategy of Grassmann,
who simply divided the outer products.

Problem 2:

Find the equilibrium price p and equilibrium quantity x. for each of the following markets
algebraically. Compare your results with the graphical solutions.

a) Supply: p=3x+40 b) Supply: p=3x+20
Demand: p = —x+120 Demand: p = - % X+ 90
c) Supply: p = %x + 400 d) Supply: p = 750
Demand: p = - % x + 1000 Demand: p = - g X+ 1270
Problem 3:

Solve problem 2 with Geometric Algebra.

Problem 4:
Find the equilibrium price and the equilibrium quantity for each of the following markets:

a) Supply: x = %p -4 b) Supply: = %(p —80)
Demand: = -2p+206 Demand: x = 319 - gp
Problem 5:

Solve problem 4 with Geometric Algebra.

Problems 6 — 14 have no reference to Geometric Algebra.
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HWR Berlin, Wintersemester 2017/2018

Mathematics for Business and Economics
Berlin School of Economics and Law

Worksheet 8 — Exercises

Problem 1:

Find the areas of the parallelograms if the two different sides are given by the following vectors
and if the two base vectors o, and oy have lengths |oy| and |y| of 1 cm. Please also draw a sketch
of the parallelograms.

a) a=5o0x+ 20y b) a=8ox+ 7oy c) a=50x—-50y d) a=4ox+160y
b=20y+60y b=20yx+200y b=30x+ 70y b=9cx+ 20y
Problem 2:

Find the areas of the parallelograms if the two different sides are given by the following vectors
and if the two base vectors o, and oy have lengths || and |oy| of 1 cm. Please also draw a sketch
of the parallelograms if possible and find the precise names of the given parallelograms.

a) a= 6ox+t4oy, b) a=-480cx-340, C) a= 4oyx+3o0y d) a= 504+ 200y
b=—404+60y b=-51lox+7.20y b=120,+90y =—ox— 4oy
Problem 3:

Solve the following systems of linear equations and check your results.

a) 3x+8y = 28 b) 4x+9y = 29 C) 6x+4y =6 d 5x-2y =6
6X+2y = 28 5x+6y =31 2X+ y =3 -2x-3y =28

Problem 4:

A firm manufactures two different final products P, and P,. To produce these products the fol-
lowing quantities of two different raw materials R, and R, are required:

3unitsof R; and 6 units of R, to produce 1 unit of P,
8unitsof R; and 2unitsof R, to produce 1 unit of P,

Find the quantities of final products P, and P, which will be produced, if exactly 28 units of
the first raw material R, and 28 units of the second raw material R, are consumed in the pro-
duction process. (Hint: Results of problem 3 can be used.)

Problem 5:

A firm manufactures two different final products P, and P,. To produce these products the fol-
lowing quantities of two different raw materials R; and R, are required:

2unitsof R; and 5units of R, to produce 1 unit of P,
7unitsof R; and 1unit ofR, to produce 1 unit of P,

Find the quantities of final products P, and P, which will be produced, if exactly 2050 units
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of the first raw material R, and 1000 units of the second raw material R, are consumed in the
production process.

Problem 6:

A firm manufactures two different final products P, and P,. To produce these products the fol-
lowing quantities of two different raw materials R, and R, are required:

4unitsof R; and 1unit of R,
3unitsof R; and 5units of R,

to produce 1 unit of P;
to produce 1 unit of P,

In the first quarter of a year exactly 33000 units of the first raw material R, and 38000 units
of the second raw material R, are consumed in the production process. In the second quarter
exactly 32000 units of the first raw material R, and 25000 units of the second raw material R,
are consumed in the production process.

Find the quantities of final products P, and P, which will be produced in the first quarter, and
find the quantities of final products P, and P, which will be produced in the second quarter.

Problem 7:

A firm manufactures two different final products P, and P,. To produce these final products two
intermediate goods G, and G, are required. The production of the intermediate goods requires
two different raw materials R; and R,. The demand of raw materials to produce one unit of the
intermediate goods and the total demand of raw materials to produce one unit of the final pro-
ducts is shown in the following tables:

G G Pr P
R, | 8 2 R, | 42 28
R, | 4 3 R, | 23 26

Find the demand matrix of the second production step which shows the demand of intermediate
goods to produce one unit of each final product.

Problem 8:

A firm manufactures three different final products P4, P,, and P5. To produce these final products
two intermediate goods G, and G, are required. The production of the intermediate goods re-
quires two different raw materials R; and R,. The demand of raw materials to produce one unit
of the intermediate goods and the total demand of raw materials to produce one unit of the final
products is shown in the following tables:

Gl GZ Pl P2 P3
R, | 9 3 R, | 48 21 84
R, | 2 2 R, | 12 14 32

Find the demand matrix of the second production step which shows the demand of intermediate
goods to produce one unit of each final product.
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Problem 9:

A firm manufactures two different final products P, and P,. To produce these products the fol-
lowing quantities of two different raw materials R; and R, are required:

7unitsof R; and 4unitsof R, to produce 1 unit of P;
Sunitsof R; and 3unitsof R, to produce 1 unit of P,

Find the quantities of final products P, and P, which would have been produced in theory, if
exactly one unit of the first raw material R, had been consumed in the production process.

And find the quantities of final products P, and P, which would have been produced in theory,
if exactly one unit of the second raw material R, had been consumed in the production process.

How can these results be understood?
Give an economic interpretation of the results.

Problem 10:

A firm manufactures two different final products P, and P,. To produce these products the fol-
lowing quantities of two different raw materials R, and R, are required:

10 unitsof R; and 4unitsof R,  toproduce 1 unitof P,
12 unitsof R; and 5unitsof R,  toproduce 1 unitofP,

Find the quantities of final products P, and P, which would have been produced in theory, if
exactly one unit of the first raw material R, had been consumed in the production process.
And find the quantities of final products P, and P, which would have been produced in theory,
if exactly one unit of the second raw material R, had been consumed in the production process.

Find the inverse of the demand matrix and check your result.

Problem 11:

Find the inverses of the following matrices and check your results.

a) {5 4} b) [10 4} c) {10 6} d) {0 -2.5}
A= B= C= D=
9 7 19 8 20 13 0.2 34
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HWR Berlin, Wintersemester 2017/2018

Mathematics for Business and Economics
Berlin School of Economics and Law

Worksheet 9 — Exercises

Problem 1:

a) Download the “Geometric Algebra Algorithms Optimizer” (GAALOP), which is a soft-
ware freely available at the internet. The GAALOP homepage can be found at the URL

www.gaalop.de

Activate first the “Download” link to reach the download page at the URL
www.gaalop.de/download

GAALOP can then be downloaded by activating the blue link “download Gaalop”.

b) After installing GAALOP can be started by activating the “Start” icon or by starting the
java file “java-jar starter-1.0.0.jar” directly, which depends on the configuration and the
security adjustments of your computer.

Problem 2:

Please get acquainted with GAALOP by thinking up and then solving simple Geometric Al-
gebra calculations.

Chose Pauli Algebra of three dimensional, Euclidean space as
Algebra to use: ,,3d - vectors in 3d*

on the basis of CluCalc.

For instance enter the three vectors a= 4oy + 8oy
b=100y+ 30y
C= 5o0x—50y
into a GAALOP program and determine the following sums or differences:
a) p=a+b b) g=4a+2b c)r=b-2c d) s=65a-60b+68c

Problem 3:
Solve all problems of previous worksheet 8 with the help of GAALOP programs.

The problems of worksheet 8 have been problems about systems of two linear equations
with two unknown variables. Such problems can be solved with Geometric Algebra by
vectors, which point into only two directions and which thus are situated in the xy-plane.

At the following pages of this worksheet 9 you will now find problems about systems of
three linear equations. To solve these problems the mathematics of vectors, which point
into three directions and which are situated in three-dimensional space, is required.
Thus vectors will now have three components, representing X, y, and z directions.

© M. Horn (2018) Modern Linear Algebra: Geometric Algebra with GAALOP — Worksheets 10




Problem 4:

a) A firm manufactures two different final products P, and P,. To produce these products the
following quantities of three different raw materials R, R,, and R are required:

5unitsof R;, 4unitsofR,, and 3unitsof R; toproduce 1 unitofP;
2 unitsof R;  to produce 1 unitof P,

Find (with the help of GAALOP) the quantities of final products P, and P, which will be
produced, if exactly 125 units of the first raw material R,, 100 units of the second raw
material R,, and 145 units of the third raw material R; are consumed in the production
process.

b) A firm manufactures two different final products P, and P,. To produce these products the
following quantities of three different raw materials R;, R,, and R are required:

Sunitsof R;, 4unitsofR,, and 3unitsof R; toproduce 1 unitofP;
6 unitsof R;, 7unitsofR,, and 8unitsof R; toproduce 1 unitofP,

Find (with the help of GAALOP) the quantities of final products P, and P, which will be
produced, if exactly 380 units of the first raw material R;, 370 units of the second raw
material R,, and 360 units of the third raw material R; are consumed in the production
process.

Please find not only a GAALOP program, but give also detailed calculations of intermediate
steps using Geometric Algebra and compare with conventional solution strategies. Finally
check your results.

Problem 5:

Find the volume of the parallelepipeds with the help of GAALORP if the three different sides
of the parallelepipeds are given by the following vectors and if the base vectors oy, oy, and o
have lengths |oy|, |oy|, and |c,| of 1 cm.

a) a=4oyx+20y b) a=4ox+20y C) a=4ox+20y
b=2cx+40y b=20cx+40y b=20yx+40y
c=30; c=5cy+50; C=7ox*t7oy+70;

d) a=2o0x+50y+50; e) a=2ox+t60y+100; f) a=404,+80cy—50;
b=30x+30cy+60; b=8cx+30cy+120;, b=30cx—70y+60;
Cc=4ocx+t4oyt4do; c=7ox+9cy+ 4o, c=—20x+90y—o0;

Please also draw a sketch of the parallelepipeds of the first three exercises a), b), and ¢) and
compare all GAALOP results with the results you get by applying the rule of Sarrus to find
the determinants of the coefficient matrices.

Problem 6:

Solve the following systems of linear equations with the help of GAALOP either directly or
by programming intermediate steps and check your results.

a) 3x+8y =28 b) 8x+5y+10z= 396 c) 3x-5y+6z= 141
6X+2y =28 3X+7y+12z=375 —-2X+5y+8z=111
2Xx+4y+2z=28 2X+6y+14z=386 7X+ y+9z=185
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d) s x+ Ty +°%-z =210
8 x+ 1y +3.2=138
Yex+12y +6/.7 =282

Problem 7:

A firm manufactures three different final products P4, P,, and P5. To produce these products
the following quantities of three different raw materials R;, R,, and R; are required:
7 unitsof R;, 3unitsofR,, and 4unitsof R;  toproduce 1 unitof P,
2unitsof R;, 9unitsofR,, and 6unitsof R;  to produce 1 unitofP,
5 units of R, and 8unitsof R;  toproduce 1 unitof P4

Exactly 500 units of the first raw material R;, 780 units of the second raw material R,, and
880 units of the third raw material R; are consumed in the production process.

Find the output of final products P,, P,, and P; with the help of GAALOP.

Problem 8:

A firm manufactures three different final products P, P,, and P5. To produce these products
the following quantities of three different raw materials R;, R,, and R; are required:
12 unitsof R;, 20 unitsof R,, and 16 units of R, to produce 1 unit of P;
30 unitsof R;, 15unitsof R,, and 28 units of R, to produce 1 unit of P,
10 unitsof R;,  8unitsof R,, and 25 units of R, to produce 1 unit of P,

Exactly 12000 units of the first raw material R;, 13900 units of the second raw material R,,
and 18300 units of the third raw material R; are consumed in the production process.

Find the output of final products P,, P,, and P with the help of GAALOP.

Problem 9:

A firm manufactures three different final products P, P,, and P5. To produce these products
the following quantities of three different raw materials R, R,, and R are required:

unitsof R;, 2unitsof R,, and 7 unitsof R, to produce 1 unit of P;

3unitsof Ry, 2unitsof R,, and 5 unitsof R, to produce 1 unit of P,
4unitsof R;, 3unitsofR,, and 2 unitsof R, to produce 1 unit of P4

In the first quarter of a year exactly 98 units of the first raw material R, 35 units of the sec-
ond raw material R,, and 76 units of the third raw material R5 are consumed in the production
process.

In the second quarter exactly 61 units of the first raw material R;, 30 units of the second raw
material R,, and 59 units of the third raw material R5 are consumed in the production process.

Find the quantities of final products P,, P,, and P5, which will be produced in the first quarter,
and find the quantities of final products P,, P,, and P5, which will be produced in the second
quarter, with the help of GAALOP.
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Problem 10:

A firm manufactures two different final products P, and P,. To produce these final products
three intermediate goods G,, G,, and G; are required. The production of the intermediate
goods requires three different raw materials R;, R,, and R5. The demand of raw materials to
produce one unit of the intermediate goods and the total demand of raw materials to produce
one unit of the final products is shown in the following tables:

Gl Gz G3 Pl PZ
Ry 10 15 11 Ry 964 814
R2 17 20 16 R2 1409 1184
R3 12 14 25 R3 1320 1093

Find the demand matrix of the second production step, which shows the demand of intermedi-
ate goods to produce one unit of each final product, with the help of GAALOP and check your
result.

Problem 11:

A firm manufactures three different final products P4, P,, and P5. To produce these final pro-
ducts three intermediate goods G;, G,, and G; are required. The production of the intermediate
goods requires three different raw materials Ry, R,, and R;. The demand of raw materials to
produce one unit of the intermediate goods and the total demand of raw materials to produce
one unit of the final products is shown in the following tables:

G Gy G3 P1 P2 P3
R1 8 6 6 R1 228 186 308
R, 7 5 7 R, 214 166 282
Rs 5 4 0 Rs 108 107 160

Find the demand matrix of the second production step, which shows the demand of intermedi-
ate goods to produce one unit of each final product, with the help of GAALOP and check your
result.

Problem 12:

A firm manufactures three different final products P4, P,, and P5. To produce these final pro-
ducts three intermediate goods G;, G,, and G; are required. The production of the intermediate
goods requires three different raw materials R;, R,, and R;. The demand of raw materials to
produce one unit of the intermediate goods and the total demand of raw materials to produce
one unit of the final products is shown in the following tables:

Gy G2 Gs Py P, Ps
R1 82 63 20 R1 4496 5462 4815
R, 44 19 37 R, 2530 3482 2801
Rs 10 52 92 Rs 3224 4062 4646
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Find the demand matrix of the second production step, which shows the demand of intermedi-
ate goods to produce one unit of each final product, with the help of GAALOP and check your
result.

Problem 13:

A firm manufactures three different final products P, P,, and P5. To produce these products
the following quantities of three different raw materials R;, R,, and R; are required:

3unitsof R;, 2unitsof R,, and 8unitsof R;  toproduce 1 unitof P,

S5unitsof R;, 6unitsofR,, and 7unitsof R;  toproduce 1 unitofP,
4unitsof R;, 3unitsof R,, and 10unitsof R;  to produce 1 unit of Py

Find with the help of GAALOP the quantities of final products P,, P,, and P; which would
have been produced in theory, if exactly one unit of the first raw material R, had been con-
sumed in the production process.

Find with the help of GAALOP the quantities of final products P,, P,, and P; which would
have been produced in theory, if exactly one unit of the second raw material R, had been
consumed in the production process.

And find with the help of GAALOP the quantities of final products P,, P,, and P; which
would have been produced in theory, if exactly one unit of the third raw material R had
been consumed in the production process.

Use the values just found to construct the inverse of the demand matrix and check your re-
sult.

Problem 14:

Find the inverses of the following matrices (if they exist) with the help of GAALOP and
check your results.

a) b)

c)

1 4 9 0 4 7 1 4 7
A=[7 2 6 B=[4 5 8 c=|2 5 8
6 3 8 36 9 36 9
d) 3 4 8
D=|10 5 10
10 20 15
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HWR Berlin, Wintersemester 2017/2018

Mathematics for Business and Economics
Berlin School of Economics and Law

Worksheet 21 — Repetition of Linear Algebra / Exercises

Problem1:
Problem 2:

Problem 3:

Problem 4: > Conventional problems about Linear Algebra, which
should be solved without Geometric Algebra.

Problem 5:

Problem 6:

Problem7: )

Problem 8:

a) Find the area of the parallelogram. b) Find the area of the parallelograms if

the two base vectors oy and oy have
lengths |oy| and |oy| of 1 cm.

10 cm
6 cm
5 a
2cm 20 cm
a=18ocx+ 4oy
d=10cyx+ 12 oy
Problem 9:

A firm manufactures two different final products P, and P,. To produce these products the fol-
lowing quantities of two different raw materials R, and R, are required:

8unitsof R; and 5unitsof R, to produce 1 unit of P,

10 unitsof R; and 15 units of R, to produce 1 unit of P,

Find the quantities of final products P, and P, which will be produced, if exactly 280 units of
the first raw material R; and 280 units of the second raw material R, are consumed in the pro-
duction process.
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Problem 10:

A firm manufactures two different final products P, and P,. To produce these final products
two intermediate goods G, and G, are required. The production of the intermediate goods
requires two raw materials R; and R,.

The following quantities of raw materials are required in the production process:
7 unitsof R; and 8 units of R, to produce 1 unit of G,

3unitsof R; and 9units of R, to produce 1 unit of G,

Total demand of raw materials:
94 unitsof R; and 152 units of R, to produce 1 unit of P,
80 unitsof R; and 175 units of R, to produce 1 unit of P,

Find matrix B of the second production step which shows the demand of intermediate goods
to produce one unit of each final product and check your result.

Problem 11:

A firm manufactures three different final products P, P,, and P5. To produce these final pro-
ducts three intermediate goods G,, G,, and G5 are required. The production of the intermedi-
ate goods requires three raw materials R;, R,, and Rs.

The following quantities of raw materials are required in the production process:

7unitsof R;, 6unitsofR,, and 5unitsof R, to produce 1 unit of P
unitsof R;, 8unitsof R,, and 7 unitsof R, to produce 1 unit of P,
S5unitsof R;, 4unitsofR,, and 3unitsof R, to produce 1 unit of P4

Exactly 359 units of the first raw material R;, 308 units of the second raw material R,, and
257 units of the third raw material R; will be consumed in the production process.

a) Find the system of simultaneous linear equations which should be solved to find the un-
known quantities of final products produced.

b) Give a GAALOP program which solves this system of linear equations at the GAALOP
user interface of the next page.

¢) The following solution of the system of linear equations will be expected to appear, if the
Optimize button is activated: x =18
y =17
z=16. Please check this solution.
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WWW.GAALOP.DE

l_l New File Open il §ave File || Close 5" Configure @ Optimize

Welcome | '\ aufgabe l

Algebra to use:

{3d - vectors in 3d \7]
VisualCodelnserter:

LVisuaI Code Inserter \v
Optimization:

{Table-Based Approach H

CodeGenerator:

{T};‘X LaTeX H

Ready | |

. s Start @ Eigene Bilder P& wima-dt_uebung0s_... e CYWINDOWS\syste, .. ™ Gaalop ™1 Compilation Result & |2 LY 19:41

d) Now the Optimize button is activated. Unfortunately the compiler result of the GAALOP
program states that the solution values X, y, and z are undefined. What is wrong with the
GAALOP program?

Give a mathematical reason why it is not possible to find the expected solution values of
problem part (c) with the GAALOP program.

Problem 12:

A firm manufactures three different final products P, P,, and P5. To produce these final pro-
ducts three intermediate goods G,, G,, and G; are required. The production of the intermedi-
ate goods requires three raw materials R;, R, and R;.

The following quantities of raw materials are required in the production process:

7unitsof R;, 6unitsofR,, and 5unitsof Ry to produce 1 unit of P,
9unitsof R;, 8unitsof R,, and 7 units of Ry to produce 1 unit of P,
S5unitsof R;, 4unitsofR,, and 2 unitsof R, to produce 1 unit of P4

Exactly 422 units of the first raw material R;, 362 units of the second raw material R,, and
283 units of the third raw material R; will be consumed in the production process.

a) Find the system of simultaneous linear equations which should be solved to find the un-
known quantities of final products produced.
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b) Give a GAALOP program which solves this system of linear equations at the following
GAALORP user interface.

New File gpen File @ Save File u Close % Configure @ Optimize

Algehbra to use:

[38' - vectors in 3d

VisualCodelnserter:

[Visual Code Inserter

Optimization:

B = 2

[Table-Based Approach

CodeGenerator:

[’IEX LaTeX

=

s Start @ Eigene Bilder P& wima-dt_uebungDs ...

c) Now the Optimize button is activated. The compiler field shows the following results:

x=21
y=20
z=19

Please check this solution.
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Problem 13:
The following GAALOP program is given:

WWW.GAALOP.DE

l:l New File ﬁgpen File Qﬁave File @ Close % Configure Onptimize
Welcome &iﬁgaha )

a= 2%el + 14*e2 + 12*e3;
b= 8*el+ 4*e2+ 6%*e3;
c =18%el + 12*e2 + 16*e3;

Algebra to use:

l3d - vectors in 3d

VisualCodelnserter:

r=el;

VAN 2YAY NRh/AR)- lVisuaICodelnsener :YJ]
?x = (r"b”c)/(@a”b”\c); .
? — a/\r/\c / a/\b/\c : Optimization:

y —( N\ /\) ( Nh /AN ) lTable-BasedApproach i
?z = (@b r)/(@”b”\c);

CodeGenerator:

lTEXLaTeX 's!(J

Ready |
1y Start @ Eigene Bilder

a) Please state, which mathematical object will be calculated with the given GAALOP program.

b) Are the following results correct results of the GAALOP calculation?

x= 1
y= 10
=45

Please check these results.
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HWR Berlin, Wintersemester 2017/2018

Mathematics for Business and Economics
Berlin School of Economics and Law

Worksheet 1 — Answers

Problem 3:

2cm

A possible starting point, which you already

should have seen in school, can be to place

the parallelogram into a great rectangle. This 7cm
great rectangle will indeed be a great square

at this problem 3, because the coordinate sums

of both sides are identical: 5+2=4+3=7

Thus both sides of the rectangle have the same

5cm

4cm 3cm

length. g
Aparallelogram - Asquare -2 Arectangle -2 Alarge triangle ~ 2 ° Asmalltriangle
:7cm-7cm—2-3cm-2cm—2-% -5cm-3cm—2-% -4cm-2cm
=49cm’—2-6¢cm’—2-7.5cm* -2 4cm?
=49cm®—12cm? — 15cm® — 8cm?
=14 cm®
Problem 4:

The solution strategy of Grassmann is based on the commutation relations of the base vectors
defined (and thus “invented”) by him. Because of historical reasons we will call theses base
vectors Pauli vectors, symbolized by the Greek letter “sigma”: oy, oy, and c;.

oy = one step into the direction of the x-axis = base vector of x-direction
oy = one step into the direction of the y-axis = base vector of y-direction

o, = one step into the direction of the z-axis = base vector of z-direction

Every base vector should have the length of exactly one length unit. Thus they are unit vectors.
Therefore Hermann Grassmann (and Wolfgang Pauli later) decided, that the square of their base
vectors must be exactly one as important part of the definition (or of the “invention”):

o =0/=0,/=1 = This rule is called normalization.

Besides that, Hermann Grassmann (and Wolfgang Pauli later) decided to calculate in a totally
different way compared to the way we are used to do calculations with real numbers.

The result of a multiplication of two real numbers will not change if the order of the two factors
is changed. For example the result of 3 times 7 is perfectly identical to the result of 7 times 3
(which will be 21 in both cases):

3:7=7-3 = This mathematical behaviour is called commutativity.
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But if two Pauli vectors are multiplied, the result will change if the order of two base vectors
of a multiplication is changed. An additional minus sign has then to be taken into account:

Gy Gy = — Oy Ox

OyG; = — 070y = This mathematical behaviour is
called anti-commutativity.
O;0x = —OxO;
Hermann Grassmann (and Wolfgang Pauli later) haven chosen (or “invented”) these algebraic
rules, because they describe the successive walk into different directions mathematically in a
pretty good way.

If we first go one step into the direction of the x-axis and if we then go another step into the di-
rection of the y-axis (in a mathematical order of oy 5y), we will move in an anti-clockwise orien-
tation (like car drivers in a traffic circle on the Continent of Europe, see figure on the left).

But if we first go one step into the direction of the y-axis and if we then go another step into the
direction of the x-axis (in a mathematical order of o, 5y), we will move in a clockwise orienta-
tion (like car drivers in Britain or ghost-drivers on the Continent in a traffic circle, see figure on
the right).

Ox
Ox Oy Oy Ox
Oy Oy
GOx
mathematically positive orientation mathematically negative orientation
(Continental car driver in a traffic circle) (Continental ghost-driver in a traffic circle)
Thus: oyxoy=—oyox = This is the basic rule of Pauli Algebra.

(first invented by Hermann Grassmann)

An additional minus sign thus indicates geometrically a reversal of the direction of rotation (or
of the orientation), while an additional minus sign indicates algebraically a change of the order
of two neighboring anti-commuting factors.

Now the area of a given parallelogram can be found in a very simple way simply by multiplying
both side vectors of the parallelogram:

First vector a points simultaneously 4 units of length
into x-direction and 2 units of length into y-direction:

= a=4oxt20y

Second vector b points simultaneously 3 units of
length into x-direction and 5 units of length into y-
direction:

5cm

= b=3ox+50y

© M. Horn (2018) Modern Linear Algebra: Geometric Algebra with GAALOP — Worksheets 21



Product of the two side vectors of the parallelogram:

>

ab=(4ox+20y)(3ox+50y)
\\/_/
=4'3GX2+4'56)(Gy+2'3GyG)(+2'56y2

=12 6 + 20 60y + 6 6,05 + 10 6,

0 0 0

1 — OxOy 1
=12 + 20 oyoy — 6 oxoy + 10

=22 + 14 ooy

This second part of the product, which contains two base vectors cxay, is
called outer product of the two vectors a and b. Mathematicians symbolize
outer products by a wedge A. This outer product is identical to the oriented
area A of the parallelogram.

The magnitude of the outer product |a A b| therefore is identical to the area

|A| of the parallelogram.
= aAb=14oc,0y
= |Al=14
— The area of the parallelogram is 14 cm?.
This wedge A and the corresponding algebra are inventions as well. This algebra is called Grass-

mann Algebra. Calculations which contain only wedge products (outer products) follow this
Grassmann Algebra.

Until NOW all this is a repetition of the solution strategy of Grassmann, which we have discussed
at the first lesson. Now the solution of worksheet problem 4 will follow.

Comparison of solution strategy
you know from school ... ... with the solution strategy of Grassmann:

a/\b:40x50_y_30_x20y

=20 oxoy — 6 oxoy

‘\ = 14 GxGy

4cx'56y:206)(0y

3cx26y:66)(6y
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It can be shown by parallel displacement that the area of the parallelogram is identical to the
difference of the areas of the blue and red rectangles.

= If the red smaller parallelogram of the right figure is subtracted from the blue parallelogram
of the left figure, we will get the area of the original parallelogram |a A b|. Thus the area of
the original parallelogram is indeed identical to the difference of the areas of the blue and
red rectangles which form the starting point of Grassmann’s calculation.

To find out how to split parallelograms with the help of an outer algebra in a mathematical correct
and an algebraically consistent way mankind needed over 4% thousand years. It all started in
Mesopotamia and was a really long mathematical struggle until Hermann Grassmann was finally
able to write in 1844, that by applying his theory of extensions algebra will gain a substantially
different shape (in German: ,,Durch diese Anwendung [werde] auch die Algebra eine wesentlich
verénderte Gestalt gewinnen.*“ Quotation from Hermann Grassmann: Die Wissenschaft der exten-
siven GroRe oder die Ausdehnungslehre. Erster Theil, die lineale Ausdehnungslehre enthaltend.
Verlag von Otto Wigand, Leipzig 1844, p. 71).
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Problem 5:
a) a=9oy
b=30x+50y
ab=(90cy) (3ox+50y)
=27 GXZ + 45 oy0y
=27 + 45 ooy = aAb=450,0y
= |A[ =45
— The area of the parallelogram is 45 cm.
b) a=420,+160,
b=320x+390y
ab=(4.20,+160y) (3.204+390ay)
= 13.44 6/ + 16.38 o0y + 5.12 6,04 + 6.24 G,°
=13.44 + 16.38 6x0y — 5.12 550y + 6.24
=19.68 + 11.26 oxoy = aAb=11.26 ooy
= |A]=11.26
— The area of the parallelogram is 11.26 cm?.
Cc) a=6ox+30oy
b=-50x+100y
ab=(6ox+30y) (—50x+100y)
=30 65’ + 60 650y — 15 5y0x + 30 )7
=—-30 + 60 oxoy + 15 oy0y + 30
=0+ 75 oyoy
=75 oyoy = aAb=750,0y
= |A| =75

= The area of the parallelogram (which now is a
square) is 75 cm?.

d) a=300x+ 150y
=40 6, + 25 oy
ab=(30ox+ 15 0y) (—40 ox + 25 oy)

= - 1200 6" + 750 ox0y — 600 Gyox + 375 6,

=-1200 + 750 oxoy + 600 oxoy + 375

=—-825 + 1350 oyoy = aAb=1350 oxoy
= |A] =1350
— The area of the parallelogram is 1350 cm?.
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Problem 9:

a)

b)

d)

f)

12
0 {1.085 1

= 7819.699917 ~ 7819.6999
0.085 }

Please use decimal points when writing decimal numbers in English texts.
Decimal commas are only used in German texts.

1

T naniz
400 | — 10857 | 5937874428 ~ 2937.8744
0.085

Please write the equation sign (or equality sign) always on level with the main
fraction line.

400-1.085
1

(1+0.085)"

= 695.180475 ~ 695.1805

If the digit to the right of the last digit you are keeping (the digit to the right of
the last place-value digit) is 5 or greater than 5, then the last digit (the place-value
digit) will be increased by one.

| 15610° 13.378939 = 13.3789
34-(5+In300) '

3207-10°)

el
1

In——
440

= —33.232583 = — 33.2326

1-2

—2.95+log,, 27—5 = 3524032 =~ - 3.5240
o3

To show that the result is rounded to the nearer (i.e. to the nearest) ten-thousandth,
please leave four decimal places and write a zero as last digit.

Thus the result will therefore be written as —3.5240.

The decimal number —3.524 is inaccurate because then the result is rounded to
the nearer (or nearest) thousandth.
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HWR Berlin, Wintersemester 2017/2018

Mathematics for Business and Economics
Berlin School of Economics and Law

Supplement of Worksheet 1 — Answers

Problem 1:

a) Strategy of Hayate

6cm

8cm

3cm

5cm élcm

If we do not choose the great black square but the smaller red rectangle as starting point, half
of the area of the parallelogram can be calculated by subtracting the grey triangle, the blue
triangle, the green triangle, and the yellow rectangle from the rectangle in red bold outline.

% Aparallelogram = Arectangle in red bold outline — Agreytriangle - Ablue triangle — Agreentriangle - Ayellow rectangle
:6cm-8cm—% -6cm-80m—% -5cm-3cm—% -lcm-5cm—1cm-3cm
=48 cm?—24 cm*—7.5cm? - 2.5 cm?— 3 cm?
=11 cm?

= A =2-11cm?=22 cm?

parallelogram

b) Strategy of Grassmann:
a=5oyx+3o0y
b=6o0x+80y
ab=(5ox+30y) (6ox*+8oy)
:5'6GX2+5'80XGy+3'6GyGX+3'8Gy2
=30 GX2+40 60y + 18 6yoy + 24 Gy2
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=30 + 40 oxoy — 18 oxoy + 24
=54 + 22 o0y

= |Al=]laabl=22

= aAb=22c0y

— The area of the parallelogram is 22 cm?.

Problem 2:

Generalized parallelogram:

-A

greentriangle

by
by —ay
by
ay
ax 1
by — ay
La = A A A
E parallelogram ~ # “rectangle in red bold outline — “ “grey triangle — ¥ “blue triangle
1 1 1
= by by — 5 by by — 5 axay — . (bx—ax) (by—ay) — (bx—ax) ay

= A

_ % - (bx — ax) (by—ay) — (bx—ax) ay

parallelogram = bX by —ax ay - (bX - aX) (by - ay) -2 (bx - ax) ay

= by by —axay — (bxby — byay —axby + ayay) — 2 byay + 2 axay

= byby —axay — by by + byay + ayby —aya, — 2 byay + 2 ayay

= byay + axby—2 byay

= axby —ayby

QED
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HWR Berlin, Wintersemester 2017/2018

Mathematics for Business and Economics
Berlin School of Economics and Law

Worksheet 3 — Answers

Problem 1:

a) Equilibrium: pe = X +15 = -2X. +60

3Xe = 45
Xe = 15 (Equilibrium quantity)
pe = 15+ 15 or pe = —2-15+60
pe = 30 pe = —-30+60 =30 (Equilibrium price)
b) Graphical solution:
Y
60 —
45 —
Pe 30
15 —
] 1%
5 10 15 20 25
/

Xe
c) Supply: p=x+15 = X—p=-15 = I1x-1p=-15
Demand: p =-2x+60 = 2x+p= 60 = 2X+1p= 60
— -
——
system of two linear equations
Coefficient vectors: a=lox+t20y=0ox*+20y

b=-1lox+loy=—ox+oy

Resulting vector: r=-150yx+600cy=—-150+ 60 oy

The following system of two linear equations has to be solved: ax+bp=r
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Outer products: a A b = 6xoy — 2 6yOx = 65Oy + 2 GxGy = 3 GOy
rAb=-15 640,60 cyox =~ 15 540y + 60 o0y = 45 oy0y

anr =60 ocyoy,— 30 6yox = 60 oxoy + 30 oxoy = 90 oyOy

Solutions: Xe=(an b)f1 (rab)= % =15 (Equilibrium quantity)
-1 90 A .
pe=(@Aab) (aar)= 3 =30 (Equilibrium price)
Problem 2:
a) Equilibrium:  pe = 3X.+40 = — %, + 120
4%, = 80

Xe = 20 (Equilibrium quantity)

pe:3'20+40 or pe
pe = 60 +40 = 100 Pe

—-20+120
100  (Equilibrium price)

Graphical solution:
p

120 —

Pe 100
80 —
60 —
40 —

20 —

5 10 15 20 25

Xe

b) Equilibrium: pe = 3 X +20 = — %xe + 90
35X%, =70
Xe = 20  (Equilibrium quantity)

1

Pe=3:20420  or  pe=--20+90

Pe = 60 + 20 = 80 P = —10+90 = 80  (Equilibrium price)
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Graphical solution:

Pe 80
60 —
40 —

20 —

Xe
A 1 1
c) Equilibrium: pe = 2 Xe +400 = -5 Xe + 1000
0.75 xe = 600
Xe = 800  (Equilibrium quantity)
1 1
pe:Z-8OO+4OO or pe:—z-800+1000
Pe = 200 + 400 = 600 pe = —400 + 1000 = 600 (Equilibrium
price)
Graphical solution:
1000 —
800 —
Pe — 600
400 —
200 —
T > X

200 400 600 800 1000
A

Xe
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5

d) Equilibrium: p. = 750 = — gxe+ 1270
0.625 x, = 520
Xe = 832  (Equilibrium quantity)

Pe = 750 or Pe = — g - 832+ 1270 = 750  (Equilibrium price)

Graphical solution:

Pe —

Problem 3:

1200 —

1000 —

p

800 —

600 —

400 —

200 —

— 1 1T 1 T =X

200 400 600 800 1000
A

Xe

Supply and demand functions form a system of two linear equations.

(2a) Supply: p =3x+40 = 3x—p=-40 = 3x=1p=-40

Demand: p = —-x+120 = X+p= 120 = 1x+1p= 120

Pauli vectors:

Outer products:

Solutions:

a=3ox+tloy=30x+o0y

b=-1ox+1loy=—ox+oy
r=-40oyx+ 120 6y =—-40 ox + 120 oy
aAb=3ox0y,—0,0x=30x0y *+ 650y = 4 oxOy

r A b=-40 o0, - 120 oyox = — 40 640y + 120 oxoy = 80 oy0y
aAr =360 oxoy— 40 oyox = 360 oyoy + 40 oyoy = 400 oyoy

Xe=(an b)fl (rab)= % =20 (Equilibrium quantity)

pe=(an b)f1 (@aar)= 4%0 =100 (Equilibrium price)
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(2b) Supply: p=3x+20 = 3x-p=-20 = 3x-1p=-20

Demand: p:—%x+90 = %x+p:90 = %x+1p:90

Pauli vectors: a=3ox+0.50y
b=-0ox+o0y

r=—20ocyx+90 oy

Outer products: a A b =3 o0y — 0.5 6,04 = 3 oxoy + 0. 5040y = 3.5 o0y
rAb=-20 640,90 cyox = — 20 40y + 90 oyoy = 70 oy0y
anr =270 oxoy— 10 oyox = 270 oxoy + 10 oxoy = 280 ooy

Solutions: Xe=(aA b)_1 (rab)= % =20 (Equilibrium quantity)

pe=(anb) (anr)= % =80  (Equilibrium price)

1

(2c) Supply: p = %x+400 = X—p=-400 = Zx—lp:—400

N[, M|

Demand: p:—%x+1000 = X+ p= 1000 = %x+1p:1000

Pauli vectors: a=0.2504+0.50y
b=-0ox+oy
r =—400 oy + 1000 oy
Outer products: a A b =0.25 c4oy — 0.5 oyox = 0.25 640y + 0. 5oxoy = 0.75 oxoy
rna b =— 400 chy - 1000 Gny =— 400 GxGy + 1000 sty = 600 chy

anr =250 oxoy— 200 oyox = 250 oyoy + 200 650y = 450 4oy

Solutions: Xe=(an b)f1 (rab)= % =800 (Equilibrium quantity)
pe=(anb) (anr)= % =600 (Equilibrium price)
(2d) Supply: p = 750 = p= 750 = Ox+1p= 750
Demand: :—§x+1270 = gx+p:1270 = §x+lp:1270

Pauli vectors: a =0 oyx+ 0.625 5, = 0.625 oy
b=ox+o0oy
r =750 cx + 1270 oy
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Outer products: a A b =0.625 6,0, = —0.625 o,0y
r A b =750 o6y + 1270 6y0x = 790 o640y — 1270 o0y = — 520 oyoy
aAnr=468.75 oyox = — 468.75 ooy

Solutions: Xe=(an b)f1 (rab)= _05:;)5 =832 (Equilibrium quantity)
-1 —468.75 R .
=(aanb) (aar)=——— =750 Equilibrium price
Pe=(@nb) (@an=—r oo (Eq price)
Problem 4:
a) Equilibrium: X, = %pe—4 = —2pe+ 206
1 _
gpe = —-2p.+210
p
3 pe = 210
pe = 90  (Equilibrium price)
xe—%-90—4 OF X =-2-90+206
Xe =30-4 =26 Xe = =180+ 206 = 26  (Equilibrium quantity)
e _ 2 _ 5
b) Equilibrium: X, = E (pe—80) = 319 - P
2 5
E Pe—32 = 319 - 7pe
14+25 . = 351
35
_ 35 _ - _
Pe = 351 - 9 315 (Equilibrium price)
_2 _ 5
Xe = g(315—80) or Xe = 319 — E 315
X, = % 235 = 94 X, = 319-225 = 94 (Equilibrium quantity)

Problem 5:

Supply and demand functions form a system of two linear equations.

a) Supply: x==p-4 = x—%p:—4

w |

Demand: x = —2p + 206 = X+2p=206
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Pauli vectors: a=ox+ oy
1
=—Zoxt20y
3

r=—4oy+ 206 oy

1
Outer products: aaAb= [2 + §j GxOy = % GxOy
206

aAr= (206 +4) oxoy = 210 ooy

182
ons: = (anb) (rab) = 3 - 1823 _182
Solutions: xe=(aAb) (rab) = 7 =37 7 =26
3
_ 210
pe:(aAb)l(a/\r):T:21O~§:90
3
2 2 2
b) Supply: x=—-(p-80)=—-p-32 = X——p=-32
5 5 5
5 5
Demand: x:319—7p = x+7p:319
Pauli vectors: a=ox+ oy
2 )
b=——Gx+7Gy
r=—32ox+ 3190y
_ (5 2 39
Outer products: aAb= 7+g cxcyzgcsxcsy
( 160 638) 3666
r/\b: -t — GxGy:—GxGy
7 5 35
aAr= (319 + 32) oyoy = 351 ooy
3666
. -1 35 3666 35 _ 3666
Solutions: x.=(aAb) (rab)= = — = —
e=(@nb) (rab)=—34 35 39 39
35
3 -1 351 35
pe=(@Ab) (aar) = 39 -351-5—315
35

(Equilibrium quantity)

(Equilibrium price)

=94 (Equilibrium quantity)

(Equilibrium price)

© M. Horn (2018) Modern Linear Algebra: Geometric Algebra with GAALOP — Worksheets 34



HWR Berlin, Wintersemester 2017/2018

Mathematics for Business and Economics
Berlin School of Economics and Law

Worksheet 8 — Answers

Problem 1:
a) a=50x+t20y Sketch:
b=20yx+60y
ab=(5ox+20y) (20x+60y)
=5.26+5-6050y+2-20y04+2-6c,2 2fM
=10 6 + 30 650y + 4 6y0x + 12 6/
=10-1+300xoy+4 (—oxoy) +12-1 6 cm b

=10 + 30 oyoy — 4 oyoy + 12

=22 + 26 ooy 2cm

= aAb=26o0y 5cm

= |A| =26

— The area of the parallelogram is 26 cm®.

b) a=8ox+ 70y Sketch:
b=20yx+200y

ab=(8ox+70y) (20x+200y)
=8-206+8-20 650, + 7-2 oyox + 7-20 6,/
= 16 6’ + 160 o4y + 14 6,05 + 140 6,
=161+ 160 o,0, + 14 (- ox0,) + 140 - 1
=16 + 160 oxoy — 14 oxoy + 140

= 156 + 146 ooy 20 cm
= aAb=146 oxoy
— |Al =146

— The area of the parallelogram is 146 cm?.
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c) a=50x—50y Sketch:
b=30x+ 70y
ab=(50x—50y) (Box+ 7ay)
:5'3Gx2+5'7GXGy—5'3GyGX—5'70'y2
=15 ze + 35 oxoy — 15 6yox — 35 Gy2 rem
=15-1+350x0y—15(-oyx0y) —35-1
=15+ 35 oxoy + 15 645y — 35

=—-20+ 50 ooy
= aAb=50ocy0y 5cm
= |A| =50

— The area of the parallelogram is 50 cm?.

d) a=4ox+ 160y Sketch:
b=90yx+ 20y

ab=(4ox+166y) (9ox+ 20y)

=4-.9 ze +4-20y0y+16-9 0,05+ 162 Gy2 Acm
=36 ze + 8 oxoy + 144 oyoy + 32 0y2
=36-1+8 o0y + 144 (—oy0y) +32-1
=36 + 8 oyoy — 144 oyoy + 32 16 cm a
=68 — 136 oyoy
= aAb=-136 ooy
b_—
= |Al=136 2em
9cm
— The area of the parallelogram is 136 cm?.
Problem 2:
a) a=6ox+t4oy Sketch:

b=-40c,+60y

ab=(6ox+40y) (—40x+60y)
6-(—4)Gx2+6-6csxcry+4-(—4)Gyox+4-60y2
—24 ze + 36 oxoy — 16 6yox + 24 Gy2
—24-1+ 36 oxoy— 16 (—oxoy) +24-1

—24 + 36 oxoy + 16 oxoy + 24

0 + 52 ooy
=52 oyoy 4cm 6 cm

6 cm

§4cm
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b)

aAb=>52cy0y
|A| =52

The area of the parallelogram is 52 cm?.

As the sides of the parallelogram are perpendicular to each other and have the same length,
it is a square.

=—-48-(-5.1) 0’ —4.8-7.2 650y—3.4-(-5.1) 6y0x— 3.4-7.2 6,
= 24.48 c,” — 34.56 Gyoy + 17.34 6,05 — 24.48 G,°

Sketch:

=24.48-1—-34.56 oxoy + 17.34 (— oy0y) —24.48 - 1 51cm

=24.48 — 34.36 ooy — 17.34 oxoy — 24.48

=0-51.90 ooy

=—-51.90 ooy 7.2cm
aAb=-5190 oxoy
|Al =51.90
The area of the parallelogram is 51.90 cm?. 3.4cm
As the sides of the parallelogram are perpendicular to each
other, it is a rectangle.
a=4ox+30y Sketch:
b=126,+90y
ab=(4ox+30y) (120x+90y)

=48-1+ 36 oxoy + 36 (—oyoy) +27-1
=48 + 36 oxoy — 36 oyoy + 27
=75+ 0 oyoy

=75

= aAb=00xy=0

= |Al=0

— The area of the parallelogram equals 0 cm?. Thus there is no area.

It is not possible to form a parallelogram, because all sides are parallel.
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d) a=50x+200y Sketch:
b=-o0x—40y
ab=(50x+200y) (—ox—4o0y)
=5-(-1) o’ +5-(—4) oxoy + 20 - (— 1) oy0¢ + 20 - (- 4) 6,°
:—50X2+—20 oxoy — 20 oyox — 80 Gy2
—5:1-200xoy—20 (—oxoy) —80-1
—5-20 oxoy + 20 oxsy — 80
-85+ 0 oyoy
=-85
= aAnb=00xy=0

20 cm

= |Al=0

— The area of the parallelogram equals 0 cm?.
Thus there is no area.

It is not possible to form a parallelogram,
because all sides are parallel.

Problem 3:
a) 3x+8y =28 = a=3ocxt+6oy
bx+2y =28 b=8ox+20,

r=28cy+28 G,

= ab=@Box+60y)(8ox+20y)
=24 6 + 6 5,0y + 48 6,05 + 12 6
=36 — 42 ooy

aAb=-42 ooy

=280 — 168 oxoy > — 42 oyoy X = — 168 ooy
Xx=4
rAb=-168 oyoy =
4
= ar=(3ox+60y) (28 ox+280y) N
anb)y=anar
= 84 6,” + 84 550y + 168 Gyoy + 168 G (@rbyy=an
=252 - 84 oy0y > —42 oyoy Yy = — 84 6,0y
= y:2
anr=-84oc.0y )

Check:  3-4+8.2=12+16=28
6-4+2.2=24+ 4=28
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b) 4x+9y =29 = a=4oxt+50y
Sx+6y =31 b=90cx+60y

r=29c4+3loy
= ab=(@4ox+50y)(90ox+60y)

=36 ze + 24 oyoy + 45 oyox + 30 Gy2
=66 — 21 oxoy

aAb=-21ox0y
= rb=(290x+3lcy) (9ox+60y)

= 261 6,° + 174 oy0y + 279 6,0y + 186 6,7
= 447 — 105 ooy

r A b=-105 oxoy
= ar=(4ox+50y) (290x+31loy)

= 116 6,° + 124 o,0y + 145 6,0 + 155 6,7
=271 -21 oxoy

anr=-21ocy0y

Check: 4.54+9.1=20+9=29
5:-5+46:-1=25+6=31

C) 6x+4y =6
2x+ y=3

= a=6oxt+20y
b=4ox+ oy

r=6ox+30y

= ab=(06ox+20y) (4ox+oy)
=24 0X2+60X0y+80ycsx+20y2

=26 — 2 ooy
aAb=-2oy0y
= rb=(6ox+30y) (4ox+o0y)

=24 GXZ + 6 oxoy + 12 oyoy + 3 Gy2
=27 -6 ooy

rAb=-6oxoy
= ar=(6ox+20y) (6ox+3aoy)

=36 0’ + 18 50y + 12 6y0x + 6 5,
=42 + 6 oy0y

aA =6 ooy

(@Ab)x=rab

= XxX=5

(@aAb)y=anar

= y=1

(@Aab)x=rab
— 2 650y X = — 6 0Oy

= Xx=3

(@aab)y=anar
—2 6,0y Y =6 oxoy

= y=-3
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Check: 6-3+4-(-3)=18-12=6
2:3+ (-3)= 6-3=3

d) OX-2y=6 = a=50-20y
—-2x-3y =28 = 20,30y

r=6ox+28 oy

= ab=0GBox-20y) (-20x-30y)
=—10 6’ — 15 640y + 4 6,04 + 6 G

=—-4-19 ooy

aAb=-19 ooy

= rb=(6ox+280y) (-20x—30y) N o)y o
= - 12 6,° — 18 550y — 56 6,05 — 84 5, @ab)x=ra
=96 + 38 5,0y > —19 oyoy X = 38 oxOy

= =-2
r Ab=238 o0y )
= ar=(5box—20y) (60x+280y) R (anb) AT
N —anA
=30 o’ + 140 640y — 12 6,05 — 56 G° Y
= 26 + 152 oyo, > —19 oxoy y = 152 ooy
= y=-8
aAr=152 oxoy J

Check: 5:(-2)-2-(-8)=-10+16=6
-2-(-2)-3-(-8)= 4+24=28
Problem 4:

The system of two linear equations of this text problem is identical to the system of linear
equations of problem 3a. Therefore the results of that problem can be used.

3x+8y=28 = a=3oxt60y = aAb=-42 o0y
6x+2y=28 b=8oyx+20y rAb=-168 oxoy
r=28 ox+ 28 oy aAnr=-84oc,0y
x=(aAb)‘l(rAb)=ﬂ=4 y=(a/\b)_1(a/\l’)=_—84=2
— 42 —4
Check: 4
2
3 8 28
6 2 28

If 28 units of the first raw material R, and 28 units of the second raw material R, are consumed
in the production process, 4 units of the first final product P, and 2 units of the second final pro-
duct P, will be produced.
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Problem 5:

2x+7y = 2050 = a=2o0x*+50y = aAb=-33oy0y
5x+ y = 1000 b=70x+o0oy r A b=-4950 oxoy
r =2050 oy + 1000 oy anr=-8250 oxoy

—-8250

—4950

= 150 y=(@ab) '(@aar)= = 250

x=@Ab) ' (rab)=

Check: 150
250

2 7 2050
5 1 1000

If 2050 units of the first raw material R, and 1000 units of the second raw material R, are con-
sumed in the production process, 150 units of the first final product P, and 250 units of the sec-
ond final product P, will be produced.

Problem 6: .
firstquarter second quarter

\’ \2

4 37[x, x,] _[33000 32000
7 5||ly, y,| [38000 25000
H J - ~ J

R.... matrix of quarterly consumption of raw materials
(consumption matrix)

P.... matrix of quarterly production
(production matrix)

4 x,+ 3y, =33000 = a=4ox+toy = aab =17 o0y
X, + 5y, = 38000 b=30x+50 r, A b =51000 oxoy

r, = 33000 o, + 38000 o, aAr, = 119000 c,0,
x,=(@ab) (rpab)= 51000 _ 509 y;=(@aab) t@nar)= % = 7000
4 x,+3y,=32000 = a=4ox+oy = aab =17 o0y
X, + 5 Y, = 25000 b=30x+50, r, A b =85000 ooy

r, = 32000 o, + 25000 o, aAr,=68000 G,0,
X,=(@Ab) (ryab)= 85000 _ ¢ 09 v,=(@aab) t(@ary)= 6810700 = 4000

. . 3000 5000
= matrix of quarterly production: P =

~ 17000 4000
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Check: 3000 5000
7000 4000

4 3 33000 32000
1 5 38000 25000

3000 units of the first final product P, and 7000 units of the second final product P, will be

produced in the first quarter.

5000 units of the first final product P, and 4000 units of the second final product P, will be

produced in the second quarter.

Problem 7:
8 2|[x, X,| (42 28 AB=D
4 31|y, Y, 23 26
)
| D.... matrix of total demand
B... demand matrix of the second production step
A.... demand matrix of the first production step
8x,+2y,=42 = a=8oxt+4o0y = aAb =16 oxoy
4x,+3y,=23 b=2ocx+30y r, A b =80 cyoy

r,=42cx+23 oy anAr;=16 oxoy

80

_ 16
x,=@Ab) (r,ab)= — =5
1=(@aab) "(rpAb) 1

vi=@ab) @ar)= T =1

8Xx,+2y,=28
4%,+3Yy,=26

= a=8oxt4oy
b=20cx+30y
r, =28 ox + 26 oy

= aAb =16 oxy
r,Ab=32oc,0y

a A I, =96 oxoy

- 32 - 96
X2=(a/\b)1(r2/\b):E:2 y2:(a/\b)l(a/\r2):E:6
Check: 5 2

1 6

8 2 42 28
4 3 23 26

5 2
= demand matrix of the second production step: B = L 6}
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Problem 8:

9 3||x, X, X;| _ |48 21 84
2 2|y, v, v,| |12 14 32

) VA —
| D.... matrix of total demand
B.... demand matrix of the second production step

A.... demand matrix of the first production step

9x,+3y,=48 = a=9ox+20y = aaAb =12 o0y
2X,+2y, =12 b=30x+20y r, A b =60 oxoy
r,=48ox+12 oy aAr;=12 oxoy
_ 60 -1 12
x,=@Ab)  (rpab)= — =5 =(@aAb) (aar)=—-=1
1=(@ab) “(r;ADb) 17 yi=(@nab) “(@Ary) 1
9x,+3y,=21 = a=9cx+20y = aaAb =12 o0y
2X,+2y,=14 b=30x+20y r,Ab= 0oxoy
r2:210X+14Gy a/\r2:840x6y
- 0 -1 84
X,=(@Ab)  (r,Ab)= — =0 =(@aab) "(aAar)=—-=7
,=(@Ab) " (rAD) 12 Yo=(@Ab) "(aAr) 12
O9x;+3y;=84 = a=9o0x+20y = aaAb =12 o0y
2X3+2Yy;=32 b=30x+20y r; Ab =72 oxoy
r; =84 ox + 32 oy anr;=120 cyoy
x3=(a/\b)*l(r3/\b)=£=6 y3=(aAb)*1(aAr3)=@=10
12 12
Check: 5 0 6
1 7 10

9 3 48 21 84
2 2 12 14 32

50 6
= demand matrix of the second production step: B = L . 10}

Problem 9:

First part of problem 9: Consumption of exactly one unit of the first raw material R;

7x+5y=1 = a=T7oxt+t4oy = aaAb=1ox0y =050y
4X+3y:0 bZSGX-l'SGy rl/\bZSGch
r]_:lGX:GX a/\r1:_4cxcy
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X, =@Ab)  (riab)=

| w

=3 ylz(a/\b)l(aAl’l):_T4 -4

Economic interpretation:

If exactly one unit of the first raw material R, had been consumed in the production process,
3 units of the first final product P; and (—4) units of the second final product P, would have
been produced. However, the production of a negative number of final products is problematic.

Producing (—4) units means that in addition to an already produced quantity (—4) units are
added. Mathematically, the negative number “minus four” is added or alternatively, the posi-
tive number “four” is subtracted. Thus after the production process the quantity is reduced by
four units.

Therefore these four units will not be produced, but consumed and (in theory completely) split
again into the initial raw materials R; and R,.

The correct economic interpretation will then be:

If exactly one unit of the first raw material R, had been consumed in the production process,
3 units of the first final product P, would have been produced and additionally 4 units of the
second final product P, would have been consumed.

Second part of problem 9: Consumption of exactly one unit of the second raw material R,

7x+5y=0 = a=T7oxt+t4o0y = aAab=1oy0,=0x0y
4x+3y=1 b=50x+30y r, Ab=-50cy0y
rn=1ocy=o0y aAnr,=7oy0y

=@ab) (ab)= 2 =-5  y=@nb)(@ar)= - =7

Economic interpretation:

If exactly one unit of the second raw material R, had been consumed in the production process,
in addition 5 units of the first final product P, would have been consumed and 7 units of the
second final product P, would have been produced.

As a complete splitting of products into the initial raw materials is hardly possible (and then
usually connected with higher costs), negative production quantities or a negative output will
only very rarely be part of realistic economical situations.

But mathematically the results just found are of enormous importance, which can be seen at
the following check of the results.

Check: 3 -5 i _ .
} inverse A ' of matrix A
-4 7
- -, . - l O
initial matrix A identity matrix |
4 3 0 1
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Mathematical interpretation:

_ 3 75
The resulting matrix A = { 7} is the inverse of matrix A = [4 }

3

Problem 10:

First part of problem 10: Consumption of exactly one unit of the first raw material R;

10x+12y=1 = a=10ox+4o0y = aAb=2o0y
4x+ 5y=0 b=1206,+50y riAb=>5o,0y
ri =1 ox= oy anri=-4oy0y

=@AD) (Ab)= S =25 yi=(aab) @ar)= =2

Economic interpretation:

If exactly one unit of the first raw material R, had been consumed in the production process,
2.5 units of the first final product P, would have been produced and additionally 2 units of the
second final product P, would have been consumed.

Second part of problem 10: Consumption of exactly one unit of the second raw material R,

10x+12y =0 = a=10ox+4o0y = aAb=2oc0y

4x+ 5y=1 b=120cx+ 50y r,Ab=-12 oyoy
r,=1oy=oy anr;=10ocxoy

x2=(a/\b)1(r2/\b)=_712=— yzz(a/\b)l(a/\l’z):%=5

Economic interpretation:

If exactly one unit of the second raw material R, had been consumed in the production process,
in addition 6 units of the first final product P, would have been consumed and 5 units of the
second final product P, would have been produced.

Check: 2.5 -6 } inverse A ' of matrix A
-2 5
o ] 10 12 1 0 _ ) ]
initial matrix A identity matrix |
4 5 0

Result:

. ) 10 12| . 4 25 -6
The inverse of the initial demand matrix A = 4 s is A "= 5 g |
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Problem 11:

a) {5 4} -
A=
9 7

x,=@Ab) ' (riAab)=

X,=(@Ab)  (r,Ab)=

a=5ox+90y = aab=-oy0y

b=4c,+70y riAb=7oxoy r,Ab=-4o,0y
ri = oy anri=-9ocy0y aA =500y
I, =oy

A ylz(a/\b)l(a/\rl):_—i - 9

4o 4y =@anb)ylt@aar)= 31 -5

Check: -7 4
9 -5
5 4 1 0
9 7 0o 1
. [-7 4
= A =
9 -5
b) o [10 4] — a=100,+196, = aab=4coy
" 119 8] b=4c,+80y riAb=8oy0y rnAb=-4o,0y
= ox anr;=-19 oxoy anr;=10 ooy
I, = oy
Xlz(a/\b)_l(rl/\b)zgzz ylz(a/\b)_l(a/\rl):_—lg:—4.75

X,=(@Ab)  (raAb)=

_74:—1 yZ:(a/\b)l(a/\rz):¥=2.5

Check: 2 -1
475 25
10 4 1 0
19 8 0 1
L gl 8 -4 [ 2 -1
T 4|-19 10| |-475 25
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) _[10 6} = a=106,+200, = aab=10c,0,

20 13 b= 6ox+13 0y ri A b =13 oxoy r, Ab=-13 oxoy
I = oy anr;=-20 ooy anr;= 10 oxoy
rZZGy
13 -20
X;=(rpAab)y/(aanb)= — = 1.3 =(anr)/(anb)= —— =-
1(1/\)(/\)10 yi=(@ar)/(@ab) 10
X, = (r,Ab)/(anb)= -2 =_06 v,=(anr)l@ab)= 2 = 1
2 2 10 : 2 2 10
Check: 1.3 -0.6
-2 1
10 6 1 0
20 13 0 1
4 1] 13 -6 1.3 -0.6
= C == =
10{-20 10 -2 1
d) 5[0 -25] = a=02o, = anb=0500,
B 02 34 b:_25 Gx+34 Gy rl/\b:34cxgy r2/\b:25 Gxgy
i = ox anr;=-0.2oy0y anr,=0
r2:Gy
x1=(a/\b)1(r1/\b)=%=2-3.4:6.8 ylz(a/\b)l(aArl):%:Z-(—O.Z):—OA
X2:(a/\b)l(rgAb):%:2-2.5:5 yZ:(aAb)l(aArz):%:z-o:o
Check: 6.8 5

-04 0

0 -25 1 0
02 34 0 1

1 34 25 6.8 5
= D =2. =
-02 O -04 0
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HWR Berlin, Wintersemester 2017/2018

Mathematics for Business and Economics
Berlin School of Economics and Law

Worksheet 9 — Answers

Problem 1:
a) Downloading GAALOP:

wB 9 3 A

. gaalop.de

i)‘

www.GAALOP.DE

Welcome to the Gaalop website!

What is Gaalop?

Gaalop (Geometic Algebra Algorithms Optimizer) is a software to optimize geometric algebra files.
Algorithms can be developed by using the freely available CLUCalc software by Christian Perwass. Gaalop
optimizes the algorithm and produces C++, OpenCL, CUDA, CLUCalc or LaTeX output (other output-formats
will followy).

Gaalop is ready for the future of GPU programming =
We are happy to announce that

support for C++ AMP (Accelerated Massive Parallelism) was added
in the latest version of Gaalop Precompiler.

The optimized code has no more geometric algebra operations and can be run very efficiently on various
platforms
See the documentation for a detailed description

There are riirrenths han wersinne nf ((aalnn A (Gl Il haced atandalane verainn that allniae far aniicle and aacw

wy.gaalop.de/dowrload] Bl & |[Q suchen B 9 3 A

i)‘

www.GAALOP.DE

Download

There are currently two versions of Gaalop. A GUI based standalone version, that allows for quick and easy
experiments and a more development-focused variant named Gaalop Precompiler.

Gaalop

In the news versions of Gaalop, Maple is no longer required. We are introducing an advanced new method
named Table Based Approach. This method can optionally be enhanced with Maxima support. Maxima is a
powerful symbolic computing engine, available at http:/fmaxima sourceforge net as open source

Find the sources on GitHub
download Gaalop

Once you installed it, start it with ,java -jar starter-1.0.0 jar" from the commandline

Gaalop Precompiler

Gaalop Precompiler is a news tool based on Gaalop, which allows for direct embedding of CLUScript into C++

X4
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inload | Gaalop A +

G gaalop.de

g lecture  Dietmar Hilden

Download Offnen von gaalop-2.0.2-bin.zip

There are currently two versions ¢ Sie méchten folgende Datei affnen: uick and easy
experiments and a more develop| (1 gaalop-2.0.2-bin.zip

Vom Typ: zip File (7,5 MB)

Von: http: w.gaalop.de
Gaalop Wie soll Firefox mit dieser Datei verfahren?
In the new versions of Gaalop, M: O Offnen mit new method
named Table Based Approach. T} (® Datei speichern . Maxima is a
powerful symbolic computing eng [] iir Dateien dieses Typs immer diese Aktion ausfiihren irce

Find the sources on GitHub

download Gaalop

Once you installed it, start it with java -jar starter-1.0.0 jar" from the commandline

Gaalop Precompiler

Gaalop Precompiler is a new tool based on Gaalop, which allows for direct embedding of CLUScript into C++
C++ AMP. OpenCL and CUDA source files. The whole concept is described in the

b) Starting GAALOP

Favoriten  Extras ?

e 7 Suchen | |(— Ordner E]'

£ 7

1d EinstellungenihorniEigene Dateienidownloads\gaalop-2.0.1.1-bin.zip v a Wechseln zu

=

plugins Apache Commons gaalop LICEMNSE GAALOP License plugins

License
2

setup-1.0.0 start start.sh starter-1.0.0

|oxa

mente und EinstellungenNhorn\Eigene Dateien\downloads\gaalop-2.6.1.1-bin>
—jar starter-1.0.0.jar
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i Gaalop E]r)__(]

WwWWwW.GAALOP.DE

|_j New File :'V. Open File iSave File | Close j{ Configure ﬁomjmize
Welcome

Welcome to Gaalop /
Gaalop optimizes your geometric algebra algorithms using a computer algebra system. Algebra to use:

[3d-vectors in 3d B

Problem 2:

WWWwW.GAALOP.DE

L/ New File l: 0pen File QSave File ] Close % Configure - @Opﬂmize
\, !- 2a

1 s Start @ gaalop-2.0.1.1-bin ov CAWINDOWS!syste. .. 1 Gaalop ™ Compilation Result

Elements of Pauli Algebra (Geometric Algebra of three-dimensional space) have eight com-
ponents. The compiler field shows only nonzero components as compilation result. Thus
components which are not shown in the compiler field must be 0.

Therefore six of the eight components of problem 2a) are zero and the following interpreta-
tion of the results can be given:

numbers:
scalar component without directions p_{0}&=

oriented line elements (or directed line segments):
vector component into oy-direction p_{1}&=14 — 14 oy
vector component into cy-direction p_{2}&=11 — 1loy
vector component into o,-direction: p_{3}&=
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a = 4%el + 8%e2;
b = 10%el + 3%ez; i Compilation Result
c = S*el - S5%e2;
mr Al Algebra to use;
{Sd -vectors in 3d |_v}
\begin{align®*}
p_{l}a= 14\) VisualCodelnserter:
p_{2}&= 11\\
AL l\lisual Code Inserter H
Vend{align®*} o
Optimization:
{Table—BasedApproach I:]
CodeGenerator:
{'IEX LaTex H
Ready |



oriented area elements:

bivector component into oxcy-direction p {4}&= 0

bivector component into oxo,-direction p_{5}&= 0

bivector component into cyc,-direction p_{6}&= 0
oriented volume element:

trivector component into oyxoyc,-direction p {7}&= 0

result in Pauli notation:
p=(4ox+80cy)+(10cx+30y) =140x+ 1l oy

b) "-'aalop

WWW.GAALOP.DE

L_‘ New File gpen File mgave File |u Close % Configure @ Optimize
Welcome [ 3 hwr-aufgabe-2b l

a = 4%l + 8%el;
b = 10%el + 3%eZ;
c = 5%el - 5%e2;

4 Compilation Result

L Sl N &mh Save file Algebra to use;

{3d-vectors in 3d |5.v..

:zjcitjz:a;;\m\l*} VisualCodelnserter:

q_{2}&= 38\N

;’:;:l(augm} {Visual Code Inserter i
Optimization:
{Tahle-Based Approach |,7'
CodeGenerator:
{'IEX LaTex |v]

Ready | |

/,’ Start @ gaalop-2.0.1.1-bin Y ste e ™1 Compilation Result ’(v,‘f.‘” =l 22112

result in Pauli notation:

g=4-(4ox+80y)+2-(100x+30y)=360,+380y
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c)

D New File ﬁgpen File @ﬁave File @ Close % Configure

Welcome &MM

a = 4%l + 8%el;
b = 10%el + 3%eZ;
¢ =i 5%el -"5%g2;
?2r = b - 2%c;

e Compilation Result

\begin{align®*}
r_{2}&= 13\\
2E\y
‘end{align*}

_w&@@e«-&%

Algebra to use:

{3\'1 - vectors in 3d

Lo

VisualCodelnserter:

{Visual Code Inserter

Optimization:

tTahle-Based Approach

=

CodeGenerator:

{TEX LaTex

Ready |

s Start @ gaalop-2.0.1.1-bin ( ~

result in Pauli notation:

R LT 22116

As no ox-component r_{1} is shown in the compiler field,
this component must be zero: r_{1}&=0.

© M. Horn (2018) Modern Linear Algebra: Geometric Algebra with GAALOP — Worksheets 52



D New File ﬁgpen File @ﬁave File |§J Close % Configure

a = 4%l + 8%el;
b = 10%el + 3%eZ;

& wgsrer SusnEz: i Compilation Result Q@]

23 = 65%a - 60%h + 68%cC: @ gave file

‘begin{aligm®}
283y
Vend{align®*}

Algebra to use:

{3\'1 - vectors in 3d

Lo

VisualCodelnserter:

tVisual Code Inserter

Optimization:

{Tahle-Based Approach

=

CodeGenerator:

{TEX LaTex

Ready |
s Start @ Eigene Bilder

™ Compilation Result

As neither a ox-component s_{1} nor a oy,-component s_{2} is shown in the compiler
field, both components must be zero: s {1}&=0

s {2}&=0.

result in Pauli notation:

© M. Horn (2018) Modern Linear Algebra: Geometric Algebra with GAALOP — Worksheets

53



Problem3 — Problem 1 of worksheet 8:

D New File Egpen File an\re File u Close % Configure ;

a S5*el + 2%e2;

b 2%el + 6%el; —
24 = a’*h; Compilation Result

Q Save file

\begin{aligm?*}
A _{4}e= 26\
2%
vend{align*}

result in Pauli notation:
A=anAb=26ocy0y = |A| =26
= The area of the parallelogram is 26 cm?.

b

WWW.GAALOP.DE

D New File E Open File Qﬁave File u Close % Configure Optimize

[ wetcome | 3 abg-auigabe-1b |

a = 8%el + 7*e2;
b = 2%el + 20%e2;
?4 = a*b;

i Com pilation Result

\begin{align®*}
A {4}e= 1464
2BV
Vend{align®}

result in Pauli notation:
A=anb=146 ooy = |A| =146
— The area of the parallelogram is 146 cm.
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WWW.GAALOP.DE

‘ Optimize\

l lﬂewFile Egpen File Qﬁaﬁre File u Close % Configure

a = 5%el - 5%ez;
b = 3%el + 7%ez; o .
2A = a’b: Compilation Result

|® Save ﬂ!el

\begin{align®}
A {4}e= 50V}
2B\
Vend{align®}

result in Pauli notation:
A =anab=50 ooy = |A| =50

— The area of the parallelogram is 50 cm?.

b

WWW.GAALOP.DE

D New File Egnen File ggave File u Close % Configure Optimize

a = 4%el + l6%eZ;
b = 9%el + 2%el; — s
24 = a*h: Compilation Result

&

\begin{align®}
A {4le= -136%)
2B\
Vend{align®}

result in Pauli notation:
A=aAb=-136 oxoy = |A| =136

= The area of the parallelogram is 136 cm?.
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Problem3 — Problem 2 of worksheet 8:
2

WWW.GAALOP.DE

I:l New File gpen File Qﬁave File u Close % Configure

| Welcome |‘._.$2ab8.-.aurg§ha.~.2a ]

a = 6%el + 4%e2;
b = -4%el + 6%e2;
2?4 = a*h;

el Compilation Result

IQ Save ﬂle|

| | abs-auigabe-2atex |

\begin{align®*}
A _{4y&= 52V}
284
vend{align¥®}

result in Pauli notation:
A=aAb=52 ooy = |A| =52
— The area of the square is 52 cm?.

2) b) Solution with slightly inexact result:

WWW.GAALOP.DE

I iﬂewFile Egpen File anve File || Close % Configure

| Welcome | 3 abg-aufgabe-2b |

a = -4.8%el - 3.4%e2;

b = -5.1%el + 7.2%e2; -—
24 = a*h; Compilation Result

I@ Save ﬁlel

_[‘f.absaau_fggbez.mm‘]

\begin{align?*}

A {4}s= -51.90000061988826\
2B\

Vend{align®}

Short remark: As GAALOP is still in the development stage, the program shows unwelcome rounding
inaccuracies (which will be removed in newer versions of GAALOP). Therefore the last digits of the
result should be ignored. Nevertheless, a correct result can be found if the coefficients are given as
fractions of integers (see following solution).
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Solution with a more accurate result:

www.GAALOP.DE

B = U o,
I Flews File Qpen File mﬁave File (A Close % Canfigure
YWelcome ‘Q, abg-aufuabe-2b-brueche ]

a = (-24/5)%el - [17/5)1%eZ;
b = (-51/10)%el + [36/5)%el; .
sk = aths 4xi Compilation Result

Q Save file

_[ abB-aufgahe-zb-hrueche.tex]

‘heginfalign®!

& [4Ys= -51.9000000000000L1%Y
FANY

vendlfaligm®*}

result in Pauli notation:
A=aAb=-51.90c40y = |A|=51.90
— The area of the rectangle is 51.90 cm?.

29

WWW.GAALOP.DE

l:l New File Open File anve File | Close % Configure 5.0 @ Optimize
| Welcome [ abg-aufgabe-2c |

a = 4%el + 3%e2;
b = 12%el + 9%eZ; — .
24 = a‘b: Compilation Result

‘Q Save ﬁleI

| | abs-aufgabe-2¢.tex |

\begin{aligm*}
2A%Y
Vend{align®}

As no oyoy-component A_{4} is shown in the compiler field, this component must be zero:
A_{4}&=0

result in Pauli notation:
A=aAb=0ox0y = |Al=0

— The area is 0 cm?. It is not possible to form a parallelogram
with the given vectors.
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WWW.GAALOP.DE

e = " N :
l l_I:l_ewFiIe _(_)_pen File @_S_ave File ‘u Close ‘k? Configure

| Welcome I 2 abg-aufgabe-2d |

a = 5%el + 20%eZ;

b = -el - 4%e2; —— )

2h = a*h: Compilation Result
@ Save file
abs-aufgabe-2d tex |
‘Vbegin{align®}
2ANY
vend{align*}

As no oyoy-component A_{4} is shown in the compiler field, this component must be zero:
A {4}&=0

result in Pauli notation:
A=anb=0ox0y = |Al=0

— Thearea is 0 cm?. It is not possible to form a parallelogram
with the given vectors.

Problem3 — Problems 3 & 4 of worksheet 8:

3)a) & 4)

3*%el + 6%el;

§*%el + 2%el;
b . .

r = 28%el + 28%e2; Compilation Result

?x = (x*b)/(a*b);

>y = (ar)/{ab); ® Save file
msb-.au;g,_abe.—.ia,texj

\begin{align®}
x_{0}a= 4\Y
2X4Y

¥_{0}&= 2\
27\
vend{align®}

L=+
nn

Solution of the system of linear equations:
x=(@nb) ' (rab)=(rab)/(aanb)=4
y=(@ab)'@ar)=(@ar)/(anb)=2

Short remark: If systems of two linear equations are consistent and solvable, the outer products
(@A b), (aAr),and (r A b) will represent oriented areas which are parallel to each other and
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thus have the same orientation in space. Therefore these outer products commute and their
order can be changed when multiplied.

to 4) If 28 units of the first raw material R, and 28 units of the second raw material R, are con-
summed in the production process, 4 units of the first final product P, and 2 units of the
second final product P, will be produced.

e ——— = L

3)b)

a 4%el + S5%e2;
9%el + 6%e2;
29%el + 31%e2;
?x = (r*b)/(a*b); .

2y = (a*r)/(ab); Saveﬁle%

J

Jmsb—aufgabe-1 h.tex I

\begin{align®}
X_{0}&= 533\
2x4y

¥_{0}&= 1YWY

E AR
Vend{align¥®}

r

hed Compilation Result

Solution of the system of linear equations:
X=(rab)/(aanb)=5
y=(@Aar)/(anb)=1

P ——— )

3)cC) T

a

6*el + 2%e2;
4*el + ez;

6%el + 3%ez; :jCompilation Result
?%x = (x*b)/(a*b);

2y = (a*r)/(a*b):; ‘\E_i”) Save ﬂle%

_[ msh-aufgabe-1c.tex l

\begin{align?*}
X_{0}&= 34\
2XN)N

¥_{0}&= -3\

F AR
Vend{align®*}

&

Solution of the system of linear equations:
x=(rab)y/(anb)y= 3
y=(@ar)/(anb)=-3
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3)d) —_— ] = L

a = :5%el -.-Z%el:;

b = -2%el - 3%e2; —

r = 6%el + 28%e2; 42 Compilation Result
?x = (r*b)/(a*b); (‘%{f_______“

?y¥ = (a*r)/i{a*b):; i Saveﬂle?

_[ msh-aufgabe-1d.tex |

\begin{align®*}
X_{0}s&= -2\
2X4N

¥_{0}&= -83)\

F AR
Vend{align¥®}

Solution of the system of linear equations:
X=(rab)/(anb)=-2
y=(@ar)/(anb)=-8

Problem3 — Problem 5 of worksheet 8:

5) E—

a

2%el + 5%e2;
T*el + ez;
r = 2050%el + 1000%e2;
7X (xr*b)/(a*b):;
a4 {a*r)/(a*b):;

ol Compilation Result

= .

M Save ﬂle)
_[ msb-aufgabe-3.tex |

\begin{align®}
®x_{0}&= 150%Y
2xAN

¥_{0}&= 250V}
27\
Vend{alignm*}

Solution of the system of linear equations:
x=(rab)/(aab)=150
y=(anar)/(anb)=250

= If 2050 units of the first raw material R, and 1000 units of the second raw material R,
are consumed in the production process, 150 units of the first final product P, and 250
units of the second final product P, will be produced.
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Problem3 — Problem 6 of worksheet 8:

6)
a = 4%el + ez;

b = 3%el + 5%e2;

rl 33000%el + 38000%e2;
re 32000%el + 25000%e2;
?Xeins = (rl*b)/(a*b):
?Yeins = (a*rl)/(a*b):
?Xzwei = (x2+b)/(a*b):
?Yzwei (a*r2)/ia*bh);

v Compilation Result

~

@ Save file’
j msb-aufgabe-ai.te;—l

\begin{align?®}
Xeins_{0}&= 30004}
2Xeins\y
Yeins_{0}&= 7000%Y
?¥eins\y
Xzwei_{0}&= 500043
?Xzweily
Yzwei_{0}&= 4000%Y
?Yzweill
vend{align®}

Solutions of the two systems of linear equations:

X; = (r, A b)/(ab)=3000
yi=(@Aary)/(anb)=7000

X, =(r, Ab)/(a A b)=5000
y,=(@Ar,)/(anAb)=4000

= 3000 units of the first final product P, and 7000 units of the second final product P,

will be produced in the first quarter.

5000 units of the first final product P, and 4000 units of the second final product P,

will be produced in the second quarter.

Problem3 — Problem 7 of worksheet 8:

7)

a = §%el 4+ d%el;
b = 2%el + 3%ei:;

rl = 42%el + 23%el;
r2 = Z8%el + Z6%el:;

¥eins = (rl*b)/i(a*b):
Weinz = (a*rl)/ia*b):
HEwel = (rZ2th) S iath):
¥ezwel = [a*rZ)]/la*h):

ti Compilation Result

;r.ll._
Save file

—

J ab8-aufgabe-T tex |

“Vbeginf{align®)
Xeinz [0}e= 54vY
¥einshy
Teina_[0la= 14
*¥einshy
Hewel {0 a= 244
HEwWelyy

Tewel [0ls= 64
*¥eEwmelily
vendlalign®!
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Solutions of the two systems of linear equations:
X, =(rpAab)/(@aanb)=5 X, =(r,Aab)/(aanb)=2
yi=(@ar)/(anb)=1 Y,=(@Ary)/(anb)=6

5 2
= demand matrix of the second production step: B = L 6}

Problem3 — Problem 8 of worksheet 8:

8) ——— :

a = 9%el + 2%e2;

b = 3%el + 2%e2;

rZ = 2l*el + ld%e2; i

r3 = 84%el + 32%e2; ‘% Saveﬂle‘

?Xeins = (rl*b)/(a*b): : - =

>Yeins = (a*rl)/(arb): | [ msb-aufyabe-5.tex |

?Xewel = (x2*b)/(a*b): {beiin{aligne

Carean LA Rl Xeins {0}&= 5\%

?Xdrei = (x3+b)/(a*b); ?Xein;\\

N Yeins {0}&= 1\Y
?Yeins\y
2Xzweily
Yzwei_{0}&= T7V\
?Yzwel\l
Xdrei_{0}&= 6%\
?Xdrei\y
Ydrei_{0}&= 10V
2¥drei\y
Vend{align®}

As no scalar component Xzwei_{0} is shown in the compiler field, this component must
be zero: Xzwei_{0}&=0

Solutions of the three systems of linear equations:

X;=(rpab)/(aanb)=5 X,=(r,Ab)/(anb)=0 Xg=(rsab)/(anb)=6

yi=(@ar)/(aanb)=1 Y,=(@Ar)/(aanb)=7 ys=(@Aars)/(aanb)=10

50 6
= demand matrix of the second production step: B = L . 10}

© M. Horn (2018) Modern Linear Algebra: Geometric Algebra with GAALOP — Worksheets 62



Problem3 — Problem 9 of worksheet 8:

9)

= T%el + 4%e2;

a
b = 5%el + 3%ed; e
had Compilation Result

=
I | Save file

?Xeins = (xl+b)/({a*b):; l

|
5

axeing= laiphidla il _[abe-aufgabe-g.tex]
?Xzwel = (x2*b)/(a*b): ’
?Yzwel = (a*r2)/(a*b): \begin{align®}
Xeins_{0}&= 3%\
?Xeins\y
Yeins_ {0}&= -4\)
?¥einshy
Xzwei_ {0}&= -5\
2Xzweily
Yewel_ {0}ea= 7\\
?Yzwell)
Vend{align®}

Solutions of the two systems of linear equations:
X =(rpAab)/(anb)= 3 X,=(r,Aab)/(aanb)=-5
yi=(@ar)/(anb)=-4 y,=(@nar)/(aanb)y= 7

~ : . . 7
= The resulting matrix A = { 7} is the inverse of matrix A = L

Problem3 — Problem 10 of worksheet 8:

10) =——— '

a = 10%el + 4%e2;
b = 12%el + S5%e2;
rl = el;

r2 = e2; = \
Save file
?Xeins (rl*b)/ia*h); I

e Compilation Result

S

?Yeins
?Xzwel

E:;f;: ; E::i: | [ abg-aufgabe-10.ex |

?Yzwel

{a*rz)/{a*b): ‘\begin{align#*}

Xeins_{0}&= 2.5\)
2Xeins\y
Yeins_{0}&= -2\\
?¥eins\y
Xzweil_{0}&= -6Y)
?Xzweily

Yzwei_ {0}&= 53\
2¥zweily
vend{align*}
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Solutions of the two systems of linear equations:

-12

X;=(rpAab)/(anb)= 2.5 X, =(r,Ab)/(anb)=

2 2
_—4 _ _ _ 10 _
ylz(a/\rl)/(a/\b)—7——2 Y, =(@aAry)/(anb)= 5

— The resulting matrix A" = {

Problem3 — Problem 11 of worksheet 8:

6

5

5} is the inverse of demand matrix A = {

11)a) =——— '

a = 5%el + 9%e2;
= 4% T*el; Syl

b =adiel £ 706 ::Compllatlon Result

rl = el; -

E2caeay ‘E %) Save file.

?Xeins = {(rl*b)/i{a’b); (22 |

5 = A AN -

fTeins = laxlipiain) g _[ abB-aufgabe-11a.tex |

?Xzwei = (r2+b)/(a*b):

?Yzwel = (a*r2)/(a’b): \begin{align*}
Xeins_ {0}&= -7\
?Xeins\\
Teins_{0}&= 9V}
?Yeins\
Xewel_ {0}&= 4%\
2Xzweily
Yzwei_ {0}&= -5V}
2Yzweily
‘Vend{align®*}

Solutions of the two systems of linear equations:

X1=(r1/\b)/(a/\b)=l1=_7 X2=(r2/\b)/(a/\b)=__i'= 4

y1:(a/\r1)/(a/\b):_—2: 9 yzz(a/\rz)/(a,\b):il:_5

_ 41 . .
= The resulting matrix A t= [ 5} is the inverse of matrix A =
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11) h) B :

a = 10%el + 19%e2;
b = 4%el + 8§%el;

rl = el;
r2 = e2;
?Xeins = (xl*b)/({a*b):;
?Yeins = (a*rl)/(a*b):
?Xzwel = (r2*h)/(a*b);
?Yzwei = (a*r2)/(a*b):

:?CompﬂaﬁonResuh

| Save file

L

| | abs-auigabe-11b.tex |
‘Vhegin{align®}
Xeins_{0}&= 2\\
?Xeins\y
Yeins_{0}&= -4.75%%
?¥eins\y
Xzwei_ {0}s&= -1\
2Xzweily
Yzwei {0}s&= 2.543
2Yzuweily
Vend{align®}

Solutions of the two systems of linear equations:

X, =(rpab)/(aab)= % = 2

vi=(@nar)/(aanb)= —Tl9 =_475
8
— The resulting matrix B * = 1
4(-19

] 10 4
of matrix B = )
19 8

47 [ 2
10 | |-475

XZZ(FZAb)/(aAb):_TAr -1

Vo= (@nr,)/(@nb)= ? - o5

-1
is the inverse
25

———
11) ¢)
a = 10%el + 20%e2;
b = 6%el + 13%e2;

rl = el;
reZ = e2;
?Xeins = (rl+b)/(a*b):;
?Yeins = (a*rl)/(a*b):
?Xzweli = (r2+b)/(a*b):
?Yzwei = (a*r2)/(a*b):

tea Com pilation Result

~ |

M Save ﬁIeJ

| | abg-aufgabe-11c.tex |

\begin{align®}

Xeins_{0}&= 1.3%}4

?Xeinsh )

Yeins_{0}&= -2\\

?Yeins\y

Xewei_{0}&= -0.6000000000000001N%Y
2Xzweily

Yzwel_ {0}&= 1\\

?Yzwelil)

Vend{align®}
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Solutions of the two systems of linear equations:

x =(nab)/@ab)= = = 13 x=(hAb)/(aab)= 2 =06
10 10
~20 _ 10

ylz(aArl)/(a/\b):W——Z.O Y,=(@Ary)/(aanb)= 0

10(-20 10 -2

- 13 -6 1.3 -06] . .
= The resulting matrix C t= i{ } :{ L } Is the inverse

. 10 6
of matrix C = )
20 13

11) d) Solution with slightly inexact results:

= 10

[ V——

a = 0.2%e2;

h Pesieelafsdadiod w24 Compilation Result

rl = el; - -
~ )

A Save file!

?Xeins = (rl*b)/{a*b); J

ayeanscs tanEnifia e Jabs-aufgabe-ﬂd.tex]

?Xzwei = (x2+b)/(a*b):

?Yzwel = (a*rx2)/(a*b); vbegin{align®}
Xeins_{0}&= 6.8000000894069661)
?Xeins\y
Yeins_ {0}s&= -0.4%)
?Yeins\y
Xewel_{0}e= 4.999999925494]195\
2Xzweily
2¥zweil)
Vend{align®}

Avoiding decimal numbers will give the following solutions with more accurate results:

I —— = "
a = (1/5)%eZ;
b = (-5/2)%el + (17/5)%eZ;
rl = el; =omprate
r2 = e2; (‘“‘
?Xeins = {(rl*b)/{a’b): @ Save ﬂle;
i = A A .
ZEZ;:: ; E:zf;:i::Az:; _[abS-aufgabe-ﬂd-bruecha.tex]
?Yzwei = (a*r2)/(a*b): Bl RIS
Xeins_{0}&= 6.800000000000001%Y
?Xeins\h
Yeins_{0}&= -0.4\)
?Yeins\h
Xzwei_{0}&= 5\
2Xzwellh
?Yzwelill
vend{align®}
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As no scalar component Yzwei_{0} is shown in the compiler field, this component must
be zero: Yzwei_{0}&=0

Solutions of the two systems of linear equations:

x, = (r,Ab)/(@aAb)= 3?4: 6.8 X,=(r,Ab)/(anb)= 2

ol
11
ol

oo 01|
I
o

ylz(a/\rl)/(a/\b):_?ZZ—OA Vo= (@nry)l(@nb)=

_ 34 25 6.8 5
= The resulting matrix D = 1{ } = [ 0} is the inverse

5/-2 0 -04

. 0 -25
of matrix D = )
0.2

3.4
Problem 4:
a) 5x+0y=125 = a=50x+40y+30;
4x+0y=100 b=2c;
3x+2y=145 r =125 ox + 100 oy + 145 o,

Solution found with the help of GAALOP:

[ ——— L

a S5%*el + 4%e2 + 3%e3;

2%e3; = T
125%el + 100%e2 + 145%e3; s Compilation Result

(xr*b)/(a*b);
{a*x)/({a*b); %) Save file

r
X
¥

\begin{align®}
X_{0}&= 25V}
2%\

¥_{0}&= 35V}
295N
Vend{align®*}

Solution of the system of linear equations:
x=(rab)/(aanb)=25
y=(@aar)/(aanb)=35

Check: 5-25+0-35=125+ 0=125

4.25+0-35=100+ 0=100
3:25+2-35= 75+70=145

Detailed calculation of intermediate steps:
ab=(05Box+40y+30,)(20,)
=10 6y, +86y0, + 6 GZZ

=6 + 8 oy0, — 10 5,0y

© M. Horn (2018) Modern Linear Algebra: Geometric Algebra with GAALOP — Worksheets 67



= aAb=8ocy0,—-10 c,0x
rb=(125ox + 100 oy + 145 5,) (2 5,)
= 250 640, + 200 6y0; + 190 o,°
=190 + 200 oy, — 250 6,0«
= r A b =200 cy0;, - 250 .0

_rab _200c,06,-2500,6, 25(8c,0,-100,0,) .

anb 8c,6,-100,0, 8c,0,-100,0,
ar=(5ox+4oy+30;) (125 o + 100 oy + 145 o)
= 625 6, + 500 656y + 725 6,0 + 500 oyox + 400 6, + 580 60, + 375 6,05 + 300 6,6y + 435 G,°
= 1460 + 0 oxoy + 280 oyc; — 350 6,0«
= aAr=280cyc;— 350 6,0x
_aar _ 280c,0,-3500,0, _ 35@0,0,-100,0,) - 35

anb 8c,0,-100,0, 8c,0,-100,0,

Conventional solution:

5x+0y=125 = 5x=125 = X=%:25

4x+0y=100 = 4x=100 = x:¥:25

3x+2y=145 = 75+2y=145 = 2y=70 = y=§=35

= If 125 units of the first raw material R,, 100 units of the second raw material R,, and 145 units
of the third raw material R; are consumed in the production process, 25 units of the first final
product P, and 35 units of the second final product P, will be produced.

b) 5x+6y=2380 = a=50x+t40y+30;
4x+7y=370 b=6ox+70y+80;
3x+8y=2360 r =380 oy + 370 oy + 360 o,

Solution found with the help of GAALOP:

a S5*el + 4%e2 + 3%e3;

b = 6%el + 7*e2 + 8%ed; & T

r = 380%el + 370%e2 + 360%e3; ki Compilation Result
?x = [(r*b)/(a*b); Q F

>y = (a*r)/(a*b); ( ) Save file

_[ ah8-aufgahe-4h.tex |

\begin{align®}
X_{0}&= 40V}
2%0)

¥_{0}&= 30V
295N
vend{align®)}
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Solution of the system of linear equations:
x=(rab)/(anb)=40
y=(@nar)/(anb)=30

Check: 5-40+6-30=125+ 0=2380

4-40+7-30=100+ 0=370
3-40+8-30= 75+ 70=2360

Detailed calculation of intermediate steps:

ab=(0Box+40,+305,)(6ox+70y+80,)
=30 ze + 35 oxoy + 40 oy0; + 24 oyox + 28 Gy2 + 32 oyo, + 18 6,04 + 21 5,0y + 24 022

=82 + 11 oyoy + 11 6y6, — 22 5,0

= aAb=11o0y + 11 6y0;, — 22 5,0y

rb=(380ocx+ 370 6y + 360 5,) (6 ox + 7 oy + 8 5y)

= 2280 65’ + 2660 6,0y + 3040 o, + 2220 6,0x + 2590 6,” + 2960 6yo;
+ 2160 6,0y + 2520 5,0y + 2880 G,°
= 7750 + 440 ooy + 440 oyo, — 880 6,0y

= I A b =440 oyoy + 440 oyc, — 880 5,04

rab 440c,0,+4406,6,-88006,06, 40(llc,c,+1lo,0,-2206,0,) 40
arb 16,0, +11l6,6, -220,0, - 116,06, +1l6,06, -220,0, -

ar=(5ox+4oy+30;) (380 oy + 370 oy + 360 ;)

= 1900 &> + 1850 5,0y + 1800 6,0, + 1520 6,0y + 1480 o,” + 1440 o0,
+ 1140 6,04 + 1110 6,0, + 1080 &,

= 4460 + 330 ooy + 330 6yc, — 660 c,0y
= aAr =330 o,y + 330 6y, — 660 G,0x

_anar _3300,0,+3300,6,-660c,06, 30(1lc,c,+1lo,6,-22:6,0,) _ 30
anb 116,06, +11l6,06, -220,0, 116,06, +11l6,0, -220,0,

Conventional solution:

5x+ 6y =380 = 5x+180=380 = 5x=200
: 9x+13y= 750 330 200
4x+7y=310 11y=330 = y=—-=30 x= =40

3x+8y=360 = 9x+24y=1080
= If 380 units of the first raw material R, 370 units of the second raw material R,, and 360 units

of the third raw material R; are consumed in the production process, 40 units of the first final
product P, and 30 units of the second final product P, will be produced.
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Problem 5:

z
a) a=4oyx+ 20y Sketch: A
b=20cx+40y
c=30;,

V
<

GAALOP program and compilation result:

a 4*el + 2%e2;
b

2%el + 4%eZ; ol P
c = 3%e3; ompllatln Result
?¥ = a*b*c; ﬁﬁ
(¥ \ Savefile

;[ ab9-aufabe-5atex |

\begin{align¥*}

¥_{7}&= 36\)
2V
vend{align®*}
Detailed calculation:
ab=(4ox+20y) (20x+40y) =16 +12 o0y = aAb=12 o0y
abc=(16 + 12 oy0y) (3 0;) = 48 5, + 36 oxOyO; = aAbac=36 o0,
= |V|=36

— The volume of the parallelepiped is 36 cm?®,

Check by applying the rule of Sarrus:

4 2 0
A=12 4 0 2 4
0 0 3
- T+ 4+ 4

detA=4-4-3+2:-0-0+0:-2:0-0:-4:-0-4-0-0-2-2-3=48-12=36
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b) a=4ox+ 20y Sketch: z
b=20x+40y
c=5cy+t50;

GAALOP program and compilation result:

[ — L

a 4*el + 2%e2;

Z*el + 4%ez; Y S
c = 5%e2 4+ 5%g3: w2 Compilation Result

¥ = a*b*c; & Saveﬂlq

j ah8-aufgahe-4b tex ]

‘begin{align®*}
V_{7le= 60VY
FATARY
vend{align®}
Detailed calculation:
ab=(4ox+20y) (20x+40y) =16 +12 o0y = aAb=12 o0y

abc=(16 + 12 oy0y) (50y *+ 50;) =60 o + 80 oy + 80 5, + 60 oxOyO;

= aAbac=60 cyo,0;
= |V|=60

— The volume of the parallelepiped is 60 cm®.

Check by applying the rule of Sarrus:

4 20
B=|2 4 5 2 4
0 0 5

=+ o+ 4

detB=4-4-5+2-5-0+0-2-0-0:-4-0-4-5-0-2-2-5=80-20=60
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Sketch: A
C) a=4ox+20y 7 ‘
b=2ocx+40y
C=ToxtToy+70; Sh
3 .......
7 6
> Y

X
GAALOP program and compilation result:

d%el + 2%e2;

Z2%el + 4%ez; — S
c 7*el + 7*eZ + 7*el: sl Compllatlon Result
2¥ = a*brc; = 1
S Save file:

jabg-aufgabe-atc.teﬂ

5w
oo

‘begin{align®*}
V_{7}&= 84\)
FATARY
vend{align*}
Detailed calculation:
ab=(4ox+20y) (20x+40y) =16 +12 o0y = aAb=12 o0y

abc=(16+12 oyoy) (Tox*+ 7oy + 76;) = 112 64 + 28 oy + 112 G, + 84 ox0y0;
= aAbac=84oc,0,0;

= |V|=84
— The volume of the parallelepiped is 84 cm®,

Check by applying the rule of Sarrus:

%
- T+ 4+ 4

detC=4-4-7+2-7-0+7-2:0-7-4-0-4-7-0-2-2-7=112-28=84

O

1
o N A
o~ N
~N N~
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d) a=20x+50y+50;
b:36)(+30y+662
Cc=4ocx+t4oyt4o;

GAALOP program and compilation result:

[ S L

a 2%el + 5%e2 + 5%e3;
b 3%el + 3%e2 + 6%e3;
c 4d*el + 4%e2 + 4%e3;

?¥ = a*b*c;

el Compilation Result

‘E-?.u) Save file.
_[ ah8-aufgabe-5d.tex |

\begin{align®}
V_{7l&= 364Y
FATARY
Vend{align®*}

Detailed calculation:
ab=(2ox+50y+50;) (30x+ 30y +60;) =51-9 oxoy + 15 6y0; + 3 5,0y
= aAb=-9ooy+ 15 0,0, + 3 0,0y

abc=(51-9 o0y + 15 0y0; + 3 6,0x) (4ox + 4oy +40;) =156 ox + 300 oy + 156 o, + 36 oxoy0;
= aAbac=36 o000,
= |V|=36

— The volume of the parallelepiped is 36 cm®.

Check by applying the rule of Sarrus:

2 3 4
D=|5 3 4 5 3

5 6 4
T 7+ o+ 4

detD=2-3-4+3-4-5+4-5-6-4-3-5-2-4-6-3-5-4
=24+ 60 + 120 — 60 — 48 — 60 = 36

Another check: (2% + 5% +5%) (3% + 3% + 6%) = 51% + (- 9)° + 15% + 3 = 2916
(517 + (— 9)? + 15 + 3%) (4% + 4% + 4%) = 156° + 300° + 156° + 36° = 139968
= trigonometric Pythagoras: sin’o + cos’a =1
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e) a=20yx+60y+100;
b=8ox+30cy+120;,
c=7ox+9cy+ 4o,

GAALOP program and compilation result:

—— L

2%el + 6%e2 + 10%e3;
b 8%el + 3%e2 + 12%e3;
c 7%*el + 9%e2 + 4%e3;
?¥ = a*b*c;

a

had Compilation Result

Save file|

i ah9-aufyabe-5e.ex |

Vbegin{align®}
V_{7}&= 6304}
FATARY
Yend{align?®}

Detailed calculation:

ab=(2ox+60y+100;) (Box+ 30y + 120;) = 154 — 42 o456y + 42 6yG; + 56 5,0
= aAb=-42o.0y+42 6,0, + 56 6,0y

abc= (154 - 42 oxoy + 42 6y0, + 56 6,04) (Tox+ 90y + 4 5,)
= 476 oy + 1848 oy + 630 5, + 630 oy0y0;
= aAbac=630co,0;

= |V|=630

— The volume of the parallelepiped is 630 cm®.

Check by applying the rule of Sarrus:

2 8 7
T=]6 3 9 6 3
10 12 4

- = = + + o+
detT=2-3-4+8-9-10+7-6-12-7-3-10-2-9-12-8-6-4
=24 + 720 + 504 — 210 — 216 — 192 = 630

Another check: (2% + 62 +10°) (8% + 3% + 12%) = 1542 + (— 42)% + 42° + 56° = 30380
(1542 + (= 42)® + 42° + 56°) (7> + 9° + 4%) = 476 + 1848 + 630% + 630° = 4435480

= trigonometric Pythagoras: sin’o + cos’a =1
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f) a=40,+80y—50;
b:36)(_76y+662
C:—26x+96y_02

GAALOP program and compilation result:

de—— L

4%el + 8%e2 - 5%e3l;
b 3%el - 7%eZ + 6%e3;
c - 2%el + 9%e2 - e3;
?¥ = a*b*c;

a

had Compilation Result

(’_ ] Save ﬂlej

_[ ah8-aufgahe-5f.tex ]

Vbegin{aligm®*}
V_{7la= =325\
FATARY
Vend{align®}

Detailed calculation:

= aAb=-52o0c0y+ 13 6,0, — 39 5,0«

abc=(-74-52 ooy + 13 6y5;,— 39 6,04) (—20x+ 906y —G)
=—359 ox— 783 oy + 35 5, — 325 0xGyo;
= aAbac=-3250c,0y0;,

— |V|=325

— The volume of the parallelepiped is 325 cm®.

Check by applying the rule of Sarrus:

4 3 -2
F=| 8 -7 9
-5 6 -1

+

detF=4-(-7)-(-1)+3-9-(-5)+(-2)-8-6-(-2)-(-7)-(-5)-4-9-6-3-8- (1)
=28 13596 + 70 — 216 + 24 = — 325

Another check: (4% + 8%+ (- 5)9) (3% + (- 7)* + 6%) = (- 74)* + (- 52)* + 132 + (- 39)> = 9870

(74" + (- 52)" +13° + (- 39)°) ((-2)" + 9° + (- 1)°)
= (- 359)% + (— 783)% + 35% + (— 325)* = 848820
= trigonometric Pythagoras: sin’o + cos’a =1
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Problem 6:

a) 3x+8y =28 = a=3oxtboyt+20; r=28cx+28cy+28c;

6X+2y =28 b=
2X+4y+2z2=28

8ox+20yt4do;

c=2o0,

Short GAALOP program without intermediate steps:

[ — 2y |-
a = 3%el + 6%e2 + 2%e3;
= * * * - . .
e BORLAARETeS AT :T‘-,Compllatlon Result
c = 2%e3;
r = 28%el + 28%e2 + 28%e3;

?Xx = (r*b*c)/(a*b*c);
?¥ = [(a*r*c)/(a*b*c);
?z = [a*b*r)/(a*b*c);

ﬁ Save ﬂl%

J ah8-aufgabe-6a.tex I

Vbhegin{align®}
X_{0}&= 4\
2X4 N

¥_{0}&= 2\)
27y

z_{0}&= BYY
2z\\
Vvend{align®}

Extended GAALOP program with intermediate steps (in German: Zwischenschritte)
and solutions (in German: Loesungen):

] — = L
a = 3%el + 6%e2 + 2%e3;
= * * * .
B mgrel tidtesy 4T3 :,'jCompilation Result
c = 2%e3;

r = 28%el + 28%el + 28%e3;
#(Zwischenschritte);
?YOLUMENabc = a*b*c;

?YOLUMENrbc = r*b*c;
?YOLUMENarc = a*r*c;
?VOLUMENabr = a“b*r;

# (Loesungen) ;

?x = (rx*b*c)/(a*b*c);
a4 (a*x*c) /(a*brc)
?z {a*b*r) /(a*b*c)

n

© M. Horn (2018) Modern Linear Algebra

R——

Save ﬂle‘

\ )

_[ ah8-aufgahe-6a-zwischenschritte tex |

\begin{align?®}
Zwischenschrittel
VOLUMENabc_{7}&= -84\
?VOLUMENabc\ Y
VOLUMENrbc_ {7}&= -3364)
?VOLUMENxbc\Y
VOLUMENarc_{7}s&= -168\)
?VOLUMENarchy
VOLUMENabr_{7}&= -504\)
?VOLUMENabr\h
Loesungent

X_{0}&= 4\

2XNN

¥_{0}&= 234\

E AR

z_{0}&= BYY

2z\\

Vend{align®}
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Intermediate steps:

anbac= -84oc,0y0;
rAbac=-336 oxo,0;,
aArAac=-168 oxoyo;
aAbAar=-504 o060,

Solution of the system of linear equations:

X=(rAbAC)/ (AAbAC) = o0 =4
—84
y:(a/\r/\c)/(a/\b/\c):iﬁfg:z
84
z=(@nbar)/(anbac)= 222 - ¢
—84
Check: 3-4+8-2 =12+16 =28
6-4+2-2 =24+ 4 =28
2-4+4-2+2-6 = 8+ 8+12 =28
b) 8x+5y+10z= 396 = a=8ox+30yt20; r =396 oy + 375 oy + 386 o,
3X+7y+12z= 375 b=56,+70y+60;

2x+6y+14z= 386 c=100,+ 120, + 14 a,

Short GAALOP program without intermediate steps:

a = 8%el + 3%e2 + 2%e3;
b = 5%el + 7*e2 + 6%e3; = —
c = 10%el + 12%e2 + l4%e3: s+ Compilation Result
r = 396%el + 375%e2 + 386%e3; ‘}"%i )
2% = (r*b*c)/(a*brc); w|‘_"£ﬂ Save ﬂle:
2y = {a*r*c)/(a*b*c): S
?: 2 EaAhAr:anAbAc:; J abg-aufgabe-ﬁb.tex I
\begin{aligm®*}
X_{0Y&= 17\
2XNY
v_{0}&= 12V}
27\
z_{0}&= 20V}
?2z\N
vend{align®}
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Extended GAALOP program with intermediate steps (in German: Zwischenschritte)

and solutions (in German: Loesungen):

[ ————d = L
a = 8%el + 3%e2 + 2%e3;
b = 5%el + 7%e2 + 6%e3; ol R
« Compilation Result

r = 396%el + 375%e2 + 386%e3;
#(Zwischenschritte);
?VOLUMENabc = a*b*c;

?YOLUMENrbc = r*b*c;
?YOLUMENarc = a*r*c;
?VOLUMENabr = a“b*r;

# (Loesungen) ;

?x = (r*b*c)/(a*b*c);
?¥y = [(a*r*c)/(a*b*c);
?z = [(a*b*r)/(a*b*c);

Intermediate steps:

anbac= 158 oxoy0;
r Ab A c=2686 oxoyo;
aAnrAac=1896 cyoy0;

aA bAar=3160 oxoy0;

Solution of the system of linear equations:

f_%ﬂ) Save ﬁle'

J ah9-aufgabe-6b-zwischenschritte tex |

\begin{align®}
Zwischenschrittel}
VOLUMENabc_{7}&= 1584}
?VOLUMENabc\
VOLUMENrbc_ {7}&= 26864)
2VOLUMENrbhch Y
VOLUMENarc_{7}&= 18964\
?VOLUMENarch?y
VOLUMENabr_{7}&= 31604\
?VOLUMENabr\h
Loesungen

X_{0}&= 17V}

2%\

¥_{0}&= 12V

2¥Nh

z_{0}&= 200\

2z\\

Vend{align®*}

x=(r/\b/\c)/(a/\b/\c):@:l7
158
1896

=(@aAarac)/(aabac)=— =12

y=(aarac)/(anbac) 158

z:(a/\b/\r)/(a/\b/\c):@:ZO
158

Check: 8-17+5-12+10-20 =136 + 60 + 200 = 396
3-17+7-12+12-20 = 51+84+240 = 375
2:17+6-12+14-20 = 34+72+ 280 = 386
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c) 3x-5y+6z= 41
-2x+5y+8z=111
7x+ y+9z=185

= a=3ox—20yt70;

r=4lox+11l1oy+ 1850,

b=-50x+50y+0;

C=6ox+80oy+90;

Short GAALOP program without intermediate steps:

| — = L

a = 3%el - 2%e2 + 7*%e3;
b = -5%el + 5%e2 + e3;
c = 6%el + 8%e2 + 9%el;
r = 41%el + 1l1ll*e2 + 185%e3;

?x = (r*b*c)/(a*b*c);
?¥ = (a*r*c)/(a*b*c);
?z = [a*b*r)/(a*b*c);

ted Com pilation Result

!k Save fllejl

_[ ah8-aufgabe-6c.tex |

\begin{aligm®}
X_{0}&= 12V}
2X4N

¥_{0}&= L1V\
2¥\Y

z_{0}s&= 10V}
2z\\
vend{align®}

Extended GAALOP program with intermediate steps (in German: Zwischenschritte)

and solutions (in German: Loesungen):

R — | = L
a = 3%el - 2%eZ + 7*e3;
b = -5%el + 5%e2 + e3; | T
c = Brel + B%e2 + 9%eds s Compilation Result

r = 4l*%el + 1lll%e2 + 185%e3;
#(Zwischenschritte);
?VOLUMENabc = a*b*c;
?VOLUMENrbc = r*b*c;
?YOLUMENarc
?VOLUMENabr
# (Loesungen) ;
?x = (r*b*c)/(a*b*c);
2y (a*r*c) /(a*b*c)
2z {a*b*r) /(a*b*c)

a*r+c;
a*b*r;

S

M Save ﬂle%
_[ ahg-aufgabe-Be-zwischenschritte tex |

\begin{aligm®}
Zwischenschritte\}
VOLUMENabc_{7}&= -4814}
?VOLUMENabc\h
VOLUMENrbc_ {7}&= -5772%}
?VOLUMENrbc\Y
VOLUMENarc_{7}&= -5291\}
2VOLUMENarchy
VOLUMENabr_{7}&= -4810%}%
?VOLUMENabr\h
Loesungen?

X_{0}&= 12V}

2XNN

v_{0}&= 11V}

27\

z_{0}&= 10%\

2z\\

Vend{aligm®}

1
L
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Intermediate steps:

anbac= -481oc,0y0;
rabac=-5772 oyo,0,
aATrAC=-5291 oxoy0;
aAbAar=-4810 oxo,0;

Solution of the system of linear equations:

x:(r/\b/\c)/(a/\b/\c):_5772:12
—481
-5291
=(@aAaranc)/(aanbac)=———=11
y=( )/ ( ) myTYI
z=(anbar)/(@arbac)= —2210 _qg
—481
Check: 3-12-5-11+6-10 = 36-55+60 = 41
-2-12+5-11+8-10 =-24+55+80 =111

7-12+ 11+9-10 = 84+11+90 =185

d) Ysx+ 71y +%2=210 = a=?%sox*+’¥z0p+ Y50, r=210 ox + 138 6, + 282 c,
8/5)(+ 1/5y +3/52:138 b:7/50x+1/50y+12/562
4/5)(-'-12/5)/-*-6/522282 C=9/50x+3/50y+ 6/502

Short GAALOP program without intermediate steps:

[ = L

a = (2/5)%el + (8/5)%e2 + (4/5)%e3;

b = {7/5)%el + (1/5)%e2 + (12/5)%e3; ] Compilation Result

€ = {9/5)%el + (3/5)%e2 + (6/5)%e3; S v

r = 210%el + 138%e2 + 282%e3; ’@ Savsiio]

?x = {r*b*c)/(a*b*c); | —— ,

2y = (a?r*c)/(a’b*c); _[abg-aufgabe-ad.tex]

?z = (a*b*r)/(a*b*c); =
\begin{align¥®}
x_{0}s&= 60.00000000000001%}
2%NY
¥_{0}&= 75.00000000000001%}
2¥N
z_{0}s= 45.00000000000004%Y
AN
vend{align®}
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Extended GAALOP program with intermediate steps (in German: Zwischenschritte)
and solutions (in German: Loesungen):

[ = L
a = (2/5)%el + (8/5)%e2 + (4/5)%e3;
b = (7/5)%el + (1/5)%e2 + (12/5)%e3; ::‘-_Compilation Result
c = (9/5)%el + (3/5)%e2 + (6/5)%e3; A—
r = 210%el + 138%e2 + 282%e3; @ Save filel
#(Zwischenschritte); L' — J
NULIEENADE. = ar b ee _[abg-aufgabe-Bd—zwischenschritte.tex|
?VOLUMENrbc = r*b*c;
?VOLUMENarc = a*r*c; vbegin{align®}
?VOLUMENabr = a*b*r; Zwischenschrittel)
#({Loesungen) ; VOLUMENabc_{7}&= 4.128000000000001%Y
?x = (r*b*c)/{a*b*c); 2VOLUMENabch
?¥y = (a*r*c)/(a*b*c); VOLUMENrbc_{7}&= 247.63000000000006%Y
?z = (a*b*r)/(a*b*c); >VOLUMENrbcy
VOLUMENarc_{7}&= 309.60000000000014\Y
?VOLUMENarchy
VOLUMENabr_{7}s= 185.76000000000022%%
>VOLUMENabr\
Loesungen\h
%x_{0}&= 60.00000000000001%Y
2%\
v_{0}s&= 75.00000000000001%Y
2¥4N
z_{0}&= 45.00000000000004%Y
2z\)
vend{align*}

Intermediate steps:

516
anbac= 4128 oyoy0;= I OxCy0;
r Abac=247.680 oxoyo, = M GxOy03

125
anrac=309.600 oyop0; = @ GxOy07

125
aAbAr=185.760 oxoy0; = % OxCy0;

Solution of the system of linear equations:

x:(r/\b/\c)/(a/\b/\c):M:m
516
38700

=(@aAarac)/(@aabac)=——=75

y=@Aarac)/@abac)= =

z=(a/\b/\r)/(a/\b/\c)=@=45
516

Check: 2/5 - 60 + 7/ - 75 +9/; - 45 = 24 + 105 + 81 = 210
8.,-60+ 1 -75+3,-45=96+ 15+27 =138
45 - 60 + 12/ - 75 + 6/ - 45 = 48 + 180 + 54 = 282
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Problem 7:

7x+2y+5z=500 = a=T7ox+3cyt4do; r =500 o + 780 oy + 880 o,
3x+9y+ =780 b=20x+90y+60;

4x+6y+8z=2880 c=5c +86
- X z

GAALOP program and compilation result:

— 1
a = 7%el + 3%e2 + 4%e3;
c = S5%el + 8%el; y
r = 500%el + 780%e2 + 880%e3; %\ Save file
?x = (rx*b*c)/(a*b*c); _-I_:ﬁ_—
?y = {(a*r*c)/i{a*b*c); _[abg-aufgabe-?.tex]
?z = (a*b*r)/(a*b*c); ,
\begin{align®}
X_{0}&= 20V
x4
y_{0}&= 80YY
EARY
z_{0}&= 40V
2z\y
vend{align*}

Solution of the system of linear equations:

X=(rabac)/(anbac)=20
y=(@arac)/(anbac) =80
z=(@Anbar)/(arnbac)=40

Check: 7-20+2-80+5-40 =140+ 160+ 200 = 500
3-20+9-80 = 60+ 720 =780
4.20+6-80+8-40= 80+480+ 320 =880

= If 500 units of the first raw material R;, 780 units of the second raw material R,, and
880 units of the third raw material R; are consumed in the production process, 20 units
of the first final product P,, 80 units of the second final product P,, and 40 units of the
third final product P; will be produced.

Problem 8:

12x+30y+10z=12000 = a=120x+200y+160c, r=120000y+ 139000y + 18300c,
20x+15y+ 8z=13900 b=300x+ 150y + 280,

16 x + 28 y + 25 2 = 18300 c=10c.+ 8o.+ 250
- X y z
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GAALOP program and compilation result:

—t——& L
a = 12%el + 20%e2 + 16%*e3;
b = 30%el + 15%e2 + 28%e3; ~ Combilation Result
c = 10%el + B8%e2 + 25%e3; hast 2-0MPITRTION HESU
r =

12000%el + 13900%e2 + 18300%e3; %
{r*b*c) /ia*brc) ; j Saveﬂle;

{a*x*c) /la*b*c);
{a*b*r)/{a*b*c);

2%

¥
2z

_[ ab9-aufgabé48.tex]

\begin{align®}

¥_{0}&= 500.00000000000006%Y
2%4N

¥_{0}&= 100Y%Y

2%\

z_{0}&= 300V\}

AR

vend{align®}

Solution of the system of linear equations:

X=(rabac)/(aanbac)=500
y=(@aarac)/(aanbac) =100
z=(anbar)/(anbac)=300

Check: 12 -500+ 30 - 100 + 10 - 300 = 6000 + 3000 + 3000 = 12000
20 -500+15-100+ 8 -300=10000+ 1500+ 2400 = 13900
16 - 500 + 28 - 100 + 25 - 300 = 8000 + 2800 + 7500 = 18300

= If 12000 units of the first raw material R;, 13900 units of the second raw material R,,
and 18300 units of the third raw material R are consumed in the production process,
500 units of the first final product P,, 100 units of the second final product P,, and 300
units of the third final product P; will be produced.

Problem 9: :
firstquarter second quarter
1
9 3 4||x; X, 98 61
2 2 3|y, Y,|=1(35 30
75 2|z, z, 76 59
-
R.... matrix of quarterly consumption of raw materials

(consumption matrix)

P.... matrix of quarterly production
(production matrix)

= Two systems of linear equations:

O9x,+3y, +42,=98 9%x,+3y, +42,=61
2x,+2y, +32,=35 and 2X,+2y, +32,=30
7TX,+5y, +22,=76 TX,+5y, +22,=59
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b=30x+20y+20;

c=4ox+30cy+20;

GAALOP program and compilation result:

r=98ox+350y+760c;
g=61oyx+300y+59 G,

[ J w T = v
n

?Xeins
?Yeins
?Zeins
?Xzwel
?Yzwel
?Zzwel

9%el + 2%e2 + 7%e3;
3%el + 2%e2 + 5%e3;
4*%el + 3%eZ + 2%e3;
98*%el + 35%eZ + 76%e3;
q = 6l*el + 30%e2 + 59%e3;

(x*b*c) /(a*b*c);
(a*rx*c)/(a*b*c);
(a*b*r) /{a*b*c);
(q*b*c) /{a*b*c)
{a*g*c)/(a*b*c);
{a*b*q) /(a*b*c);

v Compilation Result

| %T) Save file
| | T

;_[ ag-aufyabe-9ex |

\begin{aligm®}
Xeins_{0}&= 8\\
2Xeinshy\
Yeins_{0}&= 2\\
?¥eina\y
Zeins_{0}&= 5%
?Zeins\y
Xzwei_{0}&= 333
2Xzwelily
Tzwei_{0}&= 634
2¥zweill
Zzwel {0}&= 443
?Zzweily

vend{align®*}

Solutions of the two systems of linear equations:

X;=(rabac)/(anbac)=8
yi=(@arac)/(anbac) =2
z=(@Anbar)/(anbac)=5

Check: 8 3
2 6

5 4

9 3 4 98 61
2 2 3 35 30
7 5 2 76 59

= 8 units of the first final product P,, 2 units of the second final product P,, and 4 units
of the third final product P; will be produced in the first quarter.

3 units of the first final product P,, 6 units of the second final product P,, and 4 units
of the third final product P; will be produced in the second quarter.
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Problem 10:

10 15 11| |%x;, X, 964 814 AB=D

17 20 16||y, VY, |=1[1409 1184

12 14 25||z, z, 1320 1093

- —
| D.... matrix of total demand
B... demand matrix of the second production step

A.... demand matrix of the first production step

= Two systems of linear equations:

10x,+15y, +11z, = 964 10x,+15y,+11z,= 814
17 x;+ 20y, + 16 z; = 1409 and 17x,+20y, +16 z, = 1184
12x,+14y,+ 252z, =1320 12 x,+ 14y, + 25z, = 1093
= a=10o0x+170y+120;, r =964 oy + 1409 oy + 1320 o,
b=150x+2006y+ 14 o, g =814 oy + 1184 6y + 1093 &,

c=1lox+1606y+250;

GAALOP program and compilation result:

a = 10%el + 17*%e2 + 12%e3;

b = 15%el + 20%e2 + 14%e3; :ECompilation Result

c = 1ll*el + 1l6%e2 + 25%e3; ’

r = 964%el + 1409%e2 + 1320%e3; f,@“ Save file!

g = 8l4%el + 1184%e2 + 1093%e3; _'——')_ -

?Xeins = (r*b*c)/(a*b*c); _[abg-aufgabe-m.tex]

2Yeins = (a*r*c)/{a*b*c); _

2Zeins = (a*b’r)/{a*b*c); | \begin{align®)

?Xzwei = (g*b*c)/(a*b*c); Xeins_{0}&= 25\

?Yzwei = {(a*g*c)/{a*b*c): ?Xeins\y

?Zzwei = {(a*b*g)/(a*brc); Yeins_{0}&= 30N
?¥einaly
Zeins_{0}&= 24\)
?Zeins\y
Xzwei_ {0}&= 20V}
?Xzweily
Yzwei {0}&= 27\\
2¥zweily
Zzwel_{0}&= 19V}
?2Zzweily
vend{align*}

Solutions of the two systems of linear equations:

X;=(rabac)/(anbac)=25 X,=(AabAac)/(anbac)=20
yi=(@arac)/(aanbac) =30 yY,=(@Aanqgac)/(anbac) =27
zi=(@nbar)/(anbac)=24 z,=(@anbaq)/(anbac)=19
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Check: 25 20
30 27
24 19
10 15 11 964 814
17 20 16 1409 1184
12 14 25 1320 1093
25 20
= Demand matrix of the second production step: B=|30 27
24 19
Problem 11:
8 6 6||Xx, X, X, 228 186 308 AB=D
7 5 7|y, Y, Y;|=1186 166 282
5 4 0||z, z, z, 108 107 160
N J -
Y Y~
D.... matrix of total demand
B.... demand matrix of the second production step
A.... demand matrix of the first production step
= Three systems of linear equations:
8x,+6y,+62, =228 8x,+6Yy,+ 62z, =308 8 X3+ 6Yy;+62z3=2308
7X,+5y;+72,=186 and 7Xx,+5y,+72,=166 and 7X3+5y;+72z;=282
S5X,+4y; =108 SX,+4Yy, =107 SXg+4y; =160
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GAALOP program and compilation result:

- = L

a 8%el + 7%e2 + 5%e3;

6*el + 5*%eZ + 4%e3;

6%el + 7%el;

rl 228%el + 214%e2 + 108%e3;
r2 186*%el + l66%e2 + 107%e3;
r3 = 308%el + 282%e2 + 160%e3;
?Xeins = (rl*b*c)/(a*b*c):
?Yeins = (a*rl“c)/(a*b*c):
?Zeins = (a*b*rl)/(a*b*c):;
?Xzwel = (r2+b*c)/(a*b*c):;
?Yzwel = (a*r2*c)/(a*b*c):;
?Zzwei = (a*b*r2)/(a*b*c):;
?Xdrei = (x3*b*c)/(a*b*c):;
?¥drei = (a*r3+c)/(a*b*c);
?Zdrei = (a*b*r3)/(a*b*c):;

c

hed Compilation Result

& “”Ij Save ﬂle‘

L abe-aufgabe-1 | tex |

\begin{align?®}
Xeins_{0}&= 12%%
2Xeins\y
Yeins_{0}&= 12\
?Yeins\h
Zeins_{0}&= 10%\
2Zeins\y

Xzwei_ {0}&= 15V
2Xzwelily
Yzwei_{0}&= 8\\
2Yzweily

Zzwei_ {0}&= 3\
2Zzwell)
Xdrei_{0}&= 16\
?Xdreily

Ydrei_ {0}&= 20V}
2¥dreilyy

Zdrei_ {0}&= 10W\
?2Zdreily
vend{align®}

Solutions of the three systems of linear equations:

X;=(rmAabac)/(anbac)=12
yi=(@ariac)/(@aabac) =12
z,=(anbar)/(anbac)=10

X,=(rzAabac)/(anbac)=15
y,=(@Araac)/(anbac)=18
z,=(anbAary)/(anbac)=3

Check: 12 15 16
12 8 20

10 3 10

8 6 6 228 186 308
7 5 7 214 166 282
5 4 0 108 107 160

= Demand matrix of the second production step:

Xs=(rsanbac)/(anbac)=16
ys=(@Arsac)/(anbac)=20
z;=(@aAnbAars)/(anbac) =10

12 15 16
=112 8 20
10 3 10
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Problem 12:

82 63 20| |X;, X, X 4496 5462 4815 AB=D
44 19 37|y, Y, VYi|=2530 3482 2801
10 52 92 Ll z, 1, 3224 4062 4646
N ~ J U N J - ~ J
D..... matrix of total demand
B... demand matrix of the second production step
A.... demand matrix of the first production step
= Three systems of linear equations:
82x; + 63y, + 20z, = 4496 82x, + 63y, + 20z, = 5462 82 x5+ 63y; + 2025 = 4815
44x,+ 19y, +372,=2530 and 44x,+19y,+372,=3482 and 44x;+ 19y, + 3725;=2801
10x, + 52y, + 922, = 3224 10x, + 52y, + 92z, = 4062 10 x5+ 52y, + 92 z; = 4646
= a=820x+440y+100;, ry = 4496 oy + 2530 oy + 3224 o,
b=63 0+ 190y +52 o, I, = 5462 ox + 3482 oy + 4062 o,
c=200x+370y+920c; Iz = 4815 oy + 2801 oy + 4646 o,

GAALOP program and compilation result:

—_— T = L

a 82%el + 44%e2 + 10%e3;

63%el + 19%e2 + 52%e3; +4 Compilation Result
20%el + 37%e2 + 92%e3; »

c

rl = 4496%el + 2530%e2 + 3224%e3; @ Save file.
r2 = 5462%el + 3482%e2 + 4062%e3; (= ) ~
r3 = 4815%el + 2801%e2 + 4646%e3; J abg-aufgabe-12_tex]
?Xeins = (rl*b*c)/(a*b*c);
?Yeins = (a*rl*c)/(a*b*c); \begin{aligm®}
?Zeins = (a*b*rl)/(a*b*c): Xeins_{0}&= 32\
?Xzwei = (r2+b*c)/{a*b*c); ?Xeins\y
?¥zwei = (a*r2+c)/(a*b*c): Yeins_ {0}&= 24V}
?Zzwei = {(a*b*r2)/{a*b*c):; ?Yeins\y
?Xdrei = (rx3+b*c)/(a*b*c):; Zeins_{0}&= 18\\
?Ydrei = (a*r3+c)/(a*b*c):; ?Zeinsyy
?Zdrei = (a*b*r3)/(a*b*c): Xzwel_ {0}&= 47\
2Xzweily
Yzwei_ {0}&= 163Y
2¥zuweily
Zzwei_ {0}&= 30V
2Zzwelily
Xdrei_{0}&= 254}
?Xdreily
Ydrei_{0}&= 35V}
2¥dreily
Zdrei_ {0}&= 28\
?Zdreily
vend{align®*}
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Solutions of the three systems of linear equations:

X;=(riAbac)/(anbac)=32 X,=(rAbac)/(anbac)=47
yi=(@Aariac)/(anbac) =24 y,=(@Araac)/(anbac) =16
z=(@Anbary)/(anbac)=18 z,=(@anbAary)/(anbac)=30

Xs=(rsabac)/(anbac)=25
ys=(@Aarsac)/(anbac) =35
z;=(@aAnbAarsg)/(anbac) =28

Check: 32 47 25
24 16 35
18 30 28
82 63 20 4496 5462 4815
44 19 37 2530 3482 2801
10 52 92 3224 4062 4646
32 47 25
= Demand matrix of the second production step: B=124 16 35
18 30 28
Problem 13:
3 5 4]|X; X, X 100 AA L=
2.6 3|y, ¥, Y;(=]010
8 7 10|z, z, z, 0 01
\ J U J N J
Y Y Y
A Al ... identity matrix
= Three systems of linear equations:
3X,+5y;+ 4z,=1 3X,+5y,+ 472,=0 3X3+5y;+ 423=0
2xX,+6y;+ 3z,=0 and 2x,+6y,+ 3z,=1 and 2x3+6y;+ 32z3=0
8x,+7y;,+102,=0 8X,+7y,+102,=0 8Xg+7y;+102z3=1
:>a:30)(+20y+ 802 r]_:GX
b=50x+60y+ 70, r = oy
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GAALOP program and compilation result:

a I*el + Z¥eZ + 8%eld;

c = 4%el + 3%el + 1l0%e3; %
rl = el; A
o B Save file
£3 = e3; J abg-aufgahe-ﬂ.tex]
#¥eins = (rl*b*c)/f(a*b*c):
*¥einz = [(a*rl*c)/(a*b c): Ybeginf{alim®*}
?Zeinag = [(a*h*rl) /S (a*brc): Heins_ {0ts= 39%%
frzwel = (r2*btc)/fla*btc) reinsyhy
Fzwel = [a*rZtc)/latbrc); Teins {0lsa= 444
?Zzwel = (a*b*~r2)/(a*b*c); *Yeinsih
xdrei = (r3*b*c)/(a*bc); Zeins [0te= 3441
#¥drei = (a*r3i*c)/(a*b*c):; Zeinsih,
7idrei = (a*b*r3)/(a*b*c); dzwel {0}e= -Z2VY
FHEweihY,
Tewel {0}s= -2%4
Hzweilh
Zzwel {0}&= 1941
rEzwein,
Hdrei {0}e= -9%%
¥dreiny,
Tdrei {0la= -1%%
¥dreitt,
Zdrei {0}a= 8%
rEdreiny,
vend{align#*}

Solution of the first system of linear equations:
X;=(rnAabac)/(anbac)= 39
yi=(@ariac)/(@anbac)= 4
z,=(@Anbar)/(anbac)=-34

= If exactly one unit of the first raw material R; had been consumed in the production process,
39 units of the first final product P, and 4 units of the second final product P, would have
been produced and additionally 34 units of the third final product P; would have been con-
sumed (and split again completely into the raw materials).

Or more realistic:

If it just happened that one more unit of the first raw material R; had been delivered acci-
dentally and has had to be consumed in addition in the production process, the output of the
first final product P, would have been increased by 39 units, the output of the second final
product P, would have been increased by 4 units, and the output of the third final product P4
would have been reduced by 34 units.

(You can imagine the economy of the GDR as it existed in reality somehow working in that
way, as production plans didn’t depend on the demand of customers, but they depended
strongly on the erratic supply of raw materials.)
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Solution of the second system of linear equations:

X,=(roAbAac)/(@abac)=—22
Yo=(@Ar,ac)/(@aabac) = -2
z,=(@aAbAar)/(@anbac)= 19

If exactly one unit of the second raw material R, had been consumed in the production pro-
cess, 19 units of the third final product P; would have been produced and additionally 22
units of the first final product P, and 2 units of the second final product P, would have been
consumed (and split again completely into the raw materials).

Or more realistic:

If it just happened that one more unit of the second raw material R, had been delivered acci-
dentally and has had to be consumed in addition in the production process, the output of the
first final product P, would have been reduced by 22 units, the output of the second final
product P, would have been reduced by 2 units, and the output of the third final product Py
would have been increased by 19 units.

Solution of the third system of linear equations:

Xs=(rsabac)/(anbac)=-9
ys=(@Arsac)/(@aanbac)=-1
z;=(anbAars)/(anbac)= 8

If exactly one unit of the third raw material R; had been consumed in the production pro-
cess, 8 units of the third final product P; would have been produced and additionally 9
units of the first final product P, and one unit of the second final product P, would have
been consumed (and split again completely into the raw materials).

Or more realistic:

If it just happened that one more unit of the third raw material R; had been delivered acci-
dentally and has had to be consumed in addition in the production process, the output of
the first final product P, would have been reduced by 9 units, the output of the second fi-
nal product P, would have been reduced by one unit, and the output of the third final pro-
duct P; would have been increased by 8 units.

Check: 39 -22 -9

4 -2 -1
—34 19 8

5 4 1 0 0

6 3 0 1 0

7 10 0 0 1
39 -22 -9 3 5 4
= The resulting matrix A= 4 -2 1] istheinverseof matrix A=|2 6 3|.
-34 19 8 8 7 10
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Problem 14:

a) [1 4 9 X, X, 100 AAL
7 2 6 Y, Y;|=1]01
6 3 8 z, 1, 0 01
\ \ J
Y Y
A Al ... identity matrix

= Three systems of linear equations:

X;+4y,+92,=1

7TX,+2y,+62,=0

and

6x,+3y;+82,=0

= a=

oxt+7oyt6o;

b=4ocx+20y+30;

c=90x+60y+80;

X,+4y,+92,=0
TX,+2Y,+62,=1
6X,+3y,+82,=0

Iy = oy
I’2:Gy
N3 =0;

GAALOP program and compilation result:

and

Xz +4Yy;+92;=0
TX3+2Yy;+623=0
6Xg+3y;+82z;=1

a = l%el + 7%e2 + 6%e3;

= 4%el + 2%e2 + 3%e3;
c = 9%el + 6%e2 + §%e3;
rl = el;
r2 = e2;
r3 = e3;
?Xeins = (rl*b*c)/(a*b*c):
?Yeins = (a*rl“c)/(a*b*c):;
?Zeins = (a*b*rl)/(a*b*c):
?Xzwel = (rx2+b*c)/(a*b*c):;
?Yzwei = (a*r2~c)/(a*b*c);
?Zzwel = (a*b*r2)/(a*b*c):;
?Xdrei = (x3*b*c)/(a*b*c):
?¥drei = (a*r3+c)/(a*b*c):;
?Zdrei = (a*b*r3)/(a*b*c):;

W Compilation Result

’&Q Save ﬂle}

| | abg-aufgabe-14atex |
\begin{align®}
Xeins_{0}&= 2\\
?Xeins\y
Yeins_{0}&= 204}
?Yeins\y
Zeins_{0}&= -9\\
?Zeins\y
Xzwei_{0}&= S5\
2Xzweily
Yzwei_ {0}&= 461}
2¥zweily
Zzwel {0}&= -21\)
2Zzwelily
Xdrei_{0}&= -6\
?Xdreiyy
Ydrei_{0}&= -57\\
2¥dreily
Zdrei_ {0}&= 26\\
?Zdreily
Vend{align®}
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Solution of the three systems of linear equations:

X;=(riAnbac)/(anbac)=

yi=(@ariac)/(anbac) =20
z,=(anbar)/(anbac)=-9

X,=(r,Abac)/(anbac)=

5

Y,=(@Ar,ac)/(@anbac)= 46

z,=(@nbary)/(anbac)=-21

X3=(rsabac)/(@aanbac)= -6
y3=(@arsac)/(anbac)=-57
zz=(@anbAars)/(anbac)= 26

Check: 2 5 -6
20 46  -57
-9 =21 26
1 4 9 1 0 0
7 2 6 0 1 0
6 3 8 0 0 1
2 5 -6 1 49
= The resulting matrix A'=| 20 46 -57 |istheinverseof matrix A=|7 2 6.
-9 -21 26 6 3 8
b) [0 4 7 X, X, X 100 -
45 81ly, ¥, ¥5/=|0 10
3 6 9|z, z, 1z, 0 01
N J U J J
Y Y Y
B B! ... identity matrix
= Three systems of linear equations:
4y, +7z,=1 4y,+72,=0 4y, +72;=0

4x,+5y,+82,=0
3X,+6y;+92,=0

= a= 4oy+30;
b=4c,+506y+60;

c=7ox+8cy+90;

and

4%X,+5y,+82,=1
3X+6Yy,+92,=0

Iy = oy
rZZGy
3 =0;

4%X3+5Yy;,+82;=0
3X3+6Yy;+927;=1
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GAALOP program and compilation result:

[ ——— = L
a = 4%e2 + 3%e3;
mgfrel haaneak ot s+ Compilation Result

c = 7%l + 8%e2 + 9%e3; J—

zle=sely {&‘) Save file.

r2 = e2; — )

Tav= gy Jabe-aufgabe-Mb.tex]

?Xeins = (rl*b*c)/(a*b*c);

?Yeins = (a*rl*c)/i{a*b*c); \begin{align®}

?Zeins = (a*b*rl)/{a*b*c); Xeins_{0}s= -0.2%}

?Xzwel = (r2*b*c)/(a*b*c); 2Xeins\y

?Yzwei = (a*r2*c)/{a*b*c); Yeins_{0}s= -0.8%}

?Zzweil = (a*b*r2)/{a*b*c); 2Yeins\y

?Xdrei = (r3*b*c)/(a*b*c): Zeins_{0}&= 0.6%}

?Ydrei = (a*r3*c)/(a*b*c): 2Zeins\y

?Zdrei = {a*b*r3)/(a*b*c): Xzwei_ {0}e= 0.4%Y
2Xzweily
Yzwei {0}&= -1.4%)
2Yzweil)
Zzwel_{0}&= 0.8\\
?Zzwell)
Xdrei_{0}&= -0.24}
2Xdreily
Ydrei_{0D}&= 1.86666666666666674Y
2¥dreily
Zdrei_{0}&= -1.0666666666666667YY
2Zdrei\y
vend{align®*}

Solution of the three systems of linear equations:

X1:(rl/\bAC)/(a/\bAC)zfo_z:,l
4
yi=(@ariac)/(aanbac) :—0_8:_g
3
zlz(a/\b/\rl)/(a/\b/\c): 0.6= g

X,=(rAabac)/(anbac)=

Y,=(@Arac)/(anbac)=-14=-

z,=(@anbar)/(aanbac)= 08=
Xs=(rsabac)/(@aanbac)=-02 =-
ya=(@aArsac)/(@aanbac)= 186. =

zz=(@AbAr)/(@rbac)=-1.06..=—
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Check: -0.2 04 -0.2
-08 -14 1.86..
0.6 0.8 —1.06..
0 4 7 1 0 0
4 5 8 0 1 0
3 6 9 0 0 1
Alternative check: -3 6 -3
-12 -21 28
9 12 -16
0 4 7 15 0 0
4 5 8 0 15 0
3 6 9 0 0 15
-02 04 -02 . -3 6 -3
= The resulting matrix B'=|-08 -14 186.]= = -12 -21 28| is
06 0.8 -106.. 9 12 -16
0 4 7
the inverse of matrix B=|4 5 8].
3 6 9
)1 4 71[x, X, X, 100 cclzg
2 5 8[|y, ¥, Y5(=/0 10
3 6 9|z, z, 1z, 0 01
N J L N J
Y Y Y
C ct ... identity matrix
= Three systems of linear equations:
X, +4y,+72,=1 X, +4Yy,+72,=0 Xg+4y;+72;=0
2X,+5y;+8z,=0 and 2X,+5y,+82z,=1 and 2X3+5y;+82;=0

3X,+6y;,+92,=0

= a= ox+t20y+30;
b=4c,+50y+60;

c=7ox+8cy+90;
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GAALOP program and compilation result:

a = l%el + 2%e2 + 3%e3;
4*e]l + 5%e2 + 6%el;
7*el + 8%e2 + 9%e3;

o W Compilation Result

:; : :; &\) Saveﬂle“?

52 . £3: Jabg-aufgabe-Mc.tex]

?Xeins = (rl+b*c)/(a*b*c):

?Yeins = (a*rl*c)/(a*b*c):; \begin{align®}

?Zeins = (a*b*rl)/(a*b*c):; Xeins_{0}s&= O\

?Xzweil = (r2*b*c)/(a*b*c); 2Xeins\y

?Yzwel = (a*r2*c)/(a*b*c); Yeins_{0)s&= O\

?Zzwel = (a*b*r2)/(a*b*c); 2Yeins\

?Xdrei = (r3+*b*c)/{a*b*c):; Zeins {0}s= OV}

?Ydrei = (a*r3*c)/(a*b*c); 2Zeins\

?Zdrei = (a*b*r3)/(a*b*c):; Xzwei {0)&= DAY
?Xzwell)
Yzwei_ {0}&= 0OV
?Yzwelll
Zzwel_{0}&= 0OVY
2Zzweily
Xdrei_{0}&= 0V
?Xdreily
Ydrei_{0}&= 0V
?¥dreil?
Zdrei_{0}&= 0%\
?Zdrei\y
vend{align®}

Supposed solution of the three systems of linear equations:

x;=(rnAabac)/(anbac)=0 X,=(roAabac)/(anbac)=0
yi=(@ariac)/(a@anbac) =0 Y,=(@Aar,ac)/(@anbac) =0
zi,=(@nbar)/(anbac)=0 z,=(@nbary)/(anbac)=0

Xs=(rsanbac)/(anbac)=0
ys=(@Aarsac)/(anbac) =0
Z;=(anbAars)/(anbac)=0

Check: 0 0 0

0 0 0

0 0 0
1 4 7 0 0 0 This zero 1 0 0
I I s S P
3 6 9 0 0 0 identity matrix I'! 0O 0 1

= The check shows that the solutions found with GAALOP are wrong.
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The reason for that can be found at the end of page one of the problem sheet (i.e. at the end of
page 10 of this collection of worksheets), because ...

... you will now find problems about systems of three
linear equations. To solve these problems the mathematics of vectors, which point
into three directions and which are situated in three-dimensional space, is required.
Thus vectors will now have three components, representing X, y, and z directions.

The three coefficient vectors do not form a basis of three-dimensional space, as they are linearly
dependent. They are all situated in a plane, and every coefficient vector can be written as linear
combination of the other two coefficient vectors:

a=2b-c
1

b==-(a+a
2()

c=2b-a

Therefore every possible resulting vector r must be situated in the plane, which is formed by the
coefficient vectors, to make sure that meaningful solution of the unknown variables x, y, and z

can be found. Unfortunately, the three resulting vectors of this problem r; = oy, . = oy, and rs; = c;
do not point into the direction of this plane. Therefore (real number) solution values for x, y, and z
do not exist.

This geometric explanation can also be interpreted algebraically, as the outer product of the three
coefficient vectors a A b A ¢ is equal to zero:

ab=(ox+20y+30;) (4ox+50y+60;) =32-3 cxoy— 3 6y0; + 6 5,0
= aAb=-3oxy—-30y0;+6 0,0
abc=(32-3oxy—-30y0;,+6 0,65 (7Tox+80oy+90,)
=146 ox + 250 6y + 354 5, + 0 o450,
= aanbac=0

Check: (1% + 22+ 3%) (4% + 5% + 62) (7% + 8% + 9%) = (146° + 250° + 354%) = 209132

A short look at the solution formulas x;=(rinbac)/(aAanbac)

yi=(@aarinc)/(anbac)

zi=(@aanbAar)/(anbac)
shows that the numerators must be divided by the outer product a A b A ¢ (or in other words: the
numerators must be divided by the determinant of matrix C: det C = a A b A € o,6y0y).

As this outer product of coefficient vectors is zero, a division is not possible and solution values
do not exist. Therefore the compilation result of GAALOP must be wrong, and the conclusion is:

= Problem 14c) is insoluble.

— The inverse C™ ' is not defined.
1 4 7

= Aninverse of matrix C=|2 5 8| does not exist.
3 6 9
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drs3 4 8][x, x, x 100 DD '=|
10 5 10||y, V¥, VY;|=]0 1
10 20 15||z, z, 1z, 0 01
N J U J \ J
Y Y Y
D D’ ... identity matrix
= Three systems of linear equations:
3x,+ 4y;+ 8z,=1 3X,+ 4y,+ 82,=0 3Xg+ 4y;+ 823=0
10x,+ 5y, +10z;,=0 and 10x,+ 5y,+10z,=1 and 10x;+ 5y;+10z;=0
10x;,+20y,+152,=0 10x,+20y,+152,=0 10x3+20y;+152;=1
:>a:3(5x+100y+1002 r]_:GX

GAALOP program and compilation result:

7 = L
a = 3%el + 10%e2 + 10%e3;
= 4%el + 5%eZ + 20%e3;

c = §%el + 10%e2 + 15%e3;

rl = el;

rZ = ei;

£ . £ _[abg-aufgabe-nd.tex]

?Xeins = (rl*b*c)/(a*b*c):;

?Yeins = (a*rl*c)/i(a*b*c): \begin{align®}

?Zeins = (a*b*rl)/(a*b*c); Xeins_{0}&= -0.2\}

?Xewel = (r2*b*c)/(a*b*c); 2Xeins\y

?Yzwel = (a*r2*c)/(a*b*c); Yeins_{0}&= -0.08Y}

?Zzwel = (a*b*ri)/(a*b*c):; 2Yeins\y

?Xdrei = (r3*b*c)/(a*b*c): Zeins_{0}&= 0.24000000000000002}}

?Ydrei = (a*r3+c)/(a*b*c); 2Zeinsy

?Zdrei = (a*b*r3)/(a*b*c); Xzwei_{0}&= 0.16%}
?Xzwellh
Yzweil_{0}&= -0.0564%
?Yzuwellh
Zzwel_{0}&= -0.0324Y
2Zzwelily
?Xdreily
Ydrei_{0}&= 0.08%%
?¥dreily
Zdrei_{0}&= -0.044Y
?Z2dreily
vend{align*}

As no scalar component Xdrei_{0} is shown in the compiler field, this component must be
zero: Xdrei_{0}&=0
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Solution of the three systems of linear equations:
1 4

x1:(rl/\b/\c)/(a/\b/\c):—O.ZO:—g X,=(rAabac)/(anbac)= 0.160= o
V.= (@ATiAC)/ (@ADAC)=—008=— 2 Vo= (@A AC)/ (@AADAC)=—0.056=—

25 125
zi=(@nbar)/(anbac)= 024= % 22=(a/\b/\rz)/(aAbAc)=—0.032=—%

Xs=(rsabac)/(anbac)= 0

ys=(@Arsac)/(anbac)= 0.08 = %
Z,=(@AbATs)/(@ADAC) =—o.04=—%
Check: -0.20 0.160 0
—-0.08 —-0.056 0.08
024 -0.032 -0.04
3 4 8 1 0 0
10 5 10 0 1 0
10 20 15 0 0 1
Alternative check: - 25 20 0
-10 -7 10
30 —4 -5
3 4 8 125 0 0
10 5 10 0 125 0
10 20 15 0 0 125
-020 0160 O . -25 20 0
= The resulting matrix D '=|-0.08 -0.056 0.08 | = 5 -10 -7 10| is
0.24 -0.032 -0.04 30 -4 -5
3 4 8
the inverse of matrix D=|10 5 10|.
10 20 15
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HWR Berlin, Wintersemester 2017/2018

Mathematics for Business and Economics
Berlin School of Economics and Law

Worksheet 21 — Answers

Problem 8:

a) a=20o0x+60y
b=-20ox+100y

ab=(200x+60y) (—20x+10Gy)
= — 40 6’ + 200 640y — 12 6,0 + 60 G,
=—40 + 200 oxoy + 12 oxoy + 60
=20 + 212 ooy

anb=212c0, = |A|=212cm?

b) a=18c,+ 4o,
d=10c6,+12c,

ad= (18 ox + 4 oy) (10 o4 + 12 5y)
= 180 6" + 216 oxoy + 40 oyox + 48 G,
=180 + 216 oyoy — 40 oyoy + 48
=228 + 176 oyoy

and=176 60, = |A|=176cm?

Alternative solution:
b=d-a=(10ox+ 12 6y) - (18 6x + 4 Gy)
=10ox+1206y—-180x—4 oy

=—8ox*+ 8oy

ab=(18ox+406y) (—-80x*+8ay)
=_144 6 + 144 5,0, — 32 6,64 + 32 G,
= - 144 + 144 6,0y + 32 oyoy + 32
=—-112 + 176 ooy

anb=176 6, = |A|=176cm?

Problem 9:
8x+10y=280 = a= 8oxt+ boy
5x+15y=280 b=100y+ 150y

r = 280 oy + 280 o
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ab=(8 ox+50y) (10 ox + 15 oy) = 155 + 70 oy0y = aAb= 70oc0y
r b = (280 ox + 280 oy) (10 o + 15 ) = 7000 + 1400 ooy = I A b=1400 oxoy

ar=(8ox+5o0y) (280 oy + 280 oy) = 3640 + 840 ooy = aAr= 840 o0y
x=@nabyt(rab)= 290 _ 5 y=@rb)ytaan =23 _q
70 70
Check of results: 20
12
8 10 280
5 15 280

20 units of the first final product P, and 12 units of the second final product P, will be pro-
duced.

Problem 10:
7X,+3y,= 94 = a=T7ox*+8o0y
8x,+9y, =152 b=30x+90y

ry =94 ox + 152 oy
ab=(7ox+80y) (3ox+9cy) =93+ 39 oxoy = aab= 39040y
r,b=(94 ox+ 152 5y) (3 ox + 9 5y) = 1650 + 390 oy0y = 1, Ab=390cy0y
ar,=(7ox+*8oaoy) (94 ox+ 152 6y) = 1874 + 312 oy0y = anr;=312cy0y
x=@ab) (ab)= 20210 y=(@anb)iaar)= o0 =8

39 39

7X,+3y,= 80 = a=T7ox*+8o0y
8x,+9y,=175 b=30x+90y

r,=80oy+ 175 oy
r,b=(80cx+ 175 cy) (8 ox+ 9 5y) = 1815 + 195 G,0y = r,Ab=195c0y
ar,=(7ox+8aoy) (80 ox+ 175 6y) = 1960 + 585 oyoy = anr,=5850c0y
x,=(@Ab) L (rAb)= 22 =5 yo=@ab)@nr)= 22 =15

39 39

Check of results: 10 5

8 15

7 3 94 80
8 9 152 175
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i . 10 5
= Demand matrix B of second production step: B = 8 15

Problem 11:
a) Scheme of Falk:

X

y

z

7 9 5 7xXx+9y+5z=2359
6 8 4 6x+8y+4z=308 System of simultaneous linear equations

5 7 3 5x+7y+3z=257

b=90x+80cy+70;

a=7*el + 6*%e2 + 5*e3;
b = 9*el + 8*%e2 + 7*e3;
Cc = 5%el + 4*e2 + 3*e3;

r = 359*%el + 308*e2 + 257*e3;

c=5oxt4oy+30;
r =359 o4 + 308 oy + 257 o,
GAALOP user interface:

5
N
N
5

WWW.GAALOP.DE

T e — e :
u New File _Qpen File Qaave File iu Close % Configure @ Optimize
Welcome ,g,aufgabe ]

a=7*el + 6*e2 + 5%e3;

b = 9*el + 8*e2 + 7*e3; Tgebrams,&:

Cc = 5*el + 4*e2 + 3*e3; B
VisualCodelnserter:

r=359*%el + 308*e2 + 257*e3,; | | ]
Visual Code Inserter LY

oy = (AR A AQAR)- =

' X (r b C)/(a b C)’ Optimization:

?y = (@rc)/(@a”b”\c);
?z = (@b Mr)/(@a”b”Nc);

{Table-Based Approach B

CodeGenerator:

T

@ Eigene Bilder

Ready |
‘4 Start

[\,
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c) Check of the expected solution values: 18

17

16

7 9 5 359

6 8 4 308

5 7 3 257
18

= The production vector g = {17 | is a solution of the given system of linear equations.

16

d) The solution given in part (c) is not the only solution of the system of linear equations,
because there are an unlimited number of solutions,e.g. x=20 or x=16

y=16 y=18
z=15 z=17
Check of the two alternative 20 16
solutions:
16 18
15 17
7 9 5 359 7 9 5 359
6 8 4 308 6 8 4 308
5 7 3 257 5 7 3 257

Mathematical reason why it is not possible to find solution values:

The solution values are undefined, because the outer product of the three coefficient values
is zero ...

= aabac=0oy0,0,=0
...or in other words:

The solution values are undefined, because the determinant of the demand matrix A is
Zero ...

7 9 5
= detA=det|6 8 4| =168+ 180+ 210-196-162—-200=0
5 7 3

To find the solution values x=(rabac)/(@anbac)
y=(@arac)/(@arbac)

z=(@AbAar)/(@Arbac)

GAALOP has to divide by the outer product of the coefficient vectors (or by the deter-
minant of demand matrix A), which is not possible. It is impossible to divide by zero.
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Problem 12:
a) Scheme of Falk:

X

y

z

7 9 5 TX+9y+5z2=422

6 8 4 6x+8y+4z=362 System of simultaneous linear equations

5 7 2 Sx+7y+2z=283

a=7*el + 6*e2 + 5*e3;
b = 9*el + 8*%e2 + 7*e3;
c = 5*%el + 4*e2 + 2*e3;

b)a=70x+60y+50; -
b=90x+80cy+70; -
c=5oxt4oy+20; -
N

r=422 ox + 362 oy + 283 o, r=422*el + 362*e2 + 283*e3;

GAALOP user interface:

o aalnp

WWW.GAALOP.DE

U New File %gpen File gﬁave File \u Close % Configure @ Optimize
Welcome | '3 aufgabe |

a="7%*el + 6*e2 + 5*e3;

b =9*el + 8*e2 + 7*e3;

Cc =5%el + 4*e2 + 2*e3;
r=422*el + 362*e2 + 283*e3;
?x = (r"b”c)/(a”b”/c);

?y = (@’ r*c)/(a”b”/c);

?z = (@b r)/(@”b”\c);

Algebra to use:

lSd - vectors in 3d

VisualCodelnserter:

lVisual Code Inserter

Optimization:

lTable-Baseu Approach

CodeGenerator:

{’I}:X LaTeX

Ready |

-y

iy Start @ Eigene Bilder P& wima-dt_uebungDs ... o CHWINDOWS)syste. .. 1 Gaalop
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c) Check of the expected solution values: 21
20
19

7 9 5 422
6 8 4 362
5 7 2 283

21
= The production vector g =120 | is a solution of the given system of linear equations.
19

Problem 13:

WWWwW.GAALOP.DE

[:l New File _Qpen File @ SaveFile || Close % Configure Optimize

Welcome ,‘_\l_&au[gabe. ]
= Coefficient vectors:
a= 2*el + 14*%e2 + 12*%e3; a=2ox+1l4oy+120, _
b= 8%*el+ 4*e2+ 6%*e3; b=8ocx+4c,+60;
C = 18%el + 12%e2 + 16%e3; c=180,+ 120y +16 e
r=el: = Resulting vector of constant terms: ~ [*"**""
?x = (r*b”c)/(a”*b”c); F=ox oionseter |1
?y = (a”r\c)/(a”b”\c); S
,)Z — (a/\b/\r)/(a/\b/\c) . lTable-Based Approach 2
CodeGenerator:
I'IEX LaTeX H

Ready | ]

‘s Start @ Eigene Bilder P& wima-dt_uebungDs ... o CWINDOWS)syste. .. " Gaalop ™ Compilation Result & T Al 19:41
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a) Scheme of Falk:

This is the first part of the following complete calculation:

X1 Xy X3

Vi Y2 V3 inverse matrix A~
Z, I, I3
2 8 18 2 8 18 1 0 0
14 4 12 14 4 12 0 1 0
12 6 16 12 6 16 0 0 1
- ~ J . ~ )
matrix A identity matrix |

= The given GAALOP program calculates the first column of the inverse of a matrix which
consists of coefficient vectors a, b, and c.

b) Check of results:

1

10

~45
2 8 18 2-1+8-10+18-(-45) =1
14 4 12 14.1+4-10+12-(—-45) =0
12 6 16 12.1+6-10+16-(—4.5) = 0

= The given values are correct solutions of the GAALOP problem.
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