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e Linear functions, multidimensional linear models,
matrix algebra

e Systems of linear equations including methods
for solving a system of linear equations and
examples in business processes

Most of this will be discussed in the standard language of the rather old-
fashioned linear algebra or matrix algebra which can be found in most
textbooks of business mathematics or mathematical economics.

But in this fifth part of the lecture series we will again adopt a more mod-
ern view: Eigenvalues and eigenvectors of matrices will be discussed
using the mathematical language of Geometric Algebra.
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Repetition: Basics of
Geometric Algebra

1+3+3+1=2°=8 different base elements
exist in three-dimensional space.

One base scalar: 1

Three base vectors: Gy, Oy O
Three base bivectors:  o,0,, 6,0,, 6,0,
(sometimes called pseudovectors)

One base trivector: GyC\O,

(sometimes called pseudoscalar)

Base scalar and base vectors square to one:

— 2 _
1" =0, =0, =0, =1

Base bivectors and base trivector square to
minus one:

(6,0,)° = (6,6,)" = (6,6,)° = (5,0,0,)" =— 1
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Anti-Commutativity

The order of vectors is important. It encodes
iInformation about the orientation of the re-
sulting area elements.

right-handed orientation
G,0y | Oy O (anticlockwise orientation)

positive orientation in a right-

> handed coordinate system

Oy

Oy

A >
left-handed orientation
Gy O,0x (clockwise orientation)
negative orientation in a right-

handed coordinate system

Base vectors anticommute. Thus the product
of two base vectors follows Pauli algebra:

0,0y = — 0,0y
6,0, = — 0,0,
G,0yx — — 0,0,
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Scalars

Scalars are geometric entities without direction.
They can be expressed as multiples of the base
scalar:

k=k1

Vectors

Vectors are oriented line segments. They can be
expressed as linear combinations of the base
vectors:

r=Xoy+yo,t+z72g0,

Bivectors

Bivectors are oriented area elements. They can
be expressed as linear combinations of the base
bivectors:

A = Ay o,o, + Ay, 0,0, + Az 5,0,

y

Trivectors

Trivectors are oriented volume elements. They
can be expressed as multiples of the base tri-
vector:

V = V,y; 6,0,0,

y
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Geometric Multiplication of Vectors

The product of two vectors consists of a scalar
term and a bivector term. They are called inner
product (dot product) and outer product (exterior
product or wedge product).

ab=zaeb+anab

The inner product of two vectors is a commuta-
tive product as a reversion of the order of two
vectors does not change it:

1
aob:boa:E(ab+ba)

The outer product of two vectors is an anti-com-
mutative product as a reversion of the order of
two vectors changes the sign of the outer pro-
duct:

a/\b:—b/\a:E(ab—ba)
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Geometric Multiplication of Vectors
and Bivectors

The product of a bivector B and a vector a con-
sists of a vector term and a trivector term. As the
dimension of bivector B is reduced, the vector
term is called inner product (dot product). And

as the dimension of bivector B Is increased, the
trivector term is called outer product (exterior pro-
duct or wedge product).

Ba=Bea+BAa

In contrast to what was said on the last slide,
the inner product of a bivector and a vector is an
anti-commutative product as a reversion of the
order of bivector and vector changes the sign of
the inner product:

1
Boa=—aOB=E(Ba—aB)

The outer product of a bivector and a vector is
a commutative product as a reversion of the or-
der of bivector and vector does not change it:

1
B/\a:aAB:E(Ba+aB)
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Systems of Two Linear Equations

a, X+byy=d,;
= ax+tby=d
a, Xx+b,y=d,

Old column vector picture:

wla] veb) ol

Modern Geometric Algebra picture:

(a16x+a26y)X+(b10x+bZGy)y: d1Gx+dZGy

Solutions:

1

———(dAb)=@nb)" (dAb)

X =

y=— (and)=(@Ab) " (and)
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Systems of Three Linear Equations

a, Xx+b,y+c,z=d;

a,x+b,y+c,z=d, = ax+tby+cz=d
a; X+b;y+cy;z=d;

Old column vector picture:

a, b, C, d,
a=|a, b=|b, c=|C, d=|d,
_a3_ _b3_ _C3_ _d3_

Modern Geometric Algebra picture:
(@, o4 + a0, +a30,) X+ (b o, + b0, +b30,)y
+(C,o4+Cy0,+C30,)z=d;0,+d,0,+d;0,
Solutions: x=(@aabac) (dAabac)
y=(@aabac) (@rdac)
z=(arbAac) (@arbad)

This is the end of the repetition. More about
the basics of Geometric Algebra can be found
In the slides of former lessons and in
Geometric Algebra books.

Modern Linear Algebra: Eigenvalues and Eigenvectors (OHP Slides M. HORN) 8



Halloween Product Engineering Problem

A firm manufactures two different types of final
products P, and P,. To produce these products
two different raw materials R; and R, are re-
quired:

To produce one unit of the first final product P,
30 units of raw material R; and 20 units of raw
material R, are required.

To produce one unit of the second final product
P, 70 units of raw material R; and 80 units of
raw material R, are required.

At Halloween 2017 the CEO of the firm orders
his management to consume only quantities of
raw materials in the production process which

are perfect multiples A of the production vector:

Production vector, which P

shows the quantiiesof p — | *

final products produced: P2

Demand vector, which ] AP P

shows the quantities of q= Y% — Y=ol Yl=ap
raw materials required: d, A p2 p2

Find the relation of quantities of final products P,
and P, which will be produced at Halloween 2017.
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Solution of the Halloween Product
Engineering Problem

Demand matrix, which shows 30 70
the demand of raw materials to D =
produce one unit of the final pro- 20 80
ducts:
Matrix equation: DP=q
= DP=AP (%)
— (D—KDP:O (%)

These equations are important!

If equation (x) holds, vector P is called
eigenvector (or characteristic vector,
or latent vector) of matrix D.

The scalar A is then called
eigenvalue (or characteristic root,
or latent root) of matrix D.

And matrix (D — A1) is called
characteristic matrix of matrix D.

As eguation (x*) equals to 0, the charac-
teristic matrix must be singular.
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In Geometric Algebra vectors are expressed
as Pauli vectors.

Production vector:

F)
P:{l} > P =P,06,+P,0,
I:)2

Demand vector:

% _, P _
q_ q = A P q_qlcx'l'qzﬁy
i i =APyo+ AP, 0,

30 70}

Demand matrix: D= LO 30

Coefficient vectors: /

a= a]_GX+ asz
=300, + 205,

b: b]_GX+ bzcy
=706, + 805,
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Matrix equation: DP=AP

Pauli vector equation: l
aP,+bP,=AP

(300, +200,)P; + (700, +800,) P, =

7\‘P10X+}\“P20y

Characteristic Coefficient Vectors

The coefficient vectors of the characteristic

matrix

(O-11) - 30-L 70
MY T 20 80—

can be called
characteristic coefficient vectors:

a—iox,=(30—-2)o,+200,
b—XAo,=700,+(80—-1)oc,
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Characteristic Outer Product

The Halloween product engineering pro-
blem thus asks about finding eigenvalues
and eigenvectors of demand matrix D.

As the characteristic matrix

30-A 70 }

(D_M){ 20 80-2

IS singular, its determinant has to be zero.

Therefore the characteristic coefficient
vectors have to be linearly dependent and
the outer product of the characteristic co-
efficient vectors vanish.

The outer outer product of the character-
Istic coefficient vectors can be called

characteristic outer product:
@-Ao)Aa(b-Aoc)=0

It coincides with the determinant of the
characteristic matrix:

det(D-A1)=0
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Characteristic Polynomial and
Characteristic Equation

The characteristic outer product equation
can be solved for eigenvalues A.

@-Aoc)A(b—Lroy) =0
((30-A)o,+200y) A (700, +(80—2)oy) =0
(30-4) (80-1) oy0y + 70-20 6,6, = O
(30—4) (B0—A)—70-20 =0

=  A*-=1101+1000 =0

These mathematical e

objects are called ... characteristic
polynomial

and... characteristic equation

of matrix D
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Finding the Eigenvalues

The eigenvalues can be found by solving
the characteristic equation for x.

As the characteristic equation of the Hal-
loween product engineering problem is a
guadratic equation, there should be two
different solutions.

A% —110 + 1000 =0
A°—2-.55) + 55°—55° + 1000 =0
A2 —2-.55) + 55 = 2025
(A — 55)° = 2025 = (+45)°

Therefore the two eigenvalues are
A =55-45= 10
A, =55+45 =100

Short check of results:
The characteristic polynomial can be rewritten as

(A —10) (A —100) = 2*> - 110 A + 1000
showing that the two results are indeed correct.
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Finding the Eigenvectors

As a system of two linear equations
ax+by=d

X P,
y P>
a, by | d; > &y by | APy
a, by | d; a, by | AP,

can be solved by
(@aab)x=dAab
(aAnb)y=anad

the Pauli vector equation M
aP,+bP,=AP

will give the mathematical relations
(a/\b) Pl — 7LP/\b — }L(P10X+ Pzﬁy)/\b
(anb)P,=raAnP=rana(P;o,+P;y0)

These two equations show the wanted rela-
tion between demand vector coefficients.
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Finding the Eigenvectors:
Calculation of Outer Products

a=30c,+200, b=700,+800,

aAb=1000 o,0,

oxAb = 80 o0y oyAb=-70 o0,
anoy=-—20o0,0, anocy,= 3000,

All these outer products represent area
elements which are parallel. Therefore the
two relations

(aAb)Pi=A(Pio+Pyoy) AD

=  P;=A(@aAb-ioab) " (o,Ab) P,
or  P,=%'(o,Ab) " (@anb—Ao,Ab) P,
(aanb)P,=ran(Pyox+ Py0y)

=  P,=X(aAcy) (aab-Lranac)P,
or PZ:k(a/\b—ka/\cy)_l(a/\cx) P,

have to be identical.
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Finding the Eigenvectors
Part |: Eigenvectors of First Eigenvalue A,

First eigenvalue: A; =10

P,=4 (o,Ab) " (@nb—A c,Ab) P,
1 1
10 70
200 2

c,0y (1000 oy, — 10 - 80 oyo,) P,

or P,=), (a/\b—klax\csy)_1 (@noy) Py

1
=10 7550-10.39 %) (=20 6,0y) P
_ 200 2

Pl
— Every vector {_ 2/7 Pj

2

7 P]_Gy

IS eigenvector of matrix D correspond-
Ing to the first eigenvalue A, = 10.

or every Pauli vector P, o, —
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Summary: Finding the Eigenvectors
Corresponding to the First Eigenvalue 2,

The first characteristic matrix which corres-
ponds to eigenvalue A, can be evaluated:

(D_Q‘*ll):|: 20

30-A,

70 | [20 70
80-A,| |20 70

First characteristic matrix equation

(Scheme of Falk):

P
P>

(D_}Lll)P:O
20 70
20 70
70

— Pl—_Epz—
2

or P2——7P1

20P,+70P,=0
20P,+70P,=0

Eigenvectors:

~3P2 | [
—2/7P,

le

P]_GX_ 7 P]_Gy
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Eigenspace of First Eigenvalue X,

Different values of P, will get different eigen-
vectors:

1 2
Pi=1 r=| | —— =02
_ | 2] 4

P,=2 r—__4/7_ —_— I’ZZGX—7Gy

[ 35
P1:3.5 = 1 —_— r:3'5GX_Gy

[ 210
P, =210 r= —60:| —_ r:21OGX—6OGy

The space, which is formed by all these vec-
tors, is called eigenspace.

The set of all solutions of linear equation (x)
DP=X\,P

IS equivalent to the eigenspace of matrix D
with respect to eigenvalue ;.
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Basis of the First Eigenspace

Eigenvectors can be normalized by dividing
them by their length:

: 2
Eigenvectors: r=P;0,— = P,oy

2 2 53

r2 = (PlGX— 7P16y> = 4—9 Pl

Length of eigenvectors:

The normalized eigenvector
r 7 2
V ‘ ‘ \/7 Oy — \/§ Gy

IS a basis of the one-dimensional first eigen-
space of matrix D with respect to eigenval-

ue A,.

As the next slides will show, a second eigen-
space (which corresponds to eigenvalue A,)
exists.
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Finding the Eigenvectors
Part Il: Eigenvectors of Second Eigenvalue A,

Second eigenvalue: A, =100
P,=2 (o,Ab)  (@Ab—h,0,Ab) P,

1 1
= 759 79 OOy (1000 6,5, — 100 - 80 cycy) Py

/7000

-~ 7000 (GxGy) Pl — Pl

or P,=A, (a/\b—Xza/\Gy)_1 (@nocy) Py

1
= 1001 600-100.30 00 (7200:0,) P

2000

-~ 2000 (GxGy) Pl - Pl

P
— Every vector {Pl}
1

or every Pauli vector P,c,+P;0, IS
eigenvector of matrix D corresponding
to the second eigenvalue A, = 100.

Modern Linear Algebra: Eigenvalues and Eigenvectors (OHP Slides M. HORN) 22



Summary: Finding the Eigenvectors
Corresponding to the Second Eigenvalue A,

The second characteristic matrix which cor-
responds to eigenvalue A, can be evaluated:

| 30—, 70 ~-70 70
(D-220)=1 54 80-A,| | 20 -20

Second characteristic matrix equation
(Scheme of Falk):

D-xDP=0 P1
P,

~70 70 | —=70P,+70P,=0
20 —20 | 20P,—20P,=0

70 pl =70 p2 ) Eigenvectors:
or 20P,=20P, " m
= P.=P, ) l
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Eigenspace of Second Eigenvalue A,

Different values of P, will get different eigen-
vectors:

1
2
P,=2 r= 5 —> r=20,+%20,

(3.5
P, =35 r= 3.5} —> r1r=3.50,+3.50y

210

P, =210 r:_210} —> 1r=2100,+2100,

All these vectors are situated in the eigen-
space of matrix D with respect to eigenval-

ue ..

The set of all solutions of linear equation (x)
DP=A\,P
IS equivalent to this eigenspace.
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Basis of the Second Eigenspace

Eigenvectors can be normalized by dividing
them by their length:
Eigenvectors: r=P,;c,+ P; 0,

= (P,o,+ Py Gy)2 =2 P12
Length of eigenvectors:

] :\/TZ:\/EPl

The normalized eigenvector
o1 1

Vo = ‘I" —ﬁ@x'kﬁﬁy

IS a basis of the one-dimensional eigenspace
of matrix D with respect to eigenvalue Ai,.

Modern Linear Algebra: Eigenvalues and Eigenvectors (OHP Slides M. HORN) 25



Check of Normalized Eigenvectors

Normalized eigenvector corresponding
to first eigenvalue A, = 10:

130 70][ 7] 1 [ 70]
DVl'@ 20 80||-2| " 4/53|-20 =10v;

Normalized eigenvector corresponding
to second eigenvalue A, = 100:

~ 1[30 70][1] 1 [100]
DV2= 75120 80l|1]| = y2|100| = 100 V2

Additional Remark

There Is always only one eigenvalue A; asso-
ciated to an eigenvector v..
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Solution of the Halloween Product
Engineering Problem

The CEO of the firm ordered his management to
consume only guantities of raw materials g in the
production process which are perfect multiples A
of the production vector

g=AP

and asks about the relation of quantities of final
products P; and P, which will be produced.

The possible relations are given by the eigenval-
ues A; =10 and A, =100.

The possible production vectors are eigenvectors
corresponding to these eigenvalues. As production
guantities should be positive, a production vector
with negative components (see first eigenvector)
does not make sense.

Therefore eigenvectors corresponding to the
second eigenvalue can be production vectors at
Halloween 2017. The relation between the quan-
tities of final products P, and P, will be one:

P

1
P2_1
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Stochastic Matrices

To analyse the development of different mar-
ket participants and their market shares of

a closed market, stochastic matrices are of
special significance.

Definition:
Stochastic matrices are matrices...

... which have non-negative elements only
... whose columns add to 1.

Thus the entries of stochastic matrices can
be interpreted as percentages.

The coefficient vectors (i.e. the columns) of
stochastic matrices can be called probability
vectors.
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Stochastic Matrices

To analyse the development of different mar-
ket participants and their market shares of

a closed market, stochastic matrices are of
special significance.

Definition:
Stochastic matrices are matrices...

... which have non-negative elements only
... whose columns add to 1.

Stochastic matrices have important
characteristic properties:

o All of the eigenvalues of stochastic ma-
trices are positive.

e The largest eigenvalue of a stochastic
matrix is 1.

e There is only one eigenvector associ-
ated with the eigenvalue A = 1.
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Petrol Station Problem

There are three petrol stations A, B, and C
In a small city in the middle of the Australian
Desert.

: 80 %
Their monthly mar- ’

ket shares evolve

according to the 20 %
graph given on
the right: (W

70%C@ 20 %

M
20 %

(The values t; denote the share of
customers of patrol station i which
will go to patrol station j next month.)

Oy

10 %

e

—©)

60 %

e Find the transition matrix T.

e Find eigenvalues and eigenvectors of
transition matrix T.

e Find the vector v of current market shares
which will remain unchanged next month.
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Petrol Station Transition Matrix

70% 10% 20%
T=|20% 80% 20%
10% 10% 60%

0.70 0.10 0.20°
0.20 0.80 0.20
0.10 0.10 0.60

As all coefficient vectors of the petrol sta-
tion transition matrix are probability vec-
tors (whose elements add to 100 % = 1),
this transition matrix is a stochastic matrix.
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Characteristic Matrix of the Petrol
Station Problem

0.70—»  0.10 0.20
(T-2D=| 020 080-L 0.20
0.10 010 0.60-%

Characteristic Coefficient Vectors

a—io,=(0.70-1)ox+0.206,+ 0.10 ,
b-Xo,=0.100,+(0.80—-1)c,+0.10 o,
c-Aoc,=0.200,+0.2006, + (0.60 — 1) o,

Characteristic Outer Product

@-Ao)Aa(b-2roy)
= (A* - 1.50 1. + 0.54) 5,0,
+(0.10 1. — 0.06) o0,
+ (0.10 A — 0.06) o,0,

(@=ro) A(b—%oy) A(C—Aoy)
= (=27 +2.10 2° - 1.40 A + 0.30) 5,5,0,
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Characteristic Polynomial

@-Ao)A(b-2ro)A(Cc—Aro,) o,0/0
=—2°+2.102°-1.40 1 + 0.30

Characteristic Equation

22 +2102°=1.401+0.30=0

As one of the eigenvalues equals 1

A =1
the characteristic equation can be trans-
formed into

~1°+2.10%° ~1.401.+030 _

(A—-1) 1

=  (A=-1)(-A"+1.10A-0.30)=0

(L—1) (A*-=1.10 A +0.30)=0

A“—1.101+0.30 =0
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Finding the Eigenvalues

= (-1) (x*-1.101+0.30)=0

22— 1102 +0.30 =0
A?—2-0.55)1 +0.55°—0.55° +0.30 = 0
A2 —2-0.551 + 0.55° = 0.0025
(A — 0.55)° = (+0.05)

Therefore the three eigenvalues are
A =1
A, =0.55 + 0.05 = 0.60
A3 =0.55—-0.05=0.50

Short check of results:

The characteristic polynomial can be rewritten
as

—(A—1) (*—0.60) (»—0.50)
=—2°+2104"-1.40 A + 0.30
showing that the three results are correct.
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Finding the Eigenvectors

As a system of three linear equations

ax+by+cz=d

can be solved by X =01
(@abac)x=(dAbAc) o

— M3
(anbAac)y=(andac) d=2qg

(a@aAabAac)z=(@Abad)

(see repetition slide #8),

\4
the Pauli vector equation

ag;+bg,+bgs;=2q

will give the mathematical relations
(@AabAac)g,=A(AbAcC)
(@AabAac)g,=A(@AqAC)

(@aAnbAac)gs=A(@aAnbAaq)
3 s

_ a
With g=010xtQ20y+(30;

these equations show the ma-
thematical relations between
the eigenvector coefficients.
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d=(0,0x*+ 0y + (30,

|

(aAnbAac)g=A(gabAac)
(@AabAacCc)g,=A(@AgAC)
(@anbAac)gs=A(anbaq)

— Mathematical relations between eigen-
vector coefficients:

(@AabAac)—A(co,AbAacC)) g,
=L (c,AbAC) Qs+ A (c,AbAC) s

(@AabAac)—A(aAnocy,AC))Q,
=A(@Aro,AC)qQ+ A (AAGC,AC) Os

(@AbAac)—A(@AbAaoc,))qs
=L(@Abacy)gr+r(@rbacy)q,
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Finding the Eigenvectors:
Calculation of Outer Products

a=0.70c4,+0.200,+ 0.10 5,
b=0.1006,+0.800,+ 0.10 ,
c=0.2004+0.20 0, + 0.60 o,

aAnbac=0.30 o,0,0,

oxAbac= 0.46 c,0,0,
anoxAC=-0.10 os0,0,
anbaoc,=-0.06 o,0,0,
cyAbac=-0.04 6,0,0,
ancync= 0.40 o,0,0,
aAnbAaoc,=-0.06 os0,0,
c,Abac=-0.14 6,0,0,
anc,AC=-0.10 o,0,0,
anbaoc,= 0.54 o400,

All these outer products represent volume
elements which are parallel to the same
three-dimensional space.
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Finding the Eigenvectors
Part |: Eigenvectors of First Eigenvalue A,

First eigenvalue: A;=1

N ~0.16 g, =—0.04 g,— 0.14 g5
= 80:=20,+ 703

—0.100,=-0.109;,—-0.10 g4
0> =0, + Q3

80:,=2(9,+03) + 703
3
609,=9q0; = d1= 5 Us

eg. 0s=2 > ;=3 > Qg3=5

J 4 U

Check of result:
(0.30-1-0.54)q3=1-(-0.06)qg,+1-(-0.06) g
= —0.24 g3=-0.06 g;—0.06 q,
= 40;=0:tQy

4.2=3+5=8
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Summary: Finding the Eigenvectors
Corresponding to the First Eigenvalue 2,

The first characteristic matrix which corres-
ponds to eigenvalue A, can be evaluated:

~030 010 0.20°
(T—2, 1)=| 020 020 0.20
| 010 010 -0.40]

First characteristic matrix equation
(Scheme of Falk):

(T-21qg=0 s
o p)
Js

~0.30 0.10 0.20 [-0.30g,+0.10q,+ 0.20g;=0
0.20 —0.20 0.20 | 0.20q,-0.20q,+0.20q,=0
0.10 0.10 —0.40 | 0.10q,+0.10 g,— 0.40q,=0

row 2 —row 1. 0.50g;-0.300,=0
d, = 0.600,
substitute g, in one of the rows: 0; = 0.40 q,

eg.. =1 > g;=0.60 — g3=0.40
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Different values of eigenvector coefficients
will get different eigenvectors, e.g.

10.60 |
q2:1 F = 1 — r:O.606X+Gy+O-4OGZ
0.40

O3 = 2 r=|5| —> r=3ocx+50,+20;,

Normalized First Eigenvector

Eigenvectors: r=0.6 9,04+ 0,0, + 0.4 q,0;

2 _ 2_ 38 2
"=1520Q," = oc 02

Length of eigenvectors:
—~ 1 ==

The normalized eigenvector
r 3 5 2

Vq H FGX rﬁy \/fGZ

IS base vector of the one-dimensional first
eigenspace of matrix D with respect to ei-

genvalue A, =1
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Finding the Eigenvectors
Part |I: Eigenvectors of Second Eigenvalue A,

Second eigenvalue: A, = 0.60
(0.30—0.60-0.46) g, =0.60-(—0.04) g, + 0.60 - (=0.14) g5
= 0.024 q, =—-0.024 g,— 0.084 g,

= 20:=—20>,—-1703

(0.30-0.60-0.40)g,=0.60- (—0.10) g; + 0.60 - (0.10) g5

0.06 g, =—0.06 g, — 0.06 g5
Jo = — 01— (3
20:=—2(-0:—03)— 703
7q3:0 — q3:0
= O=—0

eg. ;=0 > ;=1 > g, =-1

b4 U

Check of result:

(0.30-0.60-0.54) q3=0.60- (—0.06) g; + 0.60 - (-0.06) g,

= —0.024 q;=-0.036 g;— 0.036 g,

— 20;=30;t30,
2:0=3:-1+3-(-1)=0
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Summary: Finding the Eigenvectors
Corresponding to the Second Eigenvalue A,

The second characteristic matrix which cor-
responds to eigenvalue A, can be evaluated:

010 0.10 0.20]
(T—2,1)=|020 020 020
010 010 O

First characteristic matrix equation
(Scheme of Falk):

(T-%,1)g=0 s
o p)
Js

0.10 0.10 0.20 | 0.10q,+0.10q,+0.20q,=0
020 0.20 0.20 | 0.20q,+0.20 ,+0.20q,=0

0.10 0.10 O 0.10 ¢, +0.10 g, =0
row 2 —2-row 1: —-0.2005;=0

;=0
row 3: g; =—0>

egd. 1=1 > g,=—1 > q3=0
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Different values of eigenvector coefficients
will get different eigenvectors, e.g.

d>=-1 r=|-1 > [ =0yx— Oy

d, =95 r=| 5 > r=-50xt+50y

Normalized Second Eigenvector

Eigenvectors: r =q;cx—Q;0y
r2 =92 ql2
Length of eigenvectors:

] :\/r:\/qu

The normalized eigenvector
o1 1

IS base vector of the one-dimensional second
eigenspace of matrix D with respect to eigen-

value A, =0.60.
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Finding the Eigenvectors
Part lll: Eigenvectors of Third Eigenvalue A4

Third eigenvalue: A3 = 0.50

(0.30—0.50-0.46) g, =0.50 - (—0.04) g, + 0.50 - (=0.14) g5

— 0.07 9, =-0.02 g,—0.07 g5
— 191=—20,— 1703

(0.30-0.50-0.40) g,=0.50- (—0.10) g; + 0.50 - (=0.10) g5

0.109,=-0.05q9;—0.05 g5
20,=-01— 03

70 =—(—0:—03)— 703
80:=—80; = 0;=—0Q3
— q2:O

eg.. =0 > ;=1 > g3=-1

b4 U

Check of result:

(0.30—0.50-0.54) q3=0.50- (- 0.06) g, + 0.50 - (=0.06) g
= 0.0393=-0.039,—-0.03 q,

= Os=—01—0Q2

~1=-1-0

Modern Linear Algebra: Eigenvalues and Eigenvectors (OHP Slides M. HORN) 44



Summary: Finding the Eigenvectors
Corresponding to the Third Eigenvalue A3

The third characteristic matrix which corres-
ponds to eigenvalue A; can be evaluated:

020 0.10 0.20]
(T—2,1)=|020 030 0.20
010 010 0.10

First characteristic matrix equation
(Scheme of Falk):

(T-%1)g=0 G
o p)
Js

020 0.10 0.20 | 0.20q,+0.10q,+0.20q,=0
020 0.30 0.20 | 0.20q,+0.30 q,+0.20q,=0
0.10 0.10 0.10 | 0.10q,+0.10q,+0.10q,=0

row 2 —row 1. 0.20q,=0
q,=0

0 =—03

eg.. 4o=0 > g3=5 > g, =-5
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Different values of eigenvector coefficients
will get different eigenvectors, e.g.

gi=—5 r=| 0 > r=-50,+50,

Normalized Third Eigenvector

Eigenvectors: r=q,04—0Q;0;
r2 =92 ql2
Length of eigenvectors:

] :\/r:\/qu

The normalized eigenvector
o1 1

V3 = 1] = 2% 0
IS base vector of the one-dimensional third
eigenspace of matrix D with respect to ei-

genvalue A3 =0.50.
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Solution of the Petrol Station Problem

We wanted to find the vector v of current
market shares which will remain unchanged
next month:

Tv=v=1lyv

The “state of the market” is supposed to be
constant. Therefore vectors like v are some-
times called state vectors.

Comparing the matrix equation of the con-
stant state vector with the eigenvector matrix
equation

Tv=AV

It can be seen that the eigenvalue has to be
one. Thus the state vector v of unchanged
market shares should be an eigenvector
which corresponds to the first eigenvalue

A =1
These eigenvectors are given on slide #40:

r=0.60q, 0+ 1.000, oy +0.40Q, o;
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But state vectors are supposed to indicate
the state of the market in percentages. They
are probability vectors with components
which sum to one:

r=0.60q, ox+1.000;, oy + 0.40 g, o,

a4

0.60qg,+1.00q9,+0.40q9,=2.000, =1
_1
= Q=35

The vector v of current market shares which
remain unchanged next month therefore is:
v =0.30 ox + 0.50 o, + 0.20 &,
=30% ox + 50 % o, + 20 % o,

This solution can also be given in convention-
al column vector notation:

'0.30]  [30%]
V=050 = [50%
020 |20%|
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Check of Solution

Tv=yVv 0.30
0.50
0.20
0.70 0.10 0.20 0.30
0.20 0.80 0.20 0.50
0.10 0.10 0.60 0.20

Analyzing the Meaning of the Solution

e What is the meaning of this solution?

e And what is the significance of this
solution for real market situations?

To find out whether there is an outstanding
Importance of this solution, which is con-
nected with the very special eigenvalue of 1,
we will now analyze the long-term develop-
ment of the petrol market.
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Markov Chains

To model the long-term development of a
market we simply have to calculate state vec-
tors of market shares after several periods.

Initial state vector: Xg
State vector after 1 period: il =T X
State vector after 2 periods: i =TXx;
State vector after 3 periods: X3 =T X,
State vector after 4 periods: Xg =T Xg

l
State vector after n periods: Xqg =T X1

This very simple mathematical model is
called Markov chain.

Modern Linear Algebra: Eigenvalues and Eigenvectors (OHP Slides M. HORN) 50



Markov Chains

Markov chains are sequences of probability
vectors which are generated by pre-multi-
plicating a stochastic matrix T.

They can be written as the following first
order linear difference equation:

Markov chains are used in many fields to
analyse the long-term development of pro-
babilities, of customers’ fluctuations, or of
market shares in closed systems.

As an example, the development of the pet-
rol market of the Australian city will be ana-
lyzed in the following, If the initial state vec-
tor Xq Is the vector of equal market shares:

Xo = Vaox+ Va0, + Va0,
= 33.33 % oy + 33.33 % oy + 33.33 % o,

At the beginning every petrol station will have
a third of all customers.
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Petrol Market Shares after One Period

After the first month has passed the initial
state vector xq of equal market shares will
have transformed into the state vector Xi:

X1 =T Xg
T Xg =X 0.3333
0.3333
0.3333
0.70 0.10 0.20 0.3333
0.20 0.80 0.20 0.4000
0.10 0.10 0.60 0.2667

The market shares one month later thus are
X; = 33.33 % oy + 40.00 % oy + 26.67 % o,

Obviously customers of petrol station C have
been most unhappy with service or petrol
prices and changed with a higher rate to other
petrol stations.
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Petrol Market Shares after
Two Periods

After two months the initial state vector x, of
equal market shares will have transformed
Into the state vector Xs:

x2:Tx1:T(Txo):T2xO

T X1 =X, 0.3333
0.4000
0.2667
0.70 0.10 0.20 0.3267
0.20 0.80 0.20 0.4400
0.10 0.10 0.60 0.2333

The market shares two months later thus are
X, = 32.67 % o4 + 44.00 % o, + 23.33 % o,

Obviously customers of petrol station B have
been satisfied with service and petrol prices
to a greater extent compared with customers
of other petrol stations.
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Petrol Market Shares after
Three Periods

After three months the initial state vector Xg
of equal market shares will have transformed
Into the state vector Xa:

x3:Tx2:T(T2x0):T3x0

T X, = X3 0.3267
0.4400
0.2333
0.70 0.10 0.20 0.3193
0.20 0.80 0.20 0.4640
0.10 0.10 0.60 0.2167

The market shares three months later are

X3 = 31.93 % oy + 46.40 % oy + 21.67 % o,
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Petrol Market Shares after
Four Periods

After four months the initial state vector x, of
equal market shares will have transformed
Into the state vector X :

x4:Tx3:T(T3x0):T4x0

T X3 =X%4 0.3193
0.4640
0.2167
0.70 0.10 0.20 0.3133
0.20 0.80 0.20 0.4784
0.10 0.10 0.60 0.2083

The market shares four months later now are

X, = 31.33% oy + 47.84 % o, + 20.83 % o,
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Petrol Market Shares after
Five Periods

After five months the initial state vector xg of
equal market shares will have transformed
Into the state vector Xs:

x5:Tx4:T(T4x0):T5x0

T X4 = Xg 0.3133
0.4784
0.2083
0.70 0.10 0.20 0.3088
0.20 0.80 0.20 0.4870
0.10 0.10 0.60 0.2042

The market shares five months later are

X5 = 30.88 % oy + 48.70 % oy + 20.42 % o,
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Petrol Market Shares after
Six Periods

After six months the initial state vector xg of
equal market shares will have transformed
Into the state vector Xg:

x6:Tx5:T(T5x0):T6x0

T X5 = Xg 0.3088
0.4870
0.2042
0.70 0.10 0.20 0.3057
0.20 0.80 0.20 0.4922
0.10 0.10 0.60 0.2021

The market shares six months later are

Xg = 30.57 % oy + 49.22 % oy + 20.21 % o,
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Petrol Market Shares after
Seven Periods

After seven months the initial state vector Xg
of equal market shares will have transformed
Into the state vector X-:

x7:Tx6:T(T6x0):T7x0

T Xg = Xy 0.3057
0.4922
0.2021
0.70 0.10 0.20 0.3036
0.20 0.80 0.20 0.4953
0.10 0.10 0.60 0.2010

The market shares seven months later are

X7 = 30.36 % oy + 49.53 % oy + 20.10 % o,
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Petrol Market Shares after
Eight Periods

After eight months the initial state vector X,
of equal market shares will have transformed
Into the state vector Xs:

x8:Tx7:T(T7x0):T8x0

T X7 = Xg 0.3036
0.4953
0.2010
0.70 0.10 0.20 0.3022
0.20 0.80 0.20 0.4972
0.10 0.10 0.60 0.2005

The market shares eight months later are

Xg = 30.22 % oy + 49.72 % oy + 20.05 % o,

This indicates, that the state vectors approach
a long-term equilibrium state vector, which is
identical to the state vector of unchanged mar-
ket shares (i.e. to the eigenvector).
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Long-Term Development of
Closed Markets

The development of petrol market shares

Xo = 33.33 % oy + 33.33 % oy + 33.33% o,
X; = 33.33 % oy + 40.00 % oy + 26.67 % o,
X, = 32.67 % oy + 44.00 % oy + 23.33 % o,
X3 = 31.93 % o, + 46.40 % oy + 21.67 % o,
X4 = 31.33% oy +47.84 % oy + 20.83 % o,
X5 = 30.88 % oy + 48.70 % oy + 20.42 % o,
Xg = 30.57 % oy + 49.22 % oy + 20.21 % o,
X7 = 30.36 % oy + 49.53 % oy + 20.10 % o,
Xg = 30.22 % oy + 49.72 % oy + 20.05 % o,

I

vV =X, = 30.00 % o + 50.00 % o, + 20.00 % o,

Indicates, that state vectors approach a
long-term equilibrium state vector, which is
identical to the state vector of unchanged
market shares v.

Thus they approach an eigenvector which
corresponds to eigenvalue A, = 1.
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Long-Term Development of
Closed Markets

If the development of a closed market can
be described by a Markov chain, the equi-
librium market shares after a long time will
be identical to the market shares given by
the eigenvector corresponding to the eigen-
value 1.

This can be shown mathematically by
splitting the initial state vector X into com-
ponents pointing into the direction of the
different eigenvectors.

Then state vectors are linear combinations
of eigenvectors, and the long-term develop-
ment of closed markets can be understood
mathematically as the long-term develop-
ment of eigenvalues and eigenvectors.
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Splitting the Initial State Vector into
Eigenvector Components

As an example, the vector of equal market
shares of the petrol station problem can be
written as linear combination of eigenvec-
tors in the following way:

133.33%]
Xo = | 33.33%
133.33% |
30%] [ 1667%] [ 13.33%]
= |50%| + |-16.67%|—| 0%
20%| | 0% | |-1333%|

Or written in Pauli vector notation:

1 1 1
XO—§GX+§Gy+§GZ

(9+5_4j0+(15_5j0+(6+4j6
30 30 30)°*" (30 30)°Y" (30 30)°7
3 1 1 1
EGX+§Gy+gGZ+g(GX—Gy)
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Splitting the Initial State Vector into
Eigenvector Components

With the initial state vector

1 1 1
Xo_§Gx+§Gy+§Gz

and the eigenvectors

3 5 2 1
= — + — + — = —4/38
V=10%T10% T 10% =~ 10V" W1

1 1 1

V’:gﬁx—gcy :g 2V2
o2 .2 NN
V' =715 %7 15 Oz - T15¥° Vs

the Initial state vector can now be written as

Xo=V+V +V’

In general:
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Eigenvalues and Eigenvectors
of Powers of Matrices

To understand the long-term development
of eigenvalues and eigenvectors mathe-
matically, eigenvalues and eigenvectors of
powers of matrices are required.

If eigenvalues A and associated eigenvec-
tors v of a matrix T

Tv=AV

are given, every eigenvector v will also be
an eigenvector of any power of matrix T'.

T°v=T(TV)=TAV)=A(TV)=2"V
Tv=T(TVW=TAR V=2 (T =2V
T'v=T(TV) =T’ v) =2 (Tv) =1"v
etc...

In general:

T'v=A"v
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Eigenvalues and Eigenvectors
of Powers of Matrices

And the powers of eigenvalues A" will be
eigenvalues of matrix T'.

In general:

nth power of
matrix T eigenvector

eigenvalue of of matrix T"
matrix T"
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Long-Term Development of
Closed Markets

Now the long-term development of the petrol
market can be evaluated:

Xg=V+V +V’

X, = lim (T" Xo)

= lim (T (v+V +V")

n— oo

= lim (Tnv + TV +T" v’)

n— o

=limOy V+i, V+2As V'
N NN
=1 "1, =0.60 iz =0.50

I
n
- n - n_, : n .,
=lim1 v+Ilim0.60 Vv +1lim0.50 v
n— o n— w n— o
H_J g ~ J g ~ J

1 0 0
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Long-Term Development of
Closed Markets

And the long-term development of closed
markets with n market participants will be

Xg=Ci V; +Co Vo +C3Vg+ ... +C,V,

\

X, = lim (T" X,)

n — o

=lim (T" (Cy Vi + Ca Vo + Ca Vs + ... + Gy V)

n— oo
. n n n
:r!lm(T C,vi+T Cvp, +T C3V;
— © n
+...+T c,Vv,)

= ¢y lim (T vq) + ¢, lim (T"v,) + cg lim (T v5)

n— o n— o
. n
+ ... +C, ,!L”L(T Vy,)
. n . n . n
:Clrl,L”Jo;‘l Vi + C, !Ilmokz V, + Cs !IILHOOK?, Vs
. n
+...+c,limA, Vv,
n— o

=Cy-1:-vi+Cy:0-V,+C3:0-vg+ ... +C,-0-V,
=C1 Vv

f A =1 and A, As ..., A, <1
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Conclusion & Summary

If closed markets can be modelled by Mar-
kov chains, state vectors will be linear com-
binations of eigenvectors.

Components of state vectors parallel to el-
genvectors corresponding to eigenvalues
smaller than one will vanish on the long
term.

On the long term only the component of the
state vector which is parallel to the eigen-
vector corresponding to the eigenvalue 1
will survive.

Thus the equilibrium market shares after a
long time will be identical to market shares
given by the eigenvector corresponding to
the eigenvalue 1.

You will learn more about Markov chains
at the statistics course next semester or
later on at advanced business mathe-
matics courses and advanced courses of
mathematics of economics.
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Finding Eigenvalues and Eigenvec-
tors of Higher-Dimensional Matrices

Solving the characteristic equation for all

values of A IS sometimes difficult or even
Impossible to do by hand:

e The characteristic equation of a 2 x 2 matrix
IS quadratic and can be solved rather easily
by applying the quadratic formula.

e There are strategies to solve the characteris-
tic equations of 3 x 3 or of 4 x 4 matrices,
which are cubic or quartic. But these cubic
and quartic formulas are long-winded and
cumbersome to apply.

e |tis not possible to solve the characteristic
equation of a 5 x 5 matrix (or any higher-di-
mensional matrix) in a general way, as no
solution strategy exists to solve guintic equa-
tions — an astonishing fact, which was proven
by 20 year old Evariste Galois shortly before
his untimely death in 1811.

Therefore only eigenvalues of special higher-
dimensional matrices (like triangular matrices,
see following slides) can be found in a straight-
forward way.
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Eigenvalues of Triangular Matrices

If matrix A Is a triangular matrix, the char-

acteristic matrix (A — A I) will also be a
triangular matrix.

Then the diagonal elements of matrix A
are the eigenvalues of this triangular ma-
trix.

Triangular Matrix Problem

Find eigenvalues and associated eigenvec-
tors of the following matrix A:

12 4 7
|0 3 5 8
A=lo 06 9

0 0 0 10
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Solution of the Triangular Matrix

Problem
Matrix A:
1 2 4 7
A 0 3 5 8
10 0 6 9
0 0 0 10|

Characteristic matrix (A — A 1):

(1-A 2 4 7
O 3-A» 5 8
0 0O 6-A 9
0 0 0O 10-A

A—-LIl=

Characteristic coefficient vectors:
a—Ao;=(1-2)o;
b-Aoc,=20;+(3—-1)0o,
C—Ao3=40,+50,+(6—-1) 0,
d-Ao;,=706,+80,+903+(10-1A) o,
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Solution of the Triangular Matrix
Problem

Characteristic outer product:
¢ Intermediate steps

@—Ao)Ab—-Aoy)
=(1-AN)o1A(2c,+(3—1A)oy)
=(1-2) (@3 -21) o0,

(@—Ao)Ab—-—Aoy) A(C—Aoy)
=(1-2)(3-A)o0,A(4o,+50,+(6—-1) 53)
=(1-2)(B—-21)(6—-A)c,0,03

e Final step

@—Ao)A(b—-Aoy)A(C—Ao3z)A(d—Aoy)
=(1-2)3-1)(6—-1L)c,0,05A
(70,+80,+90;3+ (10— 1) cy)
=(1-2)@EB-A)(6-21)(10-2) 0,060,050,

Characteristic polynomial:

(a—Aoy))A(b—Aoy)A(C—Ao3y)A(d—Ao,) 04030,0;
=(1-2)(3=2)(6-21) (10 -2)
=2 —201° + 127 A.°—288 % + 180
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Solution of the Triangular Matrix
Problem

Characteristic equation:
2P —202° +1272°-288 % +180=0
or 1-2)B-2)6-2)(10-2)=0
Eigenvalues: X =1
Ao =3
A3 =06
Ay =10
Associated eigenvectors:
[ = 01
I, = G, + 06
r3: 2261"‘ 25(52"‘ 1503

,=860,+9906,+8lo;+ 360,

Modern Linear Algebra: Eigenvalues and Eigenvectors (OHP Slides M. HORN) 73



Solution of the Triangular Matrix
Problem

Check of results:

Ari=1n 1 Aro=3r 1
o) 1
0) 0)
o) 0)
1 2 4 7 1 1 2 4 7 3
O 3 5 8 0) O 3 5 8 3
O 0 6 9 0 O 0 6 9 0)
O O O 10 o) O O O 10 0
Arz=6rs3 22 Ar, =101, 86
25 99
15 81
o) 36
1 2 4 7 132 1 2 4 7 860
O 3 5 8 150 O 3 5 8 990
O 0 6 9 90 O 0 6 9 810
O O O 10 0) O O O 10 360
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Solution of the Triangular Matrix
Problem

Normalized eigenvectors:
e Eigenvector corresponding to first eigenvalue A, =1
Vi= 01
e Eigenvector corresponding to second eigenvalue A, =3
V= = (01 + o)
= —7=\(0C o)
2= Jo \O1 2

e Eigenvector corresponding to third eigenvalue A; =06

1
V3-ﬁ(2201+2502+1563)

e Eigenvector corresponding to fourth eigenvalue A, =10

1
V, = m(8601+9902+8163+3604)
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The Mathematical Significance of
Eigenvalues and Eigenvectors

Why have mathematicians invented (or tried
hard to discover) the mathematics of eigen-
values and eigenvectors?

The starting point was matrix algebra: We
want to analyze and understand, how a vec-
tor x changes or transforms and becomes

a new vector y:

X —™>Y

This transformation can (often) be modeled
by a matrix pre-multiplication:

AX =Yy

Therefore we (and other mathematicians)
are interested in the action of matrices on
vectors.

But if we know all of the eigenvalue and ei-
genvector information about a matrix, we
are able to determine its full behavior on
any vector without knowing the matrix.
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The Mathematical Significance of
Eigenvalues and Eigenvectors

That’s the main point:

If all of the eigenvalue and eigenvector
Information about a matrix is known, it
IS possible to determine its full behavior
on any vector.

Whatever can be done mathematically by
a matrix can be done without this matrix by
using its eigenvalues and eigenvectors.

If a mathematician does not like matrices,
he or she simply shifts to eigenvectors and
eigenvalues. He or she can do all matrix cal-
culations without matrices by using the ei-
genvalue and eigenvector information only.

In addition, the mathematical beauty and
strength of eigenvector and eigenvalue cal-
culations is convincing: Many calculations
are less complicated if eigenvectors and ei-
genvalues are applied.
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Matrix Multiplications Without Matrices

As every vector x can be split into eigenvec-
tor components

the action Ax =y of matrix A on vector X

can be rewritten. The resulting vector y will
be

y=AX
=A(cyvy+C,V,+C3Vvy+ ... +C,V,)
:C17L1V1+C2}L2V2+C37L3V3+...+Cn7\,nVn

Thus the new vector y can be stated as a
linear combination of the eigenvectors, pro-
vided eigenvalues 2;, eigenvectors v; and
the coefficients c; of the original vector x are
known.
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Finding the Eigenvector Coefficients
of a Vector

If eigenvalues and eigenvectors are known,
the only remaining problem should be to
find the scalar coefficients c; of vector X.

This can be done by solving the system of
n linear equations

for these scalar coefficients.
As discussed in part Il and Il of this Geo-
metric Algebra crash course (see repetition

slides # 7 and # 8), this can be done by
comparing the relevant outer products.
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Finding the Eigenvector Coefficients
of a Two-dimensional Vector

The scalar coefficients of a two-dimensional
vector

are generated by the following wedge pro-
duct multiplications

Cl V]_/\Vz + C2 V2/\V2 :X/\V2
5
0
-1

= Ci=(ViAVy) " (XAV,)
and

Cl Vl/\Vl'I' C2 VlAVZ :Vl/\X

N

0
— Cr = (V1A Vz)_l (Vi AX)
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Finding the Eigenvector Coefficients
of a Three-dimensional Vector

The scalar coefficients of a three-dimensio-
nal vector

are generated by the following wedge pro-
duct multiplications 0

Cl Vl/\Vz/\Vg + Cz V2/\V2/\V3 + C3KV3/\V2/\V;

0 :X/\Vz/\V3

-1
— C]_ — (Vl/\Vz/\Vg) (X/\Vz/\Vg)

and 0
K—H
C;V{AV{AV3+Cy Vi AV,AV3+ C3V{AV3AV,

0 :Vl/\X/\V3

-1
= C, = (ViAV,AV3) " (VIAXAV3)

and 0
—
Cl V1/\V2/\V1 + C2 VlAVZAVZ + C3 Vl/\Vz/\Vg

Y

0 :Vl/\Vz/\X

-1
= C3=(ViAV,AV3) (VI AV, AX)
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Finding the Eigenvector Coefficients
of a Four-dimensional Vector

The scalar coefficients of a four-dimensional
vector

are generated by the following wedge pro-
duct multiplications

C1V1AVL,AV3 AV,
+ Cy Vo AVo AV3 AV,
+ C3V3AV,AV3AVy
T+ C4V4AVoAV3AV,L = XAV AV3A VY,

= €= (le\vzx\vg/\vél)_1 (X AVy AV3AV,)
and in a similar way
-1
Co, = (ViAVLAV3AV,) " (VIAXAV3AV,)
C; = (le\vzx\vg,/\vél)_1 (Vi AV AXAV,)

-1
Ca=(ViAVL,AV3AV,) " (VLAV,AV3AX)

And eigenvector coefficients of higher-dimensional
vectors are constructed analogously.
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Product Engineering Problem |l

A firm manufactures two different types of final
products P, and P,. To produce these products
two different raw materials R; and R, are re-
quired.

The eigenvalues und normalized eigenvectors
of the demand matrix, which shows the demand
of raw materials to produce one unit of the final
products, are:

7 2
A =10 VI:EGX_EGy
1 1

7\‘2:100 szﬁﬁx‘kﬁﬁy

The day after Halloween 50 units of the first
final product P, and 90 units of the second final
product were manufactured.

Find the quantities of raw materials R; and R,
which had been required in the production pro-
cess. Please use only the eigenvalue and eigen-
vector information to find the result.

Check your result by comparing it with the result
of a matrix multiplication (see demand matrix of
the Halloween product engineering problem).
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Solution of Product Engineering
Problem Il

Production vector, which shows the guantities of
final products:

P =500, + 900G,

Outer products:

1 9
Vi AVy = (7ox— 20y) A(oyx + 0y) = — OOy
V532 J106

1
PAvV, = N (500, + 906,) A(ox + 0y) =— 20-4/2 GOy

1 730
ViAP = J53 (7ox—20y)A(500, + 900,) = J53 Oy

Eigenvector coefficients of production vector:

C1=(ViAVy) (P/\Vz)—_gzof_ 9 3

\/106.730 _ @\E
9 53

C, = (V1A V2)_1 (ViAP) =
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Solution of Product Engineering
Problem Il

Check of intermediate result:
Reformulation of production vector

P=civ,+0C v2
40
— «/7 \/— (7 04—

=5OGX+9OGy

730
20y) + e 2. +0y)

\/* (ox

Final solution:

Demand vector, which shows the quantities of
raw materials required

g=CiA1Vi+CrAV,

4 1
O G510 L (1020

J53
730 1
+ T\/ElOOﬁ (Gx+0y)

= 7800 o, + 8200 o,

— 7800 units of the first raw material R; and
8200 units of the second raw material R,
had been required.
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Solution of Product Engineering
Problem Il

Check of final result:

Comparison with the result of matrix muilti-
plication DP =q

DP=q 50
90

30 70 /7800
20 80 8200

= The result is correct.
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Petrol Station Problem II

There are three petrol stations A, B, and C in a
small city in the middle of the Australian Desert.

The eigenvalues und normalized eigenvectors of
the transition matrix, which shows the changes
of market shares every month, are:

3 5 7
A = 1 ViZ —— G+ —— Oy + ———
1 1~ Jag Ox7 Jag V" 38 2
1 1

7\,220.60 szﬁﬁx_ﬁﬁy

1 1
7L3:O.50 VSZﬁGX_ﬁGZ

In October 2016 the market shares are

Petrol station A: 15 %
Petrol station B: 25 %
Petrol station C: 60 %

Find the market shares in November 2016.
Please use only the eigenvalue and eigenvec-
tor information to find the result.

Check your result by comparing it with the re-
sult of a matrix multiplication (see transition
matrix of first petrol station problem).
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Solution of Petrol Station Problem Il

Vector of market shares in October 2016:

X=0.150,+0.250, + 0.60 o,
Normalized eigenvectors:

1
Vi = E(3GX+ 5C7y+2(52)
1 1
V2= 5 (ox—oy) Vs= 15 (o6x—0y)

Outer products:

1
Vi AV, AV3 = 2 J38 (3 ox0,0, + 50,0,04+ 26,6,0,)

S)
— E GxOyO7

1
XAV, AV3 = —— (150,060,060, + 256,0,0, + 60 6,6,G,)
200 Y Y d

1

- — 0,0,,0
5 OxPyDz

5
ViAXAV3 = m OxOyO;

2
19 d
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Solution of Petrol Station Problem Il

Eigenvector coefficients of vector of market
shares:

C—(V V V)_l(X V V)—@.l—@
L WA AT BATATY T s 2 T 10
_ -1 V38 5 J2
C2 = (V1AV2AV3) (Vi AXAV3) = 5 1J9° 4
-1 x/@ 2 2
CB:(V]_/\Vz/\Vg) (V]_/\Vz/\X):— 5 @ :—g\/i
Check of intermediate result:
Reformulation of vector of market shares In
October 2016
X:C]_V1+C2V2+C3V3
J38
= ’ + +
10 @(36)( 5o+ 20,)
J2 1 2
t A (Gx_Gy)__f \/* (ox—03)

=0.1504+0.25 6, + 0.60 5,
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Solution of Petrol Station Problem Il

Final solution:
Vector of market shares in November 2016

Xnov = C1 A1 V1 +Co Ay Vo +C3 Az V3

V38 . 1
= 10 .1.@(3(5X+5Gy+262)
J2
+ TOGOT (GX_Gy)
2

2-0.50- T (ox—0))

=0.2504 +0.350, + 0.40 5,

— In November 2016 the market shares will
be for

Petrol station A: 25 %
Petrol station B: 35 %
Petrol station C: 40 %
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Solution of Petrol Station Problem Il

Check of final result:

Comparison with the result of matrix muilti-
plication T X =T Xoc = Xnov

T XOct = XNov 0.15

0.25
0.60

0.7/0 0.10 0.20 0.25
0.20 0.80 0.20 0.35
0.10 0.10 0.60 0.40

— The result is correct.
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Triangular Matrix Problem Il

Matrix A has following eigenvalues und asso-
ciated eigenvectors:

M= 1 Vi, = 01

A= 3 Vo, =01+ Oy

A3= 0 V3 =220+ 250, + 1503

hg =10 V,=860;+9906,+8lo3+ 360,
And the following Pauli vector X, is given:

X, =500 64 + 540 6, + 420 653 + 200 o4

Please use the given eigenvalue and eigenvector
iInformation to find the solution of matrix multiplica-
tion

A X5 = X

Check your result by comparing it with the result
of a matrix multiplication with matrix A

12 4 77
0 35 8
A=10 0 6 o
00 0 10

of the first triangular matrix problem.
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Solution of Triangular Matrix Problem Il

Outer products:

V1 AV2oAV3 AV = 540 61620304
Xo AV2 AV3AVs = 14160 610,0304
ViAX>AVzAVs = 21600 610,0304
ViAV2AX> AV4 =— 1080 61000304

ViAV2AV3A X, = 3000 010,0304

Eigenvector coefficients of original vector X,:

-1
Ci1 = (ViAV2AV3AV,) ~ (Xo AVo AV3 A V)
236

1
= %40 14160 = N

-1
C2:(V1/\V2/\V3/\V4) (Vl/\Xz/\Vg/\V4)

1
=Z20 21600 =40

-1
C3=(ViAV2AV3AV,) ~ (VI AVo AXo AVy)
1

= o4g (- 1080) = -

1
C4:(V1/\V2/\V3/\V4) (Vl/\Vz/\Vg/\Xz)

1 50

=Z20 3000 = — 9
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Solution of Triangular Matrix Problem Il

Check of intermediate result:
Reformulation of original vector x,

Xo =C1 V) +CrVy +C3V3

%01+40 (61 + 6,) — 2 (22 61 + 25 G, + 15 53)

+?(8661+9902+8163+36G4)
=500 o1 t+ 540 Oy t 420 O3 + 200 Oy

Final solution: New vector x5

X3 =CyAgV{+CoAyrVo+CyAzVy+CyuAgVy
236
——-10,+40-3 (0 + o))

9
—2:6(226,+ 250, + 1503)

+59—O 10(8601"‘9902"‘8163"‘3604)

= 4660 6, + 53206, + 4320 63 + 2000 o4

— Result in conventi- (4660
onal column vector 5320
notation: X3 = | 4320

12000 |
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Solution of Triangular Matrix Problem Il

Original vector in con- 500
ventional column vec- 540
tor notation: X2 =1 420

1200 |

Check of result:

A X, = Xs 500
540
420
200
1 2 4 7 4660
O 3 5 8 5320
0) O © 9 4320
O O 0 10 2000

— The result is correct.
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Solving Linear Equations

An important objective of this short Geo-
metric Algebra crash course is to discuss
different strategies of solving systems of
linear equations.

If all eigenvalues and eigenvectors of a
system of linear equations are known, the
solution of it can be found in a simple way:

given matrix
AX=y

e

unknown vector X

vector y given as linear com-
bination of eigenvectors:

=Ci Vi +CoVo+CqVy+...+C,V
1Vl 2 V2 3 V3 nVvn

\4
The unknown vector x can now be
written in a straight-forward way as:

Cl CZ CS Cn
X=mVy+ o= Vy+o = Vgt o
2

A A, A, U

n
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Product Engineering Problem Il

A firm manufactures two different types of final
products P, and P,. To produce these products
two different raw materials R; and R, are re-
quired.

The eigenvalues und associated eigenvectors
of the demand matrix, which shows the demand
of raw materials to produce one unit of the final
products, are:

A= 10 Vi =70y— 20y
7\2: 100 V2:GX+Gy

The day after Halloween the demand of raw
materials is given by the following linear combi-
nation of eigenvectors:

g =150v, + 6000 v,

Find the quantities of raw materials R; and R;
which had been consumed at the day after Hallo-
ween. And find the quantities of final products P,
and P, which had been produced at this day.

Please use only the eigenvalue and eigenvector
Information to find the result (and and compare it
with the result of a standard matrix multiplication).
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Solution of Product Engineering
Problem Il

Finding the quantities of raw materials R;
and R, which had been required:

g =150v, + 6000 v,
=150 (7 ox— 2 6y) + 6000 (o4 + Gy)
= 70500, + 5700 o,

= 7050 units of the first raw material R; and
5700 units of the second raw material R»
had been consumed in the production pro-
Cess.
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Solution of Product Engineering

Problem Il
C
c,= 150 A= 10 = 71:15
1
C
c, = 6000 A,=100 = k—2:60

2

Production vector at the day after Halloween:
_ G €2

P= ., vy + , Vs
=15(70x—20) + 60 (o + G)

= 16504+ 300y
= 165 units of the first final product P, and

30 units of the second final product P, had
been produced.

Check of final result; DP

q 165
30

30 70 7050
20 80 5700

— The result is correct.
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Petrol Station Problem Il

There are three petrol stations A, B, and C in a
small city in the middle of the Australian Desert.

The eigenvalues und associated eigenvectors of
the transition matrix, which shows the changes
of market shares every month, are:

M=1 vi=30x*+50y+ 20,

Ao, = 0.60 V, = Gy — Oy

Az = 0.50 V3 = 0y — O,
In the fourth month after an advertising cam-
paign of petrol station A the market shares are

given by the following linear combination of ei-
genvectors:

x, = 0.1000 v; + 0.0648 v, + 0.0125 v,

Find the market shares ...In the fourth month
... In the third month
... In the second month
.. In the month directly

after the advertising campaign of petrol station A.

Please use only the eigenvalue and eigenvector
Information to find the results (and compare them
with the results of standard matrix multiplications).
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Solution of Petrol Station Problem I

Given market share vector four months after
the advertising campaign of petrol station A:

Xq = 0.1000 Vi + 0.0648 VvV, + 0.0125 V3

=0.1000 (3o, + 50y *+ 20,)
+ 0.0648 (o, — 5,) + 0.0125 (o4 — o)

= (0.3000 + 0.0648 + 0.0125) o,
+(0.5000 — 0.0648) 5,
+(0.2000 — 0.0125) o,

= 0.3773 6, + 0.4352 6, + 0.1875 5,

— The market shares in the fourth month after
the advertising campaign of petrol station A
are

Petrol station A: 37.73 %
Petrol station B: 43.52 %
Petrol station C: 18.75 %
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Solution of Petrol Station Problem I

C
c, = 0.1000 A =1 = f = 0.1000
1
C
c, = 0.0648 »=060 = x—z = (0.1080
2
C
c; = 0.0125 =050 = f = 0.0250

w

Market share vector three months after the
advertising campaign of petrol station A:

Cl C2 C3
— Vi + =V, + —
7\‘1 Vl 7\‘2 V2 7\‘3

=0.1000 (3o + 50y +20,)
+ 0.1080 (o, — 5,) + 0.0250 (o4 — o)

= (0.3000 + 0.1080 + 0.0250) o
+ (0.5000 — 0.1080) o,
+ (0.2000 — 0.0250) o,

= 0.4330 6, + 0.3920 6, + 0.1750 5,

X3 = V3

= The market shares in the third month after the
advertising campaign of petrol station A are

Petrol station A: 43.30 %
Petrol station B: 39.20 %
Petrol station C: 17.50 %
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Solution of Petrol Station Problem I

C

¢, = 0.1000 A =1 = rt = 0.1000
1
C

c, = 0.0648 A =060 = 72 = 0.1800
2
C3

c;=00125 ;=050 = —%=0.0500

Market share vector two months after the ad-
vertising campaign of petrol station A:

Cl C2 C3
XZZFV1+FV2+FV3
1 2 3
=0.1000 (3o + 50y +20,)
+ 0.1800 (o, — 5,) + 0.0500 (o4 — o)

= (0.3000 + 0.1800 + 0.0500) o,
+ (0.5000 — 0.1800) o,
+(0.2000 — 0.0500) 5,

= 0.5300 o, + 0.3200 &, + 0.1500 o,

— The market shares in the second month after
the advertising campaign of petrol station A are

Petrol station A: 53.00 %
Petrol station B: 32.00 %
Petrol station C: 15.00 %
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Solution of Petrol Station Problem I

C

¢, = 0.1000 A =1 = ré = 0.1000
1
C

c, = 0.0648 A =060 = 72 = 0.3000
2
C3

c;=00125 ;=050 = —%=0.1000

Market share vector one month after the ad-
vertising campaign of petrol station A:

Cl C2 C3
X1:FV1+FV2+FV3
1 2 3
=0.1000 (3o + 50y +20,)
+ 0.3000 (o — 5y) + 0.1000 (o4 — o)

= (0.3000 + 0.3000 + 0.1000) o,
+ (0.5000 — 0.3000) o,
+(0.2000 — 0.1000) o,

= 0.7000 o4 + 0.2000 &, + 0.1000 o,

— The market shares in the month directly after
the advertising campaign of petrol station A are

Petrol station A: 70.00 %
Petrol station B: 20.00 %
Petrol station C: 10.00 %
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Solution of Petrol Station Problem IlI

Check of results:
Comparison with the result of matrix multiplications

T Xi = Xizq 0.7000
0.2000
0.1000

0.7/0 0.10 0.20 0.5300
0.20 0.80 0.20 0.3200
0.10 0.10 0.60 0.1500

0.70 0.10 0.20 0.4330
0.20 0.80 0.20 0.3920
0.10 0.10 0.60 0.1750

0.70 0.10 0.20 0.3773
0.20 0.80 0.20 0.4352
0.10 0.10 0.60 0.1875

— The results are correct.
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Triangular Matrix Problem Il

Matrix A has following eigenvalues und asso-
ciated eigenvectors:

M= 1 Vi, = 01

A= 3 Vo, =01+ Oy

A3= 0 V3 =220+ 250, + 1503

hg =10 V,=860;+9906,+8lo3+ 360,

The following matrix multiplication
A X{ = Xs

results in vector X,, which was already given in
triangular matrix problem II:

X2:500 Gl+540 (52+420 G3+200 Oy
:%v1+40vz—2v3+%0v4

Use the given eigenvalue and eigenvector infor-
mation to find vector X;.

Check your result by comparing it with the result
of a matrix multiplication with matrix A.
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Solution of Triangular Matrix

Problem Il
clz% M=1 — ;—i:%
c, = 40 b= 3 o ;—z:%o
Ca=-2  M=6 = ;—z:—%
= k=10 = ;—;‘:g

Pauli vector X;:
(see triangular matrix problem II)

_ % G, G Cs
X1 =5 Vit oo Vo= o Vgt o vy
1 2 3 4
236 40

—701"‘?(01"‘02)
1
_5(22614‘25024'15(53)
5
+§(8661+9962+8163+36G4)

:8001+6002+4063+2064
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Solution of Triangular Matrix

Problem Il
Result in conventi- (80 |
onal column vector 60
notation: X1 =1 40
_20_
Check of result:
A X1 =X 80
60
40
20
1 2 4 7 500
0O 3 5 8 540
0O 0O 6 9 420
0O 0O 0 10 200

= The result is correct.

Modern Linear Algebra: Eigenvalues and Eigenvectors (OHP Slides M. HORN) 108



