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Didactical Problem
Most textbooks introduce generalized matrix inverses by purely
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After having discussed the basics of Geometric
Algebra and the Geometric Algebra solution
scheme of systems of linear equations with the
students at previous lessons, a two hour lecture
(2 x 45 min.) was required to introduce Pauli al-
gebra generalized matrix inverses and Moore-
Penrose generalized matrix inverses.

Part 7: Generalized Matrix Inverses

Addendum: Solving Systems of Linear Equa-
tions with the Geometric Algebra Al-
gorithms Optimizer (GAALOP)

But to give a complete picture of these mathematical structures
it Is helpful to introduce and to describe Moore-Penrose gener-
alized matrix inverses also by using geometric representations
based on the ideas of Grassmann’s theory of extensions.

winter
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Second Starting Point from the Perspective of Physics: Pauli Algebra and Generalized Pauli Algebra (Geometric Algebra)

Pauli Matrices represent base vectors of three-dimensional space.
Generalized Paull Matrices represent base vectors of higher-dimensional spaces.

(And Dirac Matrices represent base vectors of four- or five-dimensional spacetimes.)

— More about the foundation of this perspective will be discussed at the short talk SOE 9.2 “Pauli Algebras in Economics: Economathematics from Geometry to Didactics and back” at Tuesday, March 13, 2018, 10:45 — 11:00 h in room MA 001.

With his theory of extensions Herman Gunther Grassmann

§ 45. Dass nun die dussere Multiplikation, da sie den Begriff
des Verschiedenartigen wesentlich voraussetzt, auf die Zahlenlehre

indem die gleichen Stellen in den so gebildeten Summenausdriicken
immer dem Gleichartigen zukommen sollen, so erhalten wir

Die Wissenschaft

der

extensiven Grosse

oder

die Ausdehnungslehre,

eine neue mathematische Disciplin

dargestellt und durch Anwendungen erlautert
von

Hermann Grassmann

Lehrer an der Friedrich - Wilhelm - Schule zu Stettin

Erster Theil,
die lineale Ausdehnungslehre enthaltend.

Leipzig, 1844.
Verlag von Otto Wigand

kpine so unmittelbare Anwendung findet, wie auf die Geometric
und Mechanik, darf uns freilich nicht wundern, indem die Zahlen
ihrem Inhalte nach als gleichartige erscheinen. Aber desto inte-
ressanter ist-es, xu bemerken, wie in der Algebra, sobald an der
Zah!l noch die Art ihrer Verkmipfung mit andern Grissen festge-
halten, und in dieser Hinsicht die eine als von der andemm formell
verschiedenartig aufgefasst wird, auch die Anwendbarkeit der ausse-
ren Multiplikation mit- einer so schlagenden Entschiedenheit her-
austritt, dass ich wohl behaupten darf, es werde durch diese An-
wendung auch die Algebra eine wesentlich veranderte Gestalt ge-
winnen. Um hiervon eine Idee zu geben, will ich n Gleichungen
ersten Grades mit n Unbekannten setzen, ven der Form

8,X; 4 8,X94...... == SpXp =S8,,

WO X, ....Xp die Unbekannten seien. Hier konnen wir die Zah-

lenkoefficienten, welche verschiedenen Gleichungen angehéren, so-

fern wir diese Verschiedenheit an ihrem Begriff noch festhalten,
als verschiedenartig ansehen, und zwar alle als an sich verschie-
denartig, d. h. als unabhéangig in dem Sinne unserer Wissenschaft,
die einer und derselben Gleichung als unter sich in derselben Be-
ziechung gleichartig. Addiren wir nun in diesem Sinne alle n
Gleichungen und bezeichnen die Summe des Verschiedenartigen in

(@, #bg+ . 48)x, 4 (@g4ba+ .- 48a)x2 4 -+ (2t ba§ - 4 8n)Xa
. =(@g4bg+.--4830)
oder bezeichnen wir (a, +b, 4....4 s,) mit p, und entsprechend
die ibrigen Summen, so haben wir
PiX; + PaXg 4 -« - -+ PoXa =P,
Aus dieser Gleichung, welche die Stelle jener n Gleichungen ver-
tritt, lasst sich nun auf der Stelle jede der Unbekannten, z. B. x,
finden, wenn wir die beiden Seiten mit dem ausseren Produkte
aus den Koefficienten der_iibrigen Unbekannten &usserlich multi-
pliciren, also hier mit py.p;.....pn. Da namlich, wenn man die
Glieder der linken Seite einzeln multiplicirt, nach dem Begriff des:
ausseren Produktes (§ 31) alle Produkte weglfallen, welche zwei
gleiche Faktoren enthalten, so erhdlt man
Py -P2-Pgece-PoXy=Po-P2-P3cc-:Pa
Also da beide Produkte, als demselben System n-ter Stufe ange-
horig einander gleichartig sind, so hat man

(1809 — 1877) already invented generalized Pauli Algebra
and generalized Dirac Algebra. The solution of a system of
linear equations can be found by applying his solution equa-
tions of the first edition of his Ausdehnungslehre of 1844.

Written in modern form, the solution of consistent sys-

tems of linear equations

x]=Po-P2°P3~---P:¢)! L«

Py-P2-Pg----P
Also jede Unbekannte ist einem Bruche gleich, dessen Nenner das
aussere Produkt der Koefficienten p, ...py ist, und dessen Zahler
man erhidlt, wenn man in diesem Produkt slatt des Koefficienten
jener Unbekannten die rechte Seite, namlich p,, als Faktor setzt.
Alle Unbekannten haben also denselben Nenner, und werden un-
bestimmt oder unendlich, wenn dieser Nenner null wird, ‘d. h.
Py PysssitsPa=0
18t.

with two variables x, y

ax+by=r

can be found with the following solution equations:

Xx=@aAb)yt(rab) or

X=( Ab)(@nab)?

dem Sinne unserer Wissenschaft mit dem Verkniipfungszeichen 4 ,

yv=(aab)t@ar) or y=(@narnr)(aanb)?

Geometric Interpretation of the Solution Equations

Outer products of two vectors can be interpreted as oriented area elements. And as a change of the coordinate system does not change the geometric
situation, all ratios of the areas of the oriented parallelograms aA b, r Ab, and a Ar do not depend on the coordinate system.

- y -
coefficient vectors: A X coefficient vectors:
_ Yy _
a=a, ox+a,oy a, Xx+b,y=r, a, Xx+b,y=r, a=a, 0y * a0y 330,
b=b,o,+b,o ax b=b,o,+b,c,+b;o
X 2~y _ _ 1 VX 2y 3 Yz
. a,X+hb,y=r, r aX+b,y=r, .
resulting vector: resulting vector:
— A, X+ D =T —
' =ryox+r,0, > x 3 3Y =13 r=r,o,t+tr,o,+r;0,

But a change of the coordinate system will change the algebraic description of the vectors, which now have three components instead of only two. Therefore
the matrix inverse will have a different algebraic description, too. This generalized Pauli Algebra matrix inverse can be used to solve consistent systems of
linear equations, even Iif theses systems have more equations than variables.

Conventional Matrix Inverses and Generalized Matrix Inverses
As Grassmann’s solution equations can always be written as a matrix multiplication, the lead matrix of this matrix multiplication will be the matrix inverse:

x=(@Ab)y'rab)=@Aab) ' ((c,Ab)r, + (o, A D) r,)
y=(@aab)yt(@aar)=(@aab)y*((@aarocy)r+(@nacy)r,)

x=(@Ab)ytrab)=(@Aab) ' ((c,Ab)r, + (o, AD) 1, + (o, A D) rs)
y=(@ab)yt(@aary=(@aab)y*((anc)r+@aoc,)r+(@nc,)rs)

Y Y

r B r R
_ 4 1 |oxAb o,AD _ 4 1 |oxAb o,AD o,AD
Inverse of a 2 X 2 square matrix:. A - = Inverse of a 3 X 2 matrix. A - =
a A b a A O, o WANKO) (if the bivector a A b is pre-multiplied from the left) a A b a A Oy daANA o o WANLS)
. yJ . y ZJ
/ r 2
1 _ . _|oxAb o,AD o,AD 1
If (a A Db)#0, every element of A~ will be a scalar. Or alternatively: A "= 5
(if the bivector a A b is post-multiplied from the right) \a N\ Oy aA Gy a A GZJ aAn

As all elements of A~ are products of two different bivectors, every
element will be a linear combination of a scalar and a bivector.

Conclusion:

Moore-Penrose generalized matrix inverses A" consist of the scalar
terms of Pauli algebra generalized matrix inverses A™*, which usually
possess higher-dimensional terms, too.

((@nb)X(o,Ab)), ((an 0) " (o,Ab)), ((@AD) (o, A b)),

((@ab)™(anc)), ((aab)*(ancy)), ((@arb)*(@rc,),

— Pauli Algebra generalized matrix inverses o P
are left-sided matrix inverses: A"A=1#AA

1 1 The fourth Moore-Penrose condition
(A_ A)T =A A IS only met by the scalar terms of AL

AADTZAA™T but (AAH)T=AA™,

AATIA = A

+ —
A= AAA L =A71
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» Systems of linear eguations, solulions set,
solving a linear system,

» Matrix and vector algebra, determinants,
inverses,

+» Economic examples

Az more and more infreductory business mathematics textbooks present
Moore-Penrose generalized matrix inverses as elementary part of the
foundations of mathematical economics, generalized matnx inverses will
be discussed from a Geometric Algebra viewpoint in the following.

Modern Limear Alzebra: Gensralized Matmi Inverses (OHP Slhdesz M. HORN)

summary

If a (3 x 2)-matrix

a,

A=la; b

a, b,
with non-parallel
anb=#0
coefficient vectors

a=ay Gx+agﬁy+agﬁz
b=b, a, + bgG.H.'l' bng

is given, the (2 x 3)-matrix

Alo {{cxnm (o, Ab) {gznm}

=Emb (ano,) (a;xcsy} (ana,)

is called Pauli algebra generalized matrix in-
verse of A.

-1. . _—
A ' is a left-sided non-square matrix inverse.
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Second Example: Problem

A firm manufactures two different final pro-
ducts Py and P-. To produce these products
the following quantities of three different raw
materials R4, R, and R are required:

3 units of R4, 5 units of R2, and 4 units of R4
to produce 1 unit of P4

2 units of R4, 4 units of R5, and 8 units of Rs
to produce 1 unit of P-

Find the quantities of final products P, and P>
which will be produced, if exactly 120 units
of the first raw material R4, 220 units of the
second raw material R,, and 320 units of the
third raw material R; are consumed in the
production process.

— |n real life it is quite common that a larger
number of raw materials is required to pro-
duce a small number of final products.

Modern Linear Alzebra: Gensralized Matmx Inverses (OHP Slides M. HORM) i3

Business Mathematics Example

This product engineering problem

3x+2y=120
5x +4y=220
4x+8y=320

can be modelled by a simple matrix multipli-
cation

Dg=r
with the following matrices:

Demand of raw materials to pro- 3 2
duce one unit of each final pro- D=5 4
duct (matrix of total demand) 4 8

Quantities of final products Ty
which are produced (production q= =7
vector) LY

: (120
Total demand of raw materials
which are consumed (vector of r=1220
consumption of raw materials) 320
Modern Linear Alzebra: Generalized Matmix Inversas (OHP Slhides M. HORM) ES

Business Mathematics Example

Outer products:

anb=(3ox+doy+td o)A (2ox+4 oyt 8oz)

=12 oyoy + 24 040; + 10 0yo4 + 40 0y,
+ SGEG;{ + 15 GzO0y

=(12-10)o4o,+(40-16)cyc,+(8—24) 0y
=2 cyoy + 24 5,0, — 16 G0y

(@Ab)’ = (20,0, + 24 0,0, — 16 5,0y)

= (2 Gxﬁy}z + (24 o oy }2 + (=16 c.0y)
=—-4-576-256
=—-836 =-2-2-11-19

2

B
—
o
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Business Mathematics Example

(Sub-matrix or minor) outer products:
oxAab=oxn(2ax+4oy+8ao;z)
=4G;¢;Gy—8ﬂ2ﬂx
anoy=(3c,+50y+40;) Aoy
=_EGKGE,I'+4GEGK
oyab=oyn(2ax+4oy+8ao;z)
= — 2 oyoy + 8 oyo-
anoy=(3c,+50,+40;) Aoy
= 3 oyoy — 4 Gyo;
g:ab=o:An(2ax+4oy+ 8oz
= 2 6:0x — 4 0y0-
anoc;=(3oc,+50y+40;) Ao,
= -3 0,04+ 5 oy0;

Modern Linear Algebra: Gensralized Matmix Inverses (OHP Slides M. HORN)

Business Mathematics Example

Elements of the generalized matrix inverse:

D_1=F1 X5 :{3}
Yi Y2 ¥

X1 = (@ab) " (cyADb)

=- % (oxoy+ 126y6;—80;0,) (4 00y — B o20y)
1

- m (4 Gxﬁ}fﬁgﬁ}r— Eﬁxﬂyﬂzﬁx + 48‘33{53515?
- 96 6y0,0,04— 32 0,0,0,0y + 64 6,0,0,0y)

=_ﬁ(_4-awz+48 G20

+ 96 o,0, + 32 6,0, — 64)

= ﬁ (— 68 + 96,0, + 24 6,0, + 48 0;0;)

= 41_8 (68 — 96 5,0, — 24 6,0, — 48 5,0,)

=1 (68-12M)

418

1

M - Bﬂxﬁy + 2 OyOz + 4 Oz0y

Modern Linear Alzebra: Gepsralized Mainx Inverses (OHP Slides M. HORN) ia

Business Mathematics Example

Elements of the generalized matrix inverse:

D' = {:’{1 X5 :’53}
Yi Y2 Y3
X2 =(aab) (o, Ab)

= ﬁ (oxoy*120y6;—-80;0,) (-20,0y+ 8aya;)

= - ﬁ (—20oy0y0,0y + 80,0y0,0;— 24 G500y
-+ 95 G}ﬂEG}fGE + 1 5 GEGKGKGH_ 54 GEGKG}'{IE}
1
=—m(2—aﬁzﬁ;¢;_24ﬁz{jh
- 96 - 16 5,0, — 64 5,5y)
1
=—m(— 94 — 64 o0y — 16 0yo; — 32 0;0y)
= 1 (94 +64.6,0,+ 16 0,0, + 32 0,03)
418
= (94+8M)
418 0

M = Bﬁ;e;{jmjr + 2 GyGz + 4 Oz0y

Modern Linear Algebra: Gensralized Matrix Inversas (OHP SkEdes M. HORN) Els

Business Mathematics Example

Elements of the generalized matrix inverse:

D' = [:’{1 X :’53}
Yo Yo ¥,
y1=(aab) " (an oy

= - ﬁ (oxoy+120,0,-80,0y) (-S040t 40,0y)

=_ ﬁ (—51‘3:{{}}({3:{{5? + 4{};{{3?6353— 60 GyGz0x0y

+48:6,6,6,0,+4006;0,0,0,— 32 0,0,0:0y)
1
=—m(5 + 4 oyo; — 60 o0y

- 48 6,0, - 40 5,0, + 32)

‘

(37 — 48 oyoy — 36 oy, — 60 o,0y)

o =Y
—

8

‘

(— 37 + 48 5,0y + 36 Gyo; + 60 o.0y)

‘ =
—
o

(—37 + 12 N)
18 T

N =4 ooy + 3 6yoz + 5 G20y

I
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Business Mathematics Example

Elements of the generalized matrix inverse:

D' = [3’51 X5 :{3}
Yo Y2 Y2
y2=(aab) ' (@an o)

=— ﬁ (oxoyt+ 120,0,-80;04) (3 oxoy — 4 G,G7)

=—_ ﬁ (3oyoyoyoy—4 0y0y0,0; + 36 6,0,0,Gy
-48060,0y0;—24 0,0,G,0y+ 32G,6,0yC>)
1

=_m(—3 + 4 o,0, + 36 o0y

+48 + 24 65, + 32 5,0y)

=— — (45 + 32 oyoy + 24 oyo; + 40 G,0y)

418 0
N =4 gyoy + 3 oyoz + 9 G0y
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Business Mathematics Example
Elements of the generalized matrix inverse:
I {x,l X, ::{3}
Yi Y2 ¥
y2=(aab) " (@ncy)

== ﬁ (oxoy+ 1200, 80,0y) (-3 0z0¢ + S 0y0;)

=— ﬁ (=3 oyoy0;0y + D oy0y0yo; — 36 GyG,0,0y
+ 600,00, + 24 5,040,0,—400,0,0,0;)
1
=— 218 (— 3 oy0; — 5 6,04 + 36 o0y
- 60 -24 - 40 o,0y)
1
= (-84 -40,0,-300;— 50,0
418 ( xOy yOz 20y
1
= Y (84 + 4 oyoy + 3 oyo; + 5 G,0y)
= —1 (84 + N)
418 0
N =4 oyoy + 3 oyoz + 5 G204
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Business Mathematics Example

The generalized matrix inverse D' then is:

ot [ 68—12M  94+8M —E4—M}

) 418| —-37+12N —-45-8N  84+N

with M = 8 oyoy + 2 5yo; + 4 5,0y

N - 4 GxOy + 3*:51];'53 + 5 G700y

Left-sided check of generalized
matrix inverse D™

68—-12M 94+8M —-64-M 418 0
—37+12N —-45-8N 84+ N 0 418
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Moore-Penrose Generalized Matrix
Inverses of Second Example

The Pauli algebra generalized matrix in-
verse D™ of this problem has been:

D

4 1 [ 68-12M 94+8M —-64-M
T 418| —37+12N —45-8N  84+N

with M = 8 oyoy + 2 oyo; + 4 5,0y

N =4 ooy + 3 0yo; + 5 0,0y

Thus the Moore-Penrose generalized matrix
inverse will be

+ 1 { 68 94 —64}

D =18|_37 _45 84

because Moore and Penrose have
decided to neglect all bivectorterms: M =0

N =0

Modern Linear Alzebra: Geperalized Matnx Inverses (OHP Slides M. HORN) 5l

Result of Second Example Revisited

q=D"r 120

220

320

68 94 _ 64 20
418 418 418

_37 4 8 30
418 418 418

= If exactly 120 units of the first raw ma-
terial Ry and 220 units of the second raw
material R, are consumed, 20 units of
the first final product P4 and 30 units of
the second final product P, will be pro-
duced.
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Business Mathematics Example

Scheme of Falk: X } q
Yy
3 2 120

D< 5 4 220 r
4 8 320

To find the solution values x and y the ge-
neralized inverse of the matrix of total de-
mand D™ will be pre-multiplied from the left:

q=D_1r

To construct the generalized matrix inverse
D' the outer products of the coefficient vec-

tors
a=3o,+50,t40;

b=2c,+40,+80;
and the base vectors ry = o,

2 = Gy

'3 = G;
are required.

Modern Linear Alzebra: Generalized Matnix Inverses (OHP Slides M. EORN)

Business Mathematics Example

Elements of the generalized matrix inverse:

X, X X
D—1 - |: 1 2 3:|
Yi Y2 ¥s
X3=(aab) ' (c;ADb)

= ﬁ {GKGF"' 1263{52—5'5:‘3:(] (2 Gz"jx_'q'g}fcz)

=— ﬁ (2 OyxCy0z0y — 4 Gy OyOyOz +24 Gy0z070y

-480yc,0,0,— 16 6,0,0,0, + 320,0,0,0;)

=_ﬁ(2 0,02 + 4 5,0, — 24 0,0,
+48 + 16 + 32 gay)

- ﬁ (B4 + 8 0,0, + 20,02 + 4 520y
1
= g~ 64-800y-20y0: -4 0,0))
- 41_8 (- 64— M)
)
M = 8 oxoy + 2 oyoz + 4 o0y
Modern Lisear Alzebra: Generalized Matrix Inverses (OHP Slides M. EORN) 0

Result of Second Example

q=D 'r 120

220

320

68—12M 94+8M -64-M 8360

—37+12N —45—-8N 84+ N 12540
U

_ 8360 = 20 y= 12540 _ 30
418 418

= If exactly 120 units of the first raw ma-
terial Ry and 220 units of the second raw
material R, are consumed, 20 units of
the first final product P4 and 30 units of
the second final product P, will be pro-

duced.
Check of result: 20
30
3 2 120

2 4 220
4 a8 320
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