Hochschule fur Wintersemester 2017/2018

Wirtschaft und Recht Berlin Dr. Horn
Berlin School of Economics and La\

3

Modern Linear
Algebra: Geometric
Algebra with GAALOP

Worksheet 1, supplement of worksheet 1,
first problems of worksheet 3, worksheets 8
and 9, and last problems of worksheet 21

of the module AMathematics for

Busi ness and Econot
of joint first-year bachelor lessons

at Berlin School of Economics and

| aw/Hochschule fur Wirtschaft und

Recht Berlin (BSEL/HWR Berlin)

|V-Nr. 200691.01 & 400691.01

Stand:; 07.Jan. 2018

© M. Horn (2018 Modern Linear Algebra: Geometric Algebra with GAALOP 1 Worksheets 1



HWR Berlin, Wintersemester 2017/2018

Mathematics for Business and Economics
Berlin School of Economics and Law

Worksheet 1 Exercises

Problem 1:

What is mathemati@Nhy aremathematical methods effect®&Vhydoes it nake sense to
apply mathematical methodfsconfronted with problems?

Pl ease read the first part of the paheer of p
Unreasonable Effectiveness of Mathatics in the Natural Science$vh at 1 s Mat hemat
and ty to find and to identify your own epistemological position.

Problem 2:

What is your answer to the following question of mathematician and philosopher Morris

Klne: Als mathematics a collection of diamonds
gradudly unearthed, or is it a collection of synthetic stones manufactured by man, yet so bril

liant nevertheless that they bedazzle those mathematicians who are already partially blinded
bypridei n t hei r o Wodatonm fiaHal Hellman?Great(Feds in Mathematics.

Tenof theLiveliest Disputes Ever. John Wiley & Sons, Hobokdlew Jersey 2006,.1203)

Is mathematics a discovery or a human invention?
Is mathematics natural and an inherent part of nature existing always and for ever,
or is matheratics artificial and a construction of the human mind?

Problem 3:

British physics Nobel prizginner P. A. M. Dirac describes his view with the following words:
fiOne maydescribe the situation by saying that the mathematician plays a game in whiof he
selfiv ent st h(@uotationfraand@ufA. M. Dirac: The Relation Between &athematics
andPhysics,James Scott Prize Lecture, Proceedings of the Royal S¢Erityburgh),Vol. 59,
19381 1939, part Il, ppl22i 129.

And Mathilde Marcolli, who hasvon the SofjaKovalevskayaaward in2001, saysfi lintelligent
extraterrestrial life existshey will most probablynvent completely dferent mathematics sim-
plyb e ¢ a umathenfiatics can be invented freely, Gérman quotatioAWenn es auRidi-
sche Lebewesen gabe, dann wirden siestaelhrscheinlich auch eine aimmen andere
Mathematik erfinden i w e i .l Matbdmatik freAerfunden werden kann, fronfi Antonia
Rotger: Zur Person Matilde Marcolli, MaxPlanclForschung, Das Wissestgaftsmagazin der
Max-PlanckGesellschaftlssue 1/2005, ppr6i 80).

As simple example for such a free invention of
mathematics, we will compare different solution
strategies for the following problem:

What is the sizeof the area of the Scm
parallelogram on the right?

Find the area dahe given parallelogram using math
ematical methods you have learned at school.

© M. Horn (2018 Modern Linear Algebra: Geometric Algebra with GAALOP 1 Worksheets 2



Problem 4:

A mathematician, who invented completely different mathematics, has been thesgtatim
high schooteacherGermanA Olb ¢ e hr er a m H&wmann Grassmamhid Was able
to find the extensions or in other word. the area$ of simple geometric objects using his theo
ry of extensions (whichhecallddAus dehnungsl ehref).

Please compare the solution strategy of Grassmwhich you have discussed atfirg lesson
with the solution strategy you have learned at school and applied at solving problem 3.

Problem 5:

Find the areas of the following parallelograms by using the solution strategy of Grassmann.

a) b)
3cm
.......... 32cm
5cm
3.9cm
ELGCm
9cm
42 cm
c) d)
25 cm
10 cm
40 cm 30cm
§3cm
5cm 6 cm
Problem 6:

Tot ake part Mathenatics fer BusinessrasdeEcomnonissccessfullymathenatical
basicsrom primary and secondary school aeguired.If you do not have a good knowledge of
school mathmatics, it will be expected that you refurbish your knowledge of school matisesmat
and that you remove possilideficiencies of school mathematatsyour own initiative.

Lengthy repetitioaof school mathematiosill not be part of this business mathucse You are
personally responsible fgour own mathematical futurdherefore please have a look into your

old schoadbooks of mathematics. Please find out whether you have severe mathematical-deficien
cies(e.g. when calculatinfyactions or transformig s i mp | e e gAndiplease degelop et c
strategies to close possible gaps in your knowledge of school mathematics autonomously.
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Problem 7:

Please get academic textbooks about mathematics for businessniespand financen your
library, by sarching through secortand internet shops for used books, or at a bookshop.

It is of no great importance, v math books you use and read. Most introductory academic
textbooks discuss thepics of the modular descriptioBut it is of very great impdance that you
solveautonomouslyas many business mattoplems as possihl&he books should heftand
give support to your individual learning process.

As learning processes differ from person to person, you will find different books readable (or
unreadable). So please compare different math books to find out which books are a good fit for
you.

Problem 8:

Different textbooks use different mathematical notations. Our math course will mainly use the
mathematical notatiawhich arecommon in Germanye.g. the notation used in the textbooks
ofTietze (see modul ar descri pt i Winschafismdthbrea e q u i
t i k 6Nr.200801.01i Jurgen Tietze: Einfihrung in die angewandte Wirtschaftsmathematik,

17. Auflage, Springer SpektryrBerlin, Heidelberg 2013).

It will be expected from you however, that you will gain the capability to deal with different
mathematical notations and mathematical representations within your academic studies.-Especial
ly you shouldthen be abléo identfy identical mathematical descriptions even if they are written

in a mathematically totally different style.

Therefore please get several different math books and compare the mathematical styles and nota
tions they are written in. The use of differeritdes or symbols for the same mathematical-vari
able should not shatter yoeither mathematically nor mentally.

Problem 9:

Please always bring your electronic pocket calculator to the lesSodglease practice to do
complicated calculations with yopocket calculator. The results of the following calculations
should be found by you within less than 20 seconds.

Please roundll resultsto the nearetenthousandth (leave four decimal places)

3) b) e, 1 g ©)
o &1085%- 1o 400 & 10857 3 40001085
§ 0085 & 0085 | L1
] b (1+0.089)"
d e f .
| Ei/ 156Q0° ) —e(sch ) ) 2.95+] 2 1'2 5
345 +1n300) n_L_ e TN
440 e6 0

Short noteAt the written exanit is not allowed to use pgrpammable electronipocket catu-
lators.Therefore please solve all problems with pocket calculators which are not programma
ble.
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HWR Berlin, Wintersemester 2017/2018

Mathematics for Business and Economics
Berlin School of Economics and Law

Supplementf Worksheet 1 Exercises

Problem 1:

The following parallelogram with the coordinates given by Nini had been discussed at the first
IBMAN math lesson at Oct 12, 2017:

8cm

a) Find the area of this parallelogram with the strategy Hayate presented at the lesson
b) Find the area of this parallelogram with the strategy invented by Grassmann.

Problem 2

Now we generalize problem 1The first side vectoa will point a, units of length into the direction
of the xaxis and @units of length into the directiorf the y-axis.

The second side vectbrwill point by units of length into the direc
tion of the xaxis and bunits of length into the direction of theaxis.

Showthat the equation of the formula of
the area of this generalized piétgram
will be

by Aparallelogram: & by i ay bX

by generalizing the solution strategy of
Hayate.

a by
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HWR Berlin, Wintersemester 2017/2018

Mathematics for Business and Economics
Berlin School of Economics and Law

Waksheet 3 Exercises

Problem 1:
The following supply and demand functions of a market are given:

Supply: p=x+15 Demand: p=71 2x + 60
a) Findthe equilibrium price pand equilibrium quantity g@algebraically.
b) Compare your resultith the graphical solution.

c) Transform the supply and demand functions into a system of two linear equations.
Find the two coefficient vectoesandb and the resulting vector of constant temms
Find the outer products (oriented areaghefthree different parallelograms which can
be constructed by Pauli vect@ash, andr.

Find the equilibrium price pand equilibrium quantity ey the strategy of Grassmann,
who simply divided the outer products.

Problem 2:

Findthe eqilibrium price p and equilibrium quantity ofor each of the followg markets
algebraically Compare your resdtvith the graphical solutian

a) Supply: p=3x+40 b) Supply: p=3x+20
Demand: p=1 x+ 120 Demand: p =1 %x +90
c) Supply: p = %x + 400 d) Supply: p =750
Demand: p =1 %x + 1000 Demand: p =1 gx + 1270
Problem 3:

Solve problem 2vith Geoméric Algebra.

Problem 4
Find the equilibrium price and the equilibrium quantity for each of the following markets:
a) Supply: = %p]‘ 4 b) Supply: = é(p'l' 80)
Demand: x =12 p + 206 Demand: x = 3197 gp
Problem 5

Solve problem 4vith Geometric Algebra.

Problems 61 14 have no reference to Geometric Algebra.
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HWR Berlin, Wintersemester 2017/2018

Mathematics for Business and Economics
Berlin School of Economs and Law

Worksheet 8 Exercises

Problem 1:

Find the areas of the parallelograms if the two different sides are given by the following vectors
and if the two base vectoss ands, havelengths|s,| and|s| of 1 cm. Pleasalsodraw a sketch
of theparallelograms.

a) a=5sx+2sy b) a=8sx+ 7sy Cc) a=>5s,i 58y d) a=4sx+ 16sy
b=2s,+6sy b=2s,+20sy b=38sy+7sy b=9s,+ 2sy
Problem 2:

Find the areas of the parallelograms if the thifferent sides are given by the following vectors
and if the two base vectoss ands, have length$s,| and|s| of 1 cm. Please also draw a sketch
of the parallelograms if possible and find the precise names of the given parallelograms.

a) a= 6sy+4sy b) a=i4,8sx134sy c) a= 4s,+3sy, d) a=5s,+20sy

b=7 4s,+6sy b=751sx+72sy b=12s,+9sy b=7sxi 4sy
Problem 3:
Solve the following systems of linear equations and check yoursesult
a) 3x+8y = 28 b4x +9y = 29 c)6x+4y = 6 d) 5x7T 2y = 6
6Xx+2y = 28 5x+6y = 31 2x+ y =3 12x1 3y =28
Problem 4:

A firm manufactures two differefiiinal products PandP,. To producehese productthe fol
lowing quantities otwo differentraw materials Rand R are required

3unitsof R and 6 unitsof B to produce 1 unitof B
8unitsof R and 2unitsof R to produce 1 unit of B

Find the quantities ofinal products PandP, which will be produced, if exactly 28 units of
the first raw material Rand 28 units of the second raw materiaghlRe consumed in the pro
duction process. (Hint: Results of problem 3 can be used.)

Problem 5:

A firm manufactures two differeffinal products PandP,. To producehese products the fol
lowing quantities of twalifferentraw materials Rand R are required

2unitsof R and 5Sunitsof R, to produce 1 unit of,P
7unitsof R and 1 unit of R, to produce 1 unit of P

Find the quantities dfnal products PandP, which will be produced, if exactly@s0 units
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of the first raw material Rand1000units of he second raw material, Rre consumed in the
production process.

Problem 6:

A firm manufactures two differeffiinal products PandP,. To producehese products the fol
lowing quantities of twalifferentraw materials Rand R are required

4unisof R and 1unitof R, to produce 1 unit of,P
3unitsof R and 5unitsof R to produce 1 unit of ,P

In the first quarter of a year exactly@B unitsof the first raw material Rand 3800 units

of the second raw matal R, are consumed in the production process. In the second quarter
exactly 3200 unitsof the first raw material Rand 2900 units of the second raw materigl R
are consumed in the production process.

Find the quantities dfnal products PandP, which will be produced in the first quarter, and
find the quantities dfinal products PandP, which will be produced in the second quarter.

Problem 7:

A firm manufactures two differefiiinal products PandP,. To producehesefinal products two
intermediate goods aand G are required. The productiaf the intermediate goods requires
two different raw materials fand R. The demand of raw materials to produce one unit of the
intermediate goods and the total demand of raw materials to produceiboktia final pre
ductsis shown in the following tables:

G G P P
R, | 8 2 R, | 42 28
R, | 4 3 R, | 23 26

Find the demand matrix of the second production step which shows the demand of intermediate
goods to produce one unit of each fipeoduct.

Problem 8:

A firm manufactures three different final products B, and B. To produce these final products
two intermediate goods &nd G are required. The production of the intermediate goods re
quirestwo different raw materials fandR,. The demand of raw materials to produce one unit

of theintermediate goods and the total demand of raw materials to produce one unit of the final
products is shown in the following tables:

Gl GZ Pl I:)2 P3
R, | 9 3 R, | 48 21 84
R, | 2 2 R, | 12 14 32

Find the demand matrix of the second production step which shows the demand of intermediate
goods to produce one unit of each final product.
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Problem 9:

A firm manufactures two differeffiinal products PandP,. To producehese products thelfo
lowing quantities of twalifferentraw materials Rand R are required

7unitsof R and 4 units of R to produce 1 unit of,P
S5unitsof R and 3 units of R to produce 1 unit of P

Find the quantities dfnal products?; andP, which would have been produced in theory, if
exactly one unit of the first raw materia] Rad been consumed in the production process.
And find the quantities dinal products PandP, which would have been produced in theory,
if exactly oneunit of the second raw materia} Radbeen consumed in the productimmocess.

How can these results be understood?
Give an economic interpretation of the results.

Problem 10:

A firm manufactures two differeffinal products PandP,. To produceheseproducts the fol
lowing quantities of twalifferentraw materials Rand R are required

10 unitsof R and 4 unitsof R to produce 1 unitof,P
12 unitsof R and 5unitsof R to produce 1 unit of P

Find the quantitiesf final products PandP, which would have been produced in theory, if
exactly one unit of the first raw materia] Rad been consumed in the production process.
And find the quantities ofinal products PandP, which would have been produced in thgor

if exactly one unit of the second raw materialldd been consumed in the production process.

Find the inverse of the demand matrix and check your result.

Problem 11:

Findthe inverss of the following matrices and check your results.

a %4 P w0 4 © g0 65 9 80 - 25g
A: , u B: 7 l:] C: z u D: 7 l:]
o 74 &9 a8l &0 13} 02 34
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HWR Berlin, Wintersemester 2017/2018

Mathematics for Business and Economics
Berlin School of Economics and wa

Worksheet 9 Exercises

Problem 1:

a) Download theiGeometric Algebra Algorithms Optimizero (GAALOP), which is a soft
ware freely available at the internet. The GAALOP homepage can be found at the URL

www.gaalop.de

Activate first thefiDownloadd link to reach the download page at thieL
www.gaalop.de/download

GAALOP can then be downloaded by aeting the bl link fidownload Gaalop.

b)After installing GAALOP Staatd beostartkydy $Hdyan
j av ajavfaijar gartdi-1.0.0jard di rectly, which dangttends on
security adjustmentsf your conmputer.

Problem 2:

Please get acquainted with GAALOP by thinking up and then solving simple Geometric Al
gebra calculabns.

Chose Pauli Algebra of three dimensional, Euclidean space as
Algebra to use: A3di vectors in 3di

on the basis ofluCalc.

For instance ente¢he three vectorsa= 4sy + 8s,

b=10s,+ 3sy

C= 5sxi 5sy
into a GAALOP program and determine the following sums or differences
a)p=a+b b) g=4a+2b c) r=bi2c d) s=65ai 60b+ 68c

Problem 3:
Solve all problemsf previous worksheet &ith the help of GAALOP programs

UJ

The problems ofworksheet 8 have been problems about systems of two linear equation
with two unknown variables. Such problems can be solved with Geometric Algebra by
vectors, which point into only two directions and which thus are situateth the xy-plane.

At the following pages of this worksheet 9ou will now find problems about systemsf
three linear equations. To solve these problems the mathematics of vectors, which point
into three directions and which are situated in threedimensional space, is required.
Thus vectors will now have three components, representing x, y, and z directions.
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Problem 4:

a) A firm manufactures two different final productsa®d B. To produce these products the
following quantities of three different raw materials R,, and R; are required:

5unitsof R, 4unitsof R, and 3unitsof R to produce 1 unitofP
2 units of R to produce 1 unit of P

Find (with thehelp of GAALOP)the quantities of final products Bnd B which will be
producedif exactly 125units ofthe first raw material R 100units of the second raw
material B, and 145 units of the third raw material&e consumed in the gaction
process.

b) A firm manufactures two different final productsdnd B. To produce these products the
following quantities of three different raw materials R,, and R are required:

S5unitsof R, 4unitsof R, and 3unit®fR; to produce 1 unit ofP
6unitsof R, 7unitsof R, and 8unitsof R to produce 1 unitofP

Find (with the help of GAALOP) the quantities of final productafd B which will be
produced, if exactl380 units of the first raw material ;370 units of the second raw
material B, and 360 units of the third raw material&e consumed in the production
process.

Please find notrdy a GAALOP program but give also detailed lcalationsof intermediate
steps using Geometric Algebra and compare with conventional solution straftéupdly.
check your results.

Problem5:

Find the volume of the parallelepipadgh the help of GAALOHTf the three different sides
of the parallelepipedsre givenby the following vectors and the base vectors,, sy, ands,
havelengthgs,|, |sy|, and|s,| of 1 cm.

a)a=4sy+2sy b) a=4s,+2sy C) a=4sx+2sy
b=2s,+4s, b=2s,+4s, b=2s,+4sy
c=3s; c=5sy+5s, C=7Sy+7sy+7s,

d) a=2s,+5s,+5s, e) a=2sy+6sy+ 10s, f) a=4s,+8syi 5s,
b=3s,+3s,+6s, b=8sy+3sy+12s, b=3syi 7sy+6s;
C=4sy+4sy+4s, C=7sx+9sy+ 4s, C=T 2sx+9syl s;

Please also draw a sketch of fferallelepiped of the first threexercises a), b), and c) and
compare all GAALOP results with the results you get by applying the rule of Sarrus to find
the determinants dhe coefficient matrices.

Problem 6:

Solve the following systems of linear equations with the help of GAALOP either directly or
by programming intermediate steps and check your results

a)3x+8y =28 b)8x+5y+ 10 z =396 c) 3xiby+6z= 41
6X+2y =28 3x+7y+12z 375 T2x+5y+8z=111
2X+4y+2z=28 2Xx+6y+ 1427386 7xX+ y+9z=185
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d) 2/sx+ Iy +%52z=210
8 x+ Yy +3,2=138
Yox +12y +6.2 =282

Problem 7:

A firm manufactures three different final products B, and RB. To produce these products

the following quantities of three different raw materials R, and R are required:
7unitsof R, 3umsofR,, and 4unitsof R toproduce 1 unitof,P
2unitsof R, Yunitsof B, and 6unitsof R  to produce 1 unit of,P
S5units of R, and 8unitsof R toprodue 1 unitofPR

Exactly 500 units of the first raw material, 80 units of the second raw materig| Bnd
880 units of the third raw materiakBre consumed in the production process.

Find the output of final products AP, and B with the helpof GAALOP.

Problem 8:

A firm manufactures three different final products B, and RB. To produce these products
the following quantities of three different raw materials IR, and R are required:
12 unitsof R, 20 unitsof R and 16 units of R to produce 1 unit of,P
30 unitsof R, 15unitsof R and 28 unitsofR to produce 1 unit of P
10 units of R, 8unitsof R and 25unitsofR  to produce 1 unit off

Exactly12000 units of the first raw material;R13900 units of the second raw materigl, R
and 18300 units of the third raw materiakRre consumed in the production process.

Find the output of final products A, and R with the help of GAALOP

Problem 9:

A firm manufactures three different final products B, and RB. To produce these products
the following quantities of three different raw materiajs R, and R are required:

Qunitsof R, 2unitsof R, and 7 unitsofR toproduce 1 unitof,P

3unitsof R, 2unitsof R, and 5unitsof R to produce 1 unit of P
4unitsof R, 3unitsof R, and 2unitsoffR to produce 1 unit ofP

In the first quarter of agar exactly98 units of the first raw material;R35 units of the sec

ond raw material R and76 units of the third raw materiakbRre consumed in the production
process.

In the second quarter exac®y units of the first raw material;R30 unit of the second raw
material B, and59 unitsof the thirdraw material Rare consumed in the production process.

Find the quantities of final products, ,, and B, which will be praluced in the first quarter,
andfind the quantities of final produe®, P,, and B, which will be produced in the second
quarter, with the help of GAALOP.
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Problem 10:

A firm manufactures two different final productgahd B. To produce these final products

three intermediate goods G5,, and G are required. The pduction of the intermediate

goods requires three different raw materiaJsi, and R. The demand of raw materials to
produce one unit of the intermediate goods and the total demand of raw materials to produce
one unit of the final products is showntie following tables

Gl G2 Gg Pl I:)2
Ry 10 15 11 Ry 964 814
R2 17 20 16 R2 1409 1184
Rs3 12 14 25 Rs3 1320 1093

Find thedemand matrix of the second production step, which shows the demand of intermedi
ate goods to produce one unit of each final product, with the help of GAALOP and check your
result.

Problem 11:

A firm manufactures three different final products B, and B. To produce these final pro
ducts three intermediate goods, G,, and G are required. The production of the intermediate
goods requires three different raw materiajs3, and R. The demand of raw materials to
produce one unit of the intermatk goods and the total demand of raw materials to produce
one unit of the final products shown in the following tables

G G G P1 P, Ps
R1 8 6 6 R1 228 186 308
R, 7 5 7 R, 214 166 282
Rs 5 4 0 Rs 108 107 160

Find the demand matrix of the second production step, which shows the demand of intermedi
ate goods to produce one unit of each final podbdwith the help of GAALOP and check your
result

Problem 12:

A firm manufactures three different final products B, and RB. To produce these final pro

ducts three intermediate goods, G,, and G are required. The production of the intermediate
goods requires three different raw materia)si, and R. The demand of raw materials to
produce one unit of the intermediate goods and the total demand of raw materials to produce
one unit of the final products is shown in the following tables:

G G, Gs P1 P, Ps
R, 82 63 20 R, 4496 5462 4815
R, 44 19 37 R, 2530 3482 2801
Rs 10 52 92 Rs 3224 4062 4646
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Find the demand matrix of the second production step, which shows the demand of irtermedi
ate goods to produce one unit of each final product, with the help of GAALOP and check your
result.

Problem 13:

A firm manufactures three different@l products R P,, and R. To produce these products

the following quantities of three different raw materials IR, and R are required:
3unitsof R, 2unitsof R, and 8 unitsofR to produce 1 unitof,P
5unitsof R;, 6unitsof B, and 7 units of R to produce 1 unitofP
4unitsof R, 3unitsof R, and 10 units of R to produce 1 unit ofP

Find with the help of GAALOP the quantities of final produc{smB, and R which would
have been produced in theoryeKactly one unit of the first raw materia] Rad been con
sumed in the production process.

Find with the help of GAALOP the quantities of final productsf, and R which would
have been produced theory, if exactly one unit of the second raw materigh&d been
consumed in the production process.

And find with the help of GAALOP the quantities of final productsm, and R which
would have been produced in theory, if exactly one unitethird raw material Rhad
been consumed in the production process.

Use the values just found to constrtiw inverse oftte demand matrix and check yaoar
sult.
Problem 14:

Find the inverses of the following matrices (if they exist) with the hEAALOP and
check your results.

b) c)

Va4 0 4 Tg & 4 g
_ u _e u _ u
A—g7260 B=g 5 8 c_gfzssfJ

6 3 8y B8 6 9 8 6 9

d) e3 4 8g
_é 0
D=g10 5 10§

10 20 15
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HWR Berlin, Wintersemester 2017/2018

Mathematics for Businessand Economics
Berlin School of Economics and Law

Worksheet 21 Repetition of Linear Algebra / Exercises

Problem1: )
Problem 2:

Problem 3:

Problem 4: > Conventional ppblemsaboutLinear Algebrawhich

shouldbe solved without Geometric Algebra
Problem 5:

Problem 6:
Problem7: )

Problem 8:

a) Find the area ahe parallelogram. b) Find the area of the parallelograms if
the two base vectoss, andsy have
lengths|sx| and|sy| of 1 cm.

10cm
560m
5 a
2cm 20cm
a=18s,+ 4sy
d=10s,+ 12sy
Problem 9:

A firm manufactures two differetiinal products PandP,. To produceghese products the fol
lowing quantities of twalifferentraw materials Rand R are required

Bunitsof R and 5unitsof R to prodice 1 unit of P
10 unitsof R and 15 units of R to produce 1 unit of P

Find the quantities dfnal products PandP, which will be produced, if exactly 280 units of

the first raw material Rand 280 units of the second raw materighR consumed in the pro
duction process.
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Problem 10:

A firm manufactures two different final productgahd B. To produce these final products
two intermediate goods,;@nd G are requiredThe productiorof the intermediatgoods
requires two raw matmls R, and R.

The folowing quantities of raw materiaége required in the production process:
7unitsof R and 8 units of R to produce 1 unit of G
3unitsof R and 9 units of R to produce 1 unitof &

Total demand ofaw materials:
94 unitsof R and 152 units of R to produce 1 unit of P
80 unitsof R and 175 unitsof R to produce 1 unit of P

Find matrix B of the second production stefich shows the demand of intermediate goods
to produce oe unit of eaclinal product and check your result.

Problem 11:

A firm manufactures three differeriinal products B, P,, and R. To produce thesinal pro-
ducts three intermediate goodg G,, and G are requiredThe production of thentermedi
ate goods requirethreeraw materials R R,, and R.

The folowing quantities of raw materiaége required in the production process:
7unitsof R, 6unitsof R, and 5 units ofR to produce 1 unit of,P
Qunitsof R, 8unitsof R, and 7 unitsofR to produce 1 unit of P
S5unitsof R, 4unitsof R, and 3 units of R to produce 1 unit of P

Exactly 359 units of the first raw materi), 308 units of the second raw materig| Bnd
257 units of the third raw mateti&; will be consumed in the production process.

a) Find the system of simultaneous linear equations which should be solved to find the un
known quantities of final products produced.

b) Give a GAALOP program whicéolves this system of linear equations at the GAALOP
user interface of the next page.

c¢) The following solution of the systeat linear equations will bexpected to appear, if the
Optimizebutton is activated: x =18
y=17
z=16. Rdase check this solution.
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WWW.GAALOP.DE

[_' NewFile Qpen File @&we File || Close 5" Configure @ Optimize
Welcome | '\ aufgabe l

Algebra to use:

{3d - vectors in 3d \V]

VisualCodelnserer:

\Visual Code Inserter

<

Optimization:

<

{Table-Based Approach n

CodeGenerator:

LTEX LaTeX H

Ready | |

. s Start @ Eigene Bilder P& wima-dt_uebung0s_... e CYWINDOWS\syste, .. ™ Gaalop ™1 Compilation Result & |2 LY 19:41

d) Now theOptimizebutton is activated. Unfortunately the compiler result of the GAALOP
program states that the solution values X, y, and z are undefined. What is wrong with the
GAALOP program?

Give a mathmatical reason why it is not possible to find the expected solution values of
problem part (c) with the GAALOP program.

Problem 12:

A firm manufactures three differeriinal products B, P,, and RB. To produce thesknal pro-
ducts three intermediagoods G G,, and G are requiredThe production of thentermedi
ategoods requirethreeraw materials R R,, and R.

The folowing quantities of raw materiaége required in the production process:

7unitsof R, 6unitsof R, and 5unitsof R to produce 1 unit of,P
Qunitsof R, 8unitsof R, and 7 units of R to produce 1 unit of P
S5unitsof R, 4unitsof R, and 2 units ofR to produce 1 unit of P

Exactly 422 units of he first raw materiaR;, 362 units of the second raw materig| Bnd
283units of the third raw mateti&; will be consumed in the production process.

a) Find the system of simultaneous linear equations which should be solved to find the un
known quantities of final products produced.
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b) Give a GAALOP program which solves this system of linear equations at the following
GAALORP user interface.

- [=]X]

WWW.GAALOP.DE

D NewFile [[) OpenFile Q gavefile || Close ¢ confawre GO0 Optimize

Welcome '\ - )

Algebra to use:
[Gd - vectors in 3d H
VisualCodelnserter:
[Visual Code Inserter @
Optimization:
[Table-Based Approach M
CodeGenerator:
l'IEX LaTex @

Ready | |

‘e Start @ Eigene Bilder P& wima-dt_uebungDs ... i i o ™1 Compilation Result & 31 i

19:41

c) Now theOptimizebutton is activated. The compiler field shows the following results:

x=21
y=20
z=19

Please check this solution
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Problem 13:
The following GAALOP program is given:

WWW.GAALOP.DE

l:l New File ﬁgpen File Qﬁave File @ Close % Configure Onptimize
Welcome &iﬁgaha )

a= 2%el + 14*e2 + 12*e3;
b= 8*el+ 4*e2+ 6%*e3;
c =18%el + 12*e2 + 16*e3;

Algebra to use:

l3d - vectors in 3d

VisualCodelnserter:

r=el;

VAN 2YAY NRh/AR)- lVisuaICodelnsener :YJ]
?x = (r"b”c)/(@a”b”\c); .
? — a/\r/\c / a/\b/\c : Optimization:

y —( N\ /\) ( Nh /AN ) lTable-BasedApproach i
?z = (@b r)/(@”b”\c);

CodeGenerator:

lTEXLaTeX 's!(J

Ready |
1y Start @ Eigene Bilder

a) Please state, which mathematical object will be calculated with the given GAALOP program.

b) Are the following results correct resultstoé GAALOP calculation?

x= 1
y= 10
z=145

Please check these results.
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HWR Berlin, Wintersemester 2017/2018

Mathematics for Business and Economics
Berlin School of Economics and Law

Worksheet I Answers

Problem 3:

A possible strting point, which you already 2cm

should have seen in school, can be to place

the parallelogram into a great rectangle. This 7 cm
great rectanglevill indeedbe a great square 5c
atthis problem 3, because the coordinate sums
of both sides are identical: 5+=24 +3 =7

Thus both sides of the rectangle have the same

4 cm 3cm

length. B
Aparallelogram: Asquarell' 2 'Arectanglell' 2 'Alargetriangle'll 2 'Asmalltriangle
=7cm-7cmi 2-3cm-2cmi 2- % -5cm-3cmi 2-% -4cm-2cm
= 49cnfi 2-6¢nfi 2-75cn?Pi 2-4cnt
= 49cn?i 12cn?i 15cn’i 8cnt’
=14 cnf
Problem 4:

The solution strategy of Grassmann isdzhen the commutation relations of the base vectors
defined (and thus Ainventedo) by hi m. Becaus
vectors Pauli vectors, symbhx,londgz,ed by the Gre

Sy = one step into the directn of the xaxis= base vector of xlirection
Sy = one step into the direction of theaxis= base vector of-yglirection

S, = one step into the direction of theaxis = base vector otdirection

Every base vector should have the length of exacitylength unit. Thus they are unit vectors.
Therefae Hermann Grassmann (avblfgang Pauliater decided, that the square of their base
vectors must be exactly one as 1 mportant par

s =8,°=s/=1 Y This rule is callechormalization

Besideghat,Hermann Grassmann (and Wolfgang Péaikr decidedo calculate ira totally
different way compared to the way we are used to do calculations with real numbers.

The result of a multiplication of two realmbers will not change if the order of the two factors
ischanged. For example the result of 3 times 7 is perfectly identical to the result of 7 times 3
(whichwill be 21 in both cases):

3:7=7-3 Y This mathematicabehaviouris calledcommutatity.
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But if two Pauli vectors are multiplied, the result will change if the order of two base vectors
of a multiplication is changed. An additional minus sign has then to be taken into account

SxSy =1 SySx

SyS;=1 S;Sy Y This mathematicabehaviour is
. calledanti-commutativity.
S;Sx =1 SxS;
Hemann Grassman(and Wolfgang Pauli lateDaven cheen( o r i i rthes algebraico )
rules, becausthey describe the successive walk intoat#t directions mathematically in a
pretty good way.

If we first go one step into the direction of thexisandif we thengo another step into the-di
rection of the yaxis (n a mathematical order sf;s,), we will movein an anti-clockwise orien
tation (like car driversn a traffic circleon the Continent of Europe, see figure on the.left)

But if we first go one step into the direction of thaxis and if we then go another step into the
direction of the xaxis (in a mathematical order 8§ s,), we will movein a clockwise orienta
tion (like car driversn Britain or ghostriverson the Continenin a traffic circle seefigure on
the righ).

Sx
SxSy SySx
Sy Sy
Sx
mathematically positive orientation mathematically negative oientation
(Continental car driver in a traffic circle) (Continental ghog-driver in a traffic circle)
Thus sySy=T SySx Y This is the basic rule ¢tauli Algebra

(first invented by Hermann Grassmann

An additional minus sign thus indicatgsometricallya reversal of thdirection of rotatior{or
of theorientatior), while an additional minus sign indicat@gebraically a change of the order
of two neighboring arkcommuting factors.

Now the area of a given parallelogram can be found in a very simplsimaly by multiplying
both side vectors of the parallelogram:

First vectora pointssimultareously4 units of length
into x-direction and 2 units of length intedirection:
Y a=4s,+2s,

Second vectab points simultaneously 3 units of
lengthinto x-direction and 5 units of length inte y
direction

5cm

Y b=3s4+5sy
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Product of the two side vectorstbke parallelogram

>\

ab=(4sx+2sy)(3sx+5sy)
\\/_/
:4'3SX2+4'55xSy+2'33ny+ 2'55y2

=12s,% + 208,Sy + 65,5, + 10s,°

1 I SxSy 1
=12-1+20sxsy+6 (I SySy) +10-1
=12 + 20s,Sy 1 6S,Sy+ 10
=22 + 14s,sy

This second part dghe product, which contairtg/o base vectors,sy, is
called outemproduct of the two vectosandb. Mathematicians symbolize

outer productby awedged. This outer product is identical to the oriented
areaA of the paallelogram.

The magnitude of theuter producta @b| therefore is identical to the area
|A| of the parallelogram.

Y a@b=14s,s,
Y |A]l=14

Y The area of the parallelogramiig cnf.

This wedgdd and the corresponding algebaase inventions as well. This algebra is cal@@ss
mann Algebra Calculations Wwich contain only wedge products (outer products) follow this
Grassmann Algebra.

Until NOW all this is a repetition of the solution strategy of Grassmann, which we have discussed
at the first lesson. Now the solution of worksheet problem 4 will follow.

Comparison of solution strategy
you know from schooé € Wi

a@b=4s,-5sy1 3s4-25y
=20S,SyT 6SxSy

‘\ = 14s,sy

4SX' SSy: ZOSXSy
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It can be shown by pateal displacement that the area of the parallelogram is identical to the
difference of the areas of the blue and red rectangles.

Y If thered smaller parallelogram of the right figure is subtracted from theplalalelogram
of the left figure, we will get the area of the original parallelogla@b|. Thus the area of
the original parallelogram is indeed identical to the difference of the areas of the blue and
red rectangles which fornrmte st arting point of Grassmanno

To find out how to split parallelograms with the help of an outer algebra in a mathematical correct
and an algebraically consistent way mankind needed é¢dhdusand years. It all started in
Mesopotamia andias a really long mathematical struggle until Hermann Grassmann was finally
able to write in 1844that by applying his theory of extensialgebra will gain a substantially
different shapeg(in GermanADurch diese Anwendurigverdd auch die Algebra eineesentlich
veranderte Gestalt gewinn@Quotation fromHermannGrassmann: Die Wissenschaft @éaterr

siven Grof3e oder die Ausdehnungslehre. Erster Tdieilineale Ausdehnungslehre enthaltend.
Verlag von Otto Wigand, Leipzig 1844, 71).
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Problem 5:

a) a=9sy
b=3s,+5s,
ab=(9sy) (3sx+5sy)
= 27s,% + 45,8,
=27 + 45s,sy Y a@b=45s,s,
Y |Al=45
Y The area of the parallelograns cnf.
b) a=42s,+16sy
b=32s,+39s,
ab=(42s,+16sy) (82s,+39sy)
=1344s,>+ 1638s,S, + 5125,5, + 6245,
=13.44 + 1@8s,Sy1 5.12s,5, + 624
=19.68 + 1126 S,S, Y a@b=1126s,sy
Y |Al=1126
Y The area of the parallelogramli$ 26 cnf.
C) a=6sx+3sy
b=7 5s4x+ 10sy
ab=(6sx+3sy) (i 5sx+ 10sy)
=1 30s,°+ 60S,5,1 155,5 + 30s,°
=1 30 + 60sysy + 15s,sy + 30
=0+ 75s,8y
= 75S,Sy Y a@b=75s,s,
Y |Al=75

Y The area of the parallelografwhich now is a
squargis 75 cnf.

d) a=30s,+15s,
b=T740sx+25s,
ab=(30sx+15sy) (i 40s,+25sy)
=7 1200s,° + 750 S,8, i 600s,Sy + 3755,
=1 1200 + 750 s,sy + 600s,sy + 375
=i 825 + 1350 s4Sy Y a@b=1350s,s,
Y |A|=1350
Y The area of the parallelogram1i850cn.
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Problem 9:

a) &1.0857- 1
400 g——— =) = 7819699917 78196999
& 0085

Please use decimal points when writing decimal numbers in English texts.
Decimal commas are only used in Germextg.

b) e 1 o
el 12 U
> 1.085° <
400 ¢———=—=—) = 2937874428 29378744
¢ 0085
e g
Please write the equation sign (or equality sign) alveayevel withthe main
fraction line.
c) 40000085
1 =695180475° 6951805
~ (1+0.085)?
If the digit to theright of the last digit you are keeping (the digit to the right of
the last placevalue digit)is 5 or greater than, $henthelast digit (theplacevalue
digit) will be increased by one.
) 3 15600 133789394 133789
. = a 13.
345 +1n 300)
e) e(320p-103)
1 =1 33232583341 332326
n -
440
f) &, 3 g
e ¢ @ .
- 295+l0g,,6—==—"—u =1 352403231 3.5240
6 27 34
e 6 b

To show that the result is rounded to tearer (i.eto thenearesttenthousandth
please leavéour decimal places and writezaro as last digit.

Thus the result wilthereforebe writtenas 1 3.5240Q

The decimal number 3.524is inaccuratdecause then the result is rounded to
the nearer (or neareshousandth
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HWR Berlin, Wintersemester 2017/2018

Mathematics for Business and Economics
Berlin School of Economics and Law

Supplemendf Worksheet I Answers

Problem 1:

a) Strategy of Hayate

6cm

8 cm

3cm

5cm élcm

If we do not choose the great black square but the smaller red rectangle as startinglpoint, ha
of the area of the parallelogram can be calculated by subtracting the grey triangle, the blue
triangle, the green triangle, and the yellow rectangle from the rectangle in red bold outline.

1

> Aparallelogram: rectangle ired bold outlinel Agreytrianglell. Abluetriangle'll AgreenriangIeT Ayellow rectangle
=6cm-8cmi % -6cm-8cmi % -5cm-3cmi % -1cm-5cmi 1cm-3cm
= 48cn?i 24cm?i 75cm?i 2.5cm?i 3cn?
= 1lcn?
Y A =2.11lcn’=22cn?

parallelogram™

b) Strategy of Grassmann:
a=5s,+3sy
b=6s,+8s,
ab=(5sx+3sy) (6sx+8sy)
=5-65,°+5-85,8,+3-65,5,+3-8s,°
= 30s,” + 40 5,5y + 1855y + 248,

=30-1+40sySy+18(i SySy) +24-1
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=30+ 40sysy T 18s,sy+ 24
=54 + 22s,s, Y a@b=22s,s,
Y |Al=la@bl=22

Y The area of the parallelogram28g cn.

Problem 2:
Generalized parallelogram:
by
b, «/ byl &
ay
ax -
by T a
1 =A i A i A i A i A
parallelogram™ ¥ ‘rectangle in red bold outlinle grey triangle blue triangle greertriangle yellow rectangle
2

“beb, i % b, i %axay'r % (i 3) (byi &)1 (byei a)a,
=% by by T %axay"' % (b a) (byT &) (b a)

Y Aparallelogram: byby i acay i (b1 a) (byT &)1 2(bi &) &
=beby T a1 (bkby T bay T acby +aa)i 2ba + 233
= beby T a0 bby + bea + abyi aa i 2ba + 2454
=bea, +abyi 2 ba
=acby i a by QED
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HWRBerlin, Wintersemester 2017/2018

Mathematics for Business and Economics

Berlin School of Economics and Law

Worksheet 3 Answers

Problem 1:

a) Equilibrium: pe=Xe+15=17T 2%+ 60

3Xe = 45
Xe = 15  (Equilibrium quantity)
pe = 15+ 15 or R=12-15+@
pe = 30 Pe =130+ @ =30 (Equilibrium price)
b) Graphical solution:
Y
60 —
45 —
Pe 30
15 —
1 1>
5 10 15 20 25
Xe
c) Supply: p=x+15 Y Xip=i15 Y 1xi1p=115
Demand: p=1i2x+ @ Y 2X+p= 60 Y 2x+1p= 60
—
——
system of two linear equations
Coefficient vectors: a=1sy+2sy=sy,+2sy

b=7T1sy+1sy=1sSx+sy
Resulting vector: r=7115s,+60sy,=1 15s,+60s,

The following system of two linear equations has to be solvedax +bp =r
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Outer products:a@b =s,SyT 2SySx=S,Sy + 25,Sy =3S,Sy
r@b=115s,s,1 60sysx=1 15s,5,+ 60S,S, = 455,83,
a@dr =60s,syT 30sySx=60SxSy + 30S,Sy=90S,Sy

Solutions: Xe = (a@b)-"1 (r @db) = %5 =15 (Equilibrium quantity)

pe=(@@b)  (a@r) = 9—30 =30  (Equilibrium price
Problem 2
a) Equilibrium: pe =3 X +40=1 X+ 120

4%, = 80
Xe = 20  Equilibrium quantity)

pe = 3-20 + 40 or =1 20+ 120
pe = 60 + 40= 100 =100  Equilibrium price)

Graphtal solution:
p

120 —

Pe 100
80 —
60 —
40 —

20 —

5 10 15 20 25

Xe

b) Equilibrium: pe=3Xx+20=1 %xe+ 90
35% =70
Xe = 20  Equilibrium quantity)

pe = 320+ 20 or e|o:'|'%-20+90

Pe = 60 + 20= 80 p=110+90=80 Equilibrium price)
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Graphical solution:

Pe 80

60 —

40 —

20 —

c) Equilibrium: pe = % Xet+400=1 % Xe + 1000

0.75 % = 600
Xe = 800  Equilibrium quantity)

% - 800 + 400 or Pe =1

- 800 + 1000

N

Pe

N

Pe = 200 + 400= 600 Pe =i

00 + 1000 = 600  Equilibrium
price)

Graphical solution:

1000 —

800 —

Pe — 600
400 —

200 —

N
X
I I I I

200 400 600 800 1000
A

Xe
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d) Equilibrium: p=750=1 gxe+ 1270
0.625 % = 520
Xe = 832  Equilibrium quantity)

pe = 750 or R=1T =-832+1270=750  Equilibrium price)

0| Ul

Graphical solution:
p

1200 —
1000 —

800 —

Pe —

600 —

400 —

200 —

— 1 1T 1 T =X

200 400 600 800 1000
A

Xe
Problem 3:

Supply and demand functions form a system of two linear equations.
(2a) Supply: p=3x+40 Y 3xi p=740 Y 3xT 1p=Ti40
Demand: p =1 x + 120 Y X+p= 120 Y 1x+1p=120
Pauli vectors: a=3sy,+1sy,=3s,+Sy
b=71sx+1sy=1sSx+sy
r=140sx+120sy =1 40s,+120sy

Outer products:a@b =3 5,5, 5,5x= 35,5y +5,Sy = 45,8y
r@b=140s,s,1 120sysx=1 40s,s, + 120s,5,=80s,s,
a@r =360s,sy1 40sys,=360s,Sy + 40s,S, =400s,s,

Solutions: Xe = (a@b)"'1 (r @b) = %) =20 (Equilibrium quantity)

pe= (@@b)  (a@r) = 4700 =100 (Equilibrium price
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(2b) Supply: p=3x+20 Y 3xi p=i20 Y 3xi 1p=i20
Demand:p:'l'%x+90 Y %x+p:90 Y %x+lp:90

Pauli vectors: a=3syx+0.5sy
b=Tsx+sy
r=120sx+90sy

Outer products:a@b =3s,s,i 0.55,5x=3s,5,+ 0. 55,5, =3.55,5y
r@b=120s,s,71 90s,5,=T1 20s,s,+ 90S,5,=70s,s,
a@r =270s,sy1 10sysx=270sxSy + 10,5y = 280S,Sy

Solutions: Xe = (a@b)"'1 (r @b) = % =20 (Equilibrium quantity)

Pe=(@®@b)  (a@r) = %’ =80  (Equilibrium price

(2¢) Supply: p = %x +400 Y % X p =i 400 Y % X 1p =i 400

Demand: p =i %x+1000 Y %X+p:1000 Y %X+lp=1000

Pauli vectors: a=0.25s,+ 0.5s,
b=Tsx+sy
r=1400s,+1000sy
Outer products:a@b = 0.25s,s, 7 0.55y54,=0.25s,5, + 0. 5,5, = 0.755,S,
r @b =1 400s,s,1 1000s,s4 =T 400s,s, + 1000s,s, = 600s,s,
a@r =250s,sy1T 200s,sx = 250 S4Sy + 200s,Sy = 4508,S,

Solutions: Xe = (a@b)-"1 (r@b) = g—gg =800 (Equilibrium quantity)

Pe=(@®@b)  (a@r) = % =600 (Equilibrium price

(2d) Supply: p = 750 Y p= 750 Y Ox+1p= 750

Demand: p:'|'§x+1270 Y §x+p:1270 Y gx+1p:]270

Pauli vectors: a=0sy+0.625s,=0.625s,
b=sy+sy
r=750sy,+1270s,
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Outer products:a@b = 0.625s,s, =7 0.625s,s,

r @b =750s,sy,+ 1270s,5, = 750s,s,1 1270s,5, =1 520s,s,

a@r =468.75sysx =1 468.75s,Sy

Solutions: %= (@@bh)  (r @b) = — 520 _ 539
- 0.625
i - 46875
= @@h) (a@r)= 212 = 750
Pe=(a@b) " (a@r)= — ==
Problem 4
a) Equilibrium: x= %pe'l' 4=12p+ 206
%pe = 12 p+ 210
7
3 pe = 210
pe = 90  Equilibrium price)
_1 . .
Xe = =-907T 4 or X=12-90 + 206
Xe = 301 4 = 26 = 1180 + 206= 26
e 2, . _ )
b) Equilibrium: x = E (peT 80) = 319i ?pe
2 . . 5
gpel 32 = 319i 7pe
14+ 25
= 351
35
_ 35 _ I .
pe = 351- 39 315 Equilibrium price)
2 } _ .5
Xe = g(315| 80) or x= 3191 - - 315
Xe = é .235= 94 Xe = 3197 225 = 94
Problem 5

Supply and demand functions form a system of two linear equations.
a) Supply: x = %p]‘ 4 Y XT %p =i 4

Demand: x = i2p+206 Y X+2p=206

(Equilibrium quantity)

(Equilibrium price

Equilibrium quantity)

Equilibrium quantity)
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Pauli vectors: a=sy+sy
-1
b=i 3 Sx+ 2sy

r=14sy,+ 206sy

o 1~
Outer products: a@b = % + :—38 SySy = g SxSy

a 2060

Q
a@dr = (206 + 4)sxsy = 210s,sy

182
Solutions: Xe= (aﬁb) (r ab) = % = %2037— = %2 =26 (Equilibrium quantity)
3
= (a@b) ! (ag@r) = —7 = 210037— =90 (Equilibrium price)
3

b) Supply: x = 2 (p7 80) = 2 pi32 Y X0 2 p=i32
5 5 5
. 9 - 5

Demand: x = 319i ?p Y x+?p:319

Pauli vectors: a=sy+sy
. 2 5
b=7T = sy+=s
5 777

r=132sx+319sy

as 2§ 39
Outer products: a@b = + —0SxSy= — SxS
P o7 52T g
a 160 638§ 3666
rdb=ae —+—0SSy= —— SxS
c 7 5+ 77 3 7
a@r = (319 + 32)s,sy = 351s,Sy
3666
Solutions: Xe= (a@b)"hl(r @Db) = 35 - 3666& ﬂ% =94 (Equilibrium quantity)
39 35 39
35
i 351 .
= (a@b) ' (a@r) = 39 - 351(3’;8 =315 (Equilibrium price)
35
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HWR Berlin, Wintersemester 2017/2018

Mathematics for Business and Economics
Berlin School of Eonomics and Law

Worksheet 8 Answers

Problem 1:
a) a=5s,+2s,y
b=2s,+6sy
ab=(5sx+2sy) (2sx+ 65sy)
=5.25+5-65,8y+2-25,8,+2-65,
=10s,” + 308,Sy + 45,5, + 125,
=10-1+30sxsy+4 (1 SxSy) +12-1
=10 + 30sySy T 4S,sy+ 12
=22 + 26s,sy

Y a@b=26s,s,
Y |Al=26
Y The area othe pardelogram is26 cnf.
b) a=8sy+7sy
b=2s,+20sy

ab=(8sx+7sy) (2sx+ 20sy)
=8-25,+8-20S,Sy+ 7-25,S«+ 7-20s,°
= 16s,” + 160s,5, + 14s,5, + 140s,°
=16-1+ 160s,s, + 14 ( SySy) + 140- 1
=16 + 1605,Sy i 14sysy + 140
= 156 + 1465,8,

Y a@b=146s,s,
Y |A|=146

Y The area of the parallelogramiig6 cnf.

Sketch

6 cm b

Zcm

5cm

Sketch

2cm

20 cm

© M. Horn (2018 Modern Linear Algebra: Geometric Algebra with GAALOP 1 Worksheets 35



c)

a=5s,i 58y

b=38sy+7sy

ab=(5sx1 5sy) (3sx+ 7sy)
=5.35,°+5-78,8,1 5-35,8,1 5-75,°
= 15s,° + 355,5, i 155,51 355,
=15-1+ 35sxsyT 15 ( sxsy) T 35-1
= 15 + 355,85, + 155,85, 1 35

=1 20 + 50sysy
Y a@b=50s,s,
Y |Al=50
Y The area of the parallelograma8 cnf.
d) a=4s,+ 16sy
b=9sx+2s,y
ab=(4sx+ 16sy) (9sx+ 2sy)
=365’ + 85,8y + 14455, + 325,/
=36-1+8sysy+ 144 (I sySy) +32:1
=36 + 8s,Sy 1 144s,s + 32
=681 136S,Sy
Y a@b=1i 136s,sy
Y |Al=136
Y The area of the parallelogrami1i86 cnf.
Problem 2:
a) a=6sx+4sy
b=74s,+6sy

© M. Horn (2018 Modern Linear Algebra: Geometric Algebra with GAALOP 1 Worksheets

ab=(6sx+4sy) (i 4sx+6sy)
=6-(i 4)S°+6-65,5y+4-(i 4)s,5x+4-65,°
=7 24s,2+ 365,85, 1 165,5, + 245,
=T 24-1+36s,Sy1 16 (I S)Sy) +24-1
=1 24 + 36s,Sy + 16S,sy + 24
=0+ 52s,sy

= 52S,Sy

Sketch

7 cm

5cm

Sketch:

16 cm

2cm

9cm

Sketch:

6 cm

4cm

6 cm

36

§4cm



b)

< =<

<

a@b=52s,sy
|A| =52

The area of the parallelogram58 cnf.

As the sides of the parallelogram are perpendicular to each other and have the same length,
it is a square.

a=T148sy1 34sy

b=751sx+72sy

ab=( 48syi 34sy) (i 51sx+72sy)
=1 48-(i 51)s,°1 48-728,8y1 34-(i 51)s,541 34-7.2s)
=2448s,’1 3456S,5,+ 17.345,5,1 2448s,° Sketch
=2448-17 3456S,8y+ 1734 (i sys,)i 24481 5.1cm
=24.48i 34365,S,i 1734s,s,1 2448
=07 5190s,sy
=1 5190s,sy

a@b=17 5190s,sy

72 cm

|A] =5190
34cm

Thearea of the parallelogram is 50.cnf.

As the sides of the parallelogram are perpendicular to eac ™~
other; it is arectangle 48 cm

a=4sy+3sy Sketch:
b=12s,+9sy
ab=(4sx+ 3sy) (12sx+ 9sy)
=4-12s5,°+4-9s,5,+3-125,8,+ 3-9s,°
= 48s,” + 365,Sy + 3655 + 275’
=48-1+ 36SySy+ 36 ( SySy) +27-1
=48 + 36sxSy 1T 36S,sy + 27
=75+ 0s,sy
=75
a@b=0s,s5y=0

9cm

|Al=0

The area of the parallelogram equ@snt. Thusthere isno area
It is not possible to form a parallelogram, because all sides are parallel
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d) a=5s,+20sy
b=7syi 4sy

ab=(5sx+ 20sy) (I sxT 4sy)

=5.(i 1)s,°+5-(i 4)sySy+ 20- (1 1)sysx+ 20- (I 4)sy2

=7 55, +1 208,51 208,51 80s,°
=7 5-17 20sxsyT 20 (1 sxSy) T 80-1
=1 57 20sysy+20sxsyT 80

=1 85+ 0s,sy
=185
Y a@b=0ss,=0
Y |Al=0
Y The area of the parallelogram equ@isnt.
Thus there is no area.
It is not possible to form a parallelogram,
because all s&s are parallel
Problem 3:
a) 3x+8y =28 Y a=3s,+6sy

6x+2y = 28

b=8sy+2sy
r=28syx+ 28sy
Y ab=(3sx+6sy)(8sx+2sy)

= 24s,”+ 65,5, + 485,55 + 125,
=361 42s,Sy

a@b=142s,sy
Y rb=(28sy+28sy) (8sSx+2sy)

= 224s,° + 56,5, + 22455, + 565,
= 2801 168s,sy

r@b=1168s,sy
Y ar=(3sx+6sy)(28sx+ 28s,)

= 84s,° + 84s,5, + 168s,5, + 168s,
= 2521 84 s,sy

a@r =1 84s,sy

Check 3-4+8.-2=12+16=28
6-4+2.2=24+ 4=28

Sketch:

20 cm

(a@b)x=r @b
T 42s,Sy X =1 168s,Sy
Y X=4
(a@b)y=a@r
T 42s,Syy =1 84s,sy
Y y=2
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b) 4x+9y =29 Y a=4s,+5s,
Sx+6y =31 b=9s,+6s,

r=29s4+ 31sy
Y ab=(4sx+5sy)(9sx+6sy)

= 36S,” + 248,5y + 455,5, + 308,
=661 21s,Sy

a@b=1 21s,sy
Y rb=(29sy+ 31sy) (9sx+6sy)

= 261s,° + 1748,y + 279s,5y + 1865,
= 4477 105s,s,

r@b=1 105s,sy
Y ar=(4sx+5sy) (29s4+ 31s,)

= 116s,° + 124s,s, + 145s,5, + 1555,
= 2711 21s,sy

a@r =1 21s,sy

Check 4.54+9.-1=20+9=29
5.5+6-1=25+6=31

6 Y a=6sx+2s,
3

C) 6Xx+4y
2x+ Yy

b=4sy+ sy
r=6sy+3sy
Y ab=(6sx+2sy)(4sx+sy)

= 245,”+ 65,5y + 85,S5¢+ 25,
=261 2s,Sy

a@b=1 2s,sy
Y rb=(6sx+3sy)(4sx+sy)

= 245,7+ 65,8y + 125,84 + 35,/
=271 6,8y

r@b=16s,sy
Y ar=(6sx+2sy)(6sx+3sy)

= 365"+ 185,Sy + 125,54 + 65,
=42+ 65S,Sy

a@dr =6s,sy

~

Y

Y

(@a@b)x=r @b
T 21sysyx =T 105S,sy
X=5
(a@b)y=a@r
T 21s,Syy =1 21s,Sy
y=1
(a@b)x=r @b
T 25,8y X=T 65SxSy
X=3
(a@b)y=a@r
T 25,Syy=6S,Sy
y=13
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Check 6-3+4-(13)=18i 12=6
2.3+ {3)= 6i 3=3
d) 5xi2y =6 Y a=5s4i2sy
2xT3y =28 b=7 2s,i 3sy
r=6sy+ 28sy
Y ab=(5sxi2sy) (i 2547 3sy)
=7 108,°7 15845y + 4S,Sx+ 65,°
=1 47 19s,s,

a@b=1 19s,sy

Y rb=(6sx+28sy) (i 2s4i 3sy) A @b x=r @b
=7 125,21 185,51 565,541 84s,° ) (@@b)x=r
=i 96+ 385, S I 19S,Sy X =385SxSy
Y X=72
r @b =38s,sy y
Y ar=(5sxi 2s,) (6Sx+28s,) a (aBb)y=adr
= 30s,” + 140s,s,i 125,541 565,° ) Y
Y y=138
a@r = 152s,sy

Check 5.(12)72-(18=110+16=6
12:-(012)713-(18= 4+24=28
Problem 4

The system of two linear equations of this gesdblem is identical to the system of linear
equations of problem 3a. Therefore the results of that problem can be used.

3x+8y=28 Y a=3sx+6sy Y a@b=i42s,sy
6x+2y=28 b=8s,+2sy rdb=1 168s,sy
r=28sy+ 28sy a@dr =1 84s,sy
i - 168 i1 - 84
x=@®@b) (r@b)="""=4 =§@b) ' (a@r)=—- =2
@@b) ' (Bb)= """ y=4@b) ' @@ ="~
Check 4
3 8 28
6 2 28

If 28 units of the first raw material;Rnd 28 units of the second raw materigbRe consumed
in the production process, 4 units of the first finalduret B and 2 units of the second final pro
duct B will be produced.
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Problem 5:

2X+7y
5x+ vy

D50 Y a=2sx+5s, Y a@b=1i 33s,s,
D00 b=7sx+sy r@b=1 4950s,s,
r =2050sy+ 1000s, a@r =1 8250s,sy

=250

- 4950 _ 150 yZE(Qb)Tl(a@r) _-8230

x=(@@b) * (r @b) =

Check 150
250

2 7 A50
5 1 000

If 2050units of the first raw material ;Rind 1000 units of the second raw materia] &e con
sumed in the productigorocess, 150nits of the first final product,Rand 250 units of the sec
ond final praluct B will be produced.

Problem 6: ,
firstquarter second garter

® ®
et 3gex; X,g_ 633000 32000z
& 508, y,u 838000 25000
H J - ~ J
R.... matrix of quarterlgonsumptiorof raw materials
(consumptiommatrix)

P.... matrix of quarterly prodtion
(production matrix

4 x, + 3y, = 33000 Y a=4sy+s, Y a@b =17s,sy
X1+ 5y, = 38000 b=3s,+5s, r,@b=51000s,sy
r, =33000sy + 38000s, a@dr,=119000s,sy
X = @@h) L (r,@b) = 2290 3000y, = @@h) L (a@ry) = 12X _ 7000
4 %, + 3y, = 32000 Y a=4sy+s, Y a@b =17s,sy
X, + 5y, = 25000 b=3s,+5s, r,@b=85000s,sy
r,=32000sy + 25000s, a@r,=68000s,sy
x,=@@h) (r,@b) = 85000 _ 5409 y=(@@h) *(@a@dr,) = 68000 _ 4000

63000 5000g

Y matrix of quaredy production P = g N
a P & 000 4000}
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Check 3000 900
7000 400

4 3 3600 3200
1 5 3600 2®00

3000 unitsof the first final product Pand 000 units of the second final productvidll be
produced irthe first quarter.

5000 unitsof the first final product Pand 400 units of the second final productvidll be
produced in the second quarter.

Problem 7:

8 208, X,g_ 42 28 AB=D
& 308, Y,u &3 26

| D..... matrix of total demand
B.... demand matrix of the second production step
A..... demand matrix of the firptodudion step
8x +2y =42 Y a=8sy+4s, Y a@b =16s,s,
4x+3y =23 b=2s,+3sy r,@b=_80s,sy
r,=42sy+ 23sy a@r,;=16s,Sy
x, = (@@b) (r,@b) = 80 _5 y=@@bh) * (@dr,) = 16y
16 16
8x,+2Yy,=28 Y a=8sy+4s, Y a@b =16s,s,
4% +3Yy%=26 b=2sy+3sy r,@b=32s,sy
r,=28syx+ 26sy a@dr,=96s,sy
X, = (@@b) *(r,@b) = 32, y=(@@b) ' (a@r,) = P _g
16 16
Check 5 2
1 6

8 2 42 28
4 3 23 26

. . : & 2
Y demand matrix of the second production step = S’L 63
a
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Problem 8:

9 3@, X, xg M8 21 84y

;& 2881 Y, y3u 31.2 14 32U
;Y_} N v J N ~ J

| D..... matrix of total demand
B.... demandnatrix of the second pragttion step
A...... demand matriaf the first production step
9x,+3y, =48 Y a=9sy+2sy Y a@b =12s,s,
2% +2y, =12 b=3sx+2sy r,@b=60s,sy
r,=48sx+ 12sy a@dr,=12s,sy
X, = @@h) (1, Qb)—6—2 e y= @@ @b) (a@rl)—l—g—l
9% +3y=21 Y a=9sy+2s, Y a@b =12s;s,
2% +2y,=14 b=3sx+2sy r,@b= 0s,sy
r,=21sy+ 14s, a@dr,=84s,sy
X, = @@h) * (r,@b) = %zo y= (a@hb) (a@rz)—8—3—7
Ox+3y=84 Y a=9sy+2sy Y a@b =12s;s,
2%+ 2y=32 b=3sx+2sy r;@b=72s,sy
r;=84sy+ 32sy a@r;=120s,sy
X; = (a@h)' (r3¢b)—7—§ =6 y= (@a@b)' (a@rg)—l—zzo—lo
Check 5 0 6
1 7 10
9 3 48 21 84
2 2 12 14 32
& 0 6g

Y demand matrix of the second prodantstep B = SL . 10u

Problem 9:

First partof problem 9 Consumption of exactly one unit of the first raw mateRal

7x+5y=1 Y a=7sy+4sy Y a@b=1s,5,=5xSy
4x+3y=0 b=5sx+3sy ri@b=3s,sy
ri=1sy=sy a@ri=14s,sy
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x, = (@@b) ' (r.@b) =

Rlw

=3 y:(azb)"'l(azrl)z% —i 4

Economicinterpretation:

If exactly one unibf the first raw material Rhad beerrorsumed in the production process,
3 units of the first final product,Rand(i 4) units of the seand final praluct B would have
beenproducedHowever, he production of a negative number ofdiproducts is problematic.

Producing { 4) unitsmeans that in addition to an already produced quaiiti4ynitsare

addedMat hematically, the negati veatvwelythdépsi fmi nu
tive numbemi f our 6 i s subtracted. Thus after the pr
four units.

Thereforethese four units will not be produced, but aamedand(in theorycompletely) split
again intothe initial raw materis R; andR,.

The correct economic interpretation will then be:

If exactly one unibf the first raw material Rhad beerronsumed in the production process,
3 units of the first final productRvould havebeen producedandadditionally 4units of the
seoond finalproduct B would havebeenconsumed.

Second prtof problem 9Consumption of exactly one unit of the second raw mat®yial

7Xx+5y=0 Y a=7sy+4sy Y a@b=1s,5,=5sSy
4x+3y=1 b=5s,+3sy r.@b=15s,sy
ro=1sy=sy a@dro,=7s,Sy
_ i1 _-5_. _ i1 _-4 _
X, = (@adb) "(r.@b) = =R =15 y=(a@b) (adry) = =R =7

Economicinterpretation:

If exactly one unibf the secondaw material Rhad beerwonsumed in the production process,
in addition 5units of the first final product,Rvould havebeenconsumedind? units of the
seond final praluct B would havebesnproduced.

As a complete splitting of produdt#to the initial raw materials is hardly possible (and then
usually connected with higher costsg¢gative production quantities or a negative output will
only very rarely bepart of realistic economical situations.

But mathematically the results just fond are of enormous importance, which can be seen at
the following check of the results

Check 3 15 . i .
ec ! } inverseA' * of matrix A
(S 7
- -, . 5 1 o
initial matrix A identity matrix |
4 3 0 1
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Mathematical mterpretation:

i 2 3 -5 &/ 5
The resultingnatrix A’ = g S is the inverse omatrix A = g S.
&4 7y & 30

Problem 10:

First part of problem 10Consumption of exactly one unit of the first raw mateRal

10x+12y=1 Y a=10s4x+4sy Y a@b=2s,sy
4x+ 5y=0 b=12s,+5s, ri@b=>5s,sy
ri=1sx=sx a@dri=14s,sy

= @) (8= =25  y=(@@b) @sr)= " =i2

Economic interpretation:

If exactly ore unitof the first raw material Rhad beerronsumed in the production process,
2.5units of the first final product;Rvould have been produceddadditionally 2units of the
seond final praluct B would havebeenconsumed.

Second prtof problem 10Consumption of exactly one unit of the second raw matRgial

10x+12y=0 Y a=10s4+4s, Y a@b=2s,sy

4x+ 5y=1 b=12s,+5s, r.@b=1 12s,sy
re=1sy=sy a@r,=10s,sy

X, = (@@b) ' (r.@b) = 712 =16 y=(@®@b) ' (adry) = %’ =5

Economicinterpretation:

If exactly one unit of the secomdw material Rhad beerwonsumed in the production process,
in addition 6units of the first final product;Rvould have been consumadd5 units of the
seond final praluct B would havebeenproduced.

Check: 25 16

} inverseA' ' of matrix A
T2 5

10 12 1 0

initial matrix A {
4 5 0 1

} identity matrix |

Result
80 12 . 2625 -6
The inverse of the initial demand matrA = gl g is A'l= g g.
4 5 2 5
é u € u

© M. Horn (2018 Modern Linear Algebra: Geometric Algebra with GAALOP 1 Worksheets 45



Problem 11:

a) _ & 4g Y a=5s,+9s, Y a@b=is,sy
& 7U b=4s,+7s, ri@b=7s,sy r@b=i 4s,s,
1= Sx a@ri=19s,sy a@ro=5s,Sy
_ [ _ 7 e Tl _ 9 —
X, = (@@b) ~(r;@b) = 1 =17 y=(a@dh) (a@rl)——1 =9
_ [ _ - 4 _ [ 5 e
X, = (@db) (r,@b)=— = 4 =(a@db) (aBry = 1 =15
Check 7 4
9 15
5 4 1 0
9 7 0 1
S 7 4
v oAt=g " 8
69 -3y
b) o 80 45 Y a=10s,+19s, Y a@b=4s.s,
_glg 8U b=4s,+8sy ri@b=8s,s, ro@b=i 4s,sy
r1=Sx a@ri=119s,sy a@r;=10s,sy
[ _ _ Tl -19 o
X, = (@@db) " (r,@db) = Z = y=(@@b) (a@ry) = e =1 475
X, = (@@b) ' (r,@b) = % =71 y=(@@h)  (adr,) = %’ =25
Check 2 i1
1475 25
10 4 1 0
19 8 0 1
v Bil= 1e8 -4g_¢& 2 -lg

4519 1097 & 475 259
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C)c 80 6 Y a=10s,+20s, Y a@b=10s,s,

- &o 13U b= 6s,+13s, ri@b=13s,s, ro@b=113s,s,
1= Sx a@ri=120s,sy a@r,= 10s,sy
r2:Sy

x = (,8b)/@Bb)= = = 13 yi=@@r)/ @by = ~20 =i 2
10 10
_-6_. 10 _
X,=(r,@db)/ (a@b) = 10 =706 Y, = (@dr,) / (adb) = _O =1
Check 13 706
T2 1
10 6 1 0
20 13 0o 1
. i1 1€13 -6g_ & 13 -06g
Y 10§20 108 §2 1}
& u €& u
d s0 -255 Y a=02s, Y a@b=05s,s,

- 8).2 3.4H b=725sx+34sy ri@b=34s,sy ro@b=25s,sy
1= Sx a@ri=102ssy a@r,=0
=Sy

xlz(azb)"'l(rlzb)_3—;1 =2.3.4=68 y=(a@b)'* (adr 1)_% =2.(i 0.2)=i 04

X2—(aﬂb)|1(2gb)—2—2 =2-25=5 y= (@@b)' (aQrz)—%_z 0=0
Check 6.8 5
104 0
0 7125 1 0
0.2 # 0 1

i1_., € 34 25;2; e 6.8 5;25

Y D =2
e02 oU e04 o‘*I
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HWR Berlin, Wintersemester 2017/2018

Mathematics for Business and Economics

Berlin School of Economicsnd Law

Worksheet 9 Answers

Problem 1:
a) DownloadingGAALOP:

wB 9 3 A

. gaalop.de

i)‘

www.GAALOP.DE

Welcome to the Gaalop website!

What is Gaalop?

Gaalop (Geometic Algebra Algorithms Optimizer) is a software to optimize geometric algebra files.
Algorithms can be developed by using the freely available CLUCalc software by Christian Perwass. Gaalop
optimizes the algorithm and produces C++, OpenCL, CUDA, CLUCalc or LaTeX output (other output-formats
will followy).

Gaalop is ready for the future of GPU programming =
We are happy to announce that

support for C++ AMP (Accelerated Massive Parallelism) was added
in the latest version of Gaalop Precompiler.

The optimized code has no more geometric algebra operations and can be run very efficiently on various
platforms
See the documentation for a detailed description

There are riirrenths han wersinne nf ((aalnn A (Gl Il haced atandalane verainn that allniae far aniicle and aacw

wy.gaalop.de/dowrload] Bl & |[Q suchen B 9 3 A

i)‘

www.GAALOP.DE

Download

There are currently two versions of Gaalop. A GUI based standalone version, that allows for quick and easy
experiments and a more development-focused variant named Gaalop Precompiler.

Gaalop

In the news versions of Gaalop, Maple is no longer required. We are introducing an advanced new method
named Table Based Approach. This method can optionally be enhanced with Maxima support. Maxima is a
powerful symbolic computing engine, available at http:/fmaxima sourceforge net as open source

Find the sources on GitHub
download Gaalop

Once you installed it, start it with ,java -jar starter-1.0.0 jar" from the commandline

Gaalop Precompiler

Gaalop Precompiler is a news tool based on Gaalop, which allows for direct embedding of CLUScript into C++

X4

© M. Horn (2018 Modern Linear Algebra: Geometric Algebra with GAALOP i Worksheets

48



inload | Gaalop A +

G gaalop.de

g lecture  Dietmar Hilden

Download Offnen von gaalop-2.0.2-bin.zip

There are currently two versions ¢ Sie méchten folgende Datei affnen: uick and easy
experiments and a more develop| (1 gaalop-2.0.2-bin.zip

Vom Typ: zip File (7,5 MB)

Von: http: w.gaalop.de
Gaalop Wie soll Firefox mit dieser Datei verfahren?
In the new versions of Gaalop, M: O Offnen mit new method
named Table Based Approach. T} (® Datei speichern . Maxima is a
powerful symbolic computing eng [] iir Dateien dieses Typs immer diese Aktion ausfiihren irce

Find the sources on GitHub

download Gaalop

Once you installed it, start it with java -jar starter-1.0.0 jar" from the commandline

Gaalop Precompiler

Gaalop Precompiler is a new tool based on Gaalop, which allows for direct embedding of CLUScript into C++
C++ AMP. OpenCL and CUDA source files. The whole concept is described in the

b) StartingGAALOP

Favoriten  Extras ?

e 7 Suchen | |(— Ordner E]'

£ 7

1d EinstellungenihorniEigene Dateienidownloads\gaalop-2.0.1.1-bin.zip v a Wechseln zu

=

plugins Apache Commons gaalop LICEMNSE GAALOP License plugins

License
2

setup-1.0.0 start start.sh starter-1.0.0

|oxa

mente und EinstellungenNhorn\Eigene Dateien\downloads\gaalop-2.6.1.1-bin>
—jar starter-1.0.0.jar
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o | Gaalop

EEX

WwWWwW.GAALOP.DE

|_j New File :'V. Open File iSave File | Close j{ Configure ﬁomjmize

Welcome

Welcome to Gaalop

Gaalop optimizes your geometric algebra algorithms using a computer algebra system.

Problem 2:
a)

[3d-vectors in 3d B

WWWwW.GAALOP.DE

Algebra to use: /

L/ New File l: 0pen File QSave File ] Close % Configure - @Opﬂmize
\, !- 2a

a = 4%el + 8%e2;
b = 10%el + 3%ez; i Compilation Result
c = S*el - S5%e2;
mr Al Algebra to use;
{Sd -vectors in 3d |_v}
\begin{align®*}
p_{l}a= 14\) VisualCodelnserter:
p_{2}&= 11\\
AL l\lisual Code Inserter H
Vend{align®*} o
Optimization:
{Table—BasedApproach I:]
CodeGenerator:
{'IEX LaTex H
Ready |

T.‘ Start @ gaalop-2.0.1.1-bin

Elements oPauli Algebra (Geometric Algebra of thrdamensional space) have eigloine
ponentsThe compiler field shas only nonzero components @smpilation resultThus
components which are not shown irettompiler field must be.

cn CAWINDOWS)syste, .. ™ Gaalop 1 Compilation Result

Therefore six of the eight componentpobblem 2ajpre zero and the following integia
tion of the resultsan be given

numbers:
scalar component without directions p_{0}&= 0

oriented line elements (or directed line segments):
vector component intsy-direction p_{1}&=14 - 14s,
vedor componentinto sy-direction p_{2}&=11 - 11sy
vedor componeninto s,-direction: p {3t1&= 0
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oriented area elements:

bivectorcomponeninto sys-direction p {4t&= 0

bivedor componeninto s,s,-direction p {5}&= 0

bivedor componeninto sys ,-direction p_{6}&= O
oriented volume element:

trivectorcomponentnto s,sys ~direction p{7}&= 0

result inPauli rotation:
p=(4sx+8sy) + (10sx+ 3sy) = 14s,+ 115,

"-'aalop

WWW.GAALOP.DE

L_‘ New File gpen File mgave File |u Close % Configure @ Optimize
Welcome [ 3 hwr-aufgabe-2b l

a = 4%l + 8%el;
b = 10%el + 3%eZ;
c = 5%el - 5%e2;

4 Compilation Result

L Sl N &mh Save file Algebra to use;

{3d-vectors in 3d |5.v..

:zjcitjz:a;;\m\l*} VisualCodelnserter:

q_{2}&= 38\N

;’:;:l(augm} {Visual Code Inserter i
Optimization:
{Tahle-Based Approach |,7'
CodeGenerator:
{'IEX LaTex |v]

Ready | |

/,’ Start @ gaalop-2.0.1.1-bin Y ste e ™1 Compilation Result ’(v,‘f.‘” =l 22112

result in Pauli otation:

q=4-(4sx+8sy)+2-(10sx+ 3sy) = 36s4+ 38sy
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resultin Paulinotation:

r=(10sx+3sy)T 2-(5sxi 5sy) =0sy+ 13s,=13s,

As nosy-component_{1} is shown in theampilerfield,
this component must be zero {1} &= 0
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