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e Linear functions, multidimensional linear models,
matrix algebra

e Systems of linear equations including methods
for solving a system of linear equations and
examples in business processes

Most of this will be discussed in the standard language of the rather old-
fashioned linear algebra or matrix algebra which can be found in most
textbooks of business mathematics or mathematical economics.

But in this part we will again adopt a more modern view: The Gaussian
method of solving systems of linear will be interpreted geometrically as
a transformation of coordinates.
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Repetition: Basics of
Geometric Algebra

1+3+3+1=2°=8 different base elements
exist in three-dimensional space.

One base scalar: 1

Three base vectors: Gy, Oy O
Three base bivectors:  oc,0,, 6,0,, 6,04
(sometimes called pseudovectors)

One base trivector: G,0,0,

(sometimes called pseudoscalar)

Base scalar and base vectors square to one:

2
1 =0, =0y, =0, =1

Base bivectors and base trivector square to
minus one:

(0,0,)° = (6,0,)" = (6,5,)" = (6,0,0,) =1
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Anti-Commutativity

The order of vectors is important. It encodes
Information about the orientation of the re-
sulting area elements.

right-nanded orientation
G,0y | Oy O (anticlockwise orientation)

positive orientation in a right-

> handed coordinate system

GX

GX

A >
left-handed orientation
Gy| ©,0x (clockwise orientation)
negative orientation in a right-

handed coordinate system

Base vectors anticommute. Thus the product
of two base vectors follows Pauli algebra:

OOy = — GOy
6,06, = — 0,0y
G,0y4 — — 0,0,
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Scalars

Scalars are geometric entities without direction.
They can be expressed as a multiple of the base
scalar:

k=k1

Vectors

Vectors are oriented line segments. They can be
expressed as linear combinations of the base
vectors:

r=Xoyt+yo,t+20,

Bivectors

Bivectors are oriented area elements. They can
be expressed as linear combinations of the base
bivectors:

A = Ay o,o, + Ay; 6,0, + Az 5,0,

y

Trivectors

Trivectors are oriented volume elements. They can
be expressed as a multiple of the base trivector:

V = V,y; 6,0,0,

y
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Geometric Multiplication of Vectors

The product of two vectors consists of a scalar
term and a bivector term. They are called inner
product (dot product) and outer product (exterior
product or wedge product).

ab=aeb+anab

The inner product of two vectors is a commuta-
tive product as a reversion of the order of two
vectors does not change it:

1
aob:b-a:E(ab+ba)

The outer product of two vectors is an anti-com-
mutative product as a reversion of the order of
two vectors changes the sign of the outer pro-
duct:

a/\b:—b/\a:E(ab—ba)
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Systems of Two Linear Equations

a, Xx+b,y=d,
= ax+tby=d
a, x+b,y=d,

Old column vector picture:

wlal oeb) el

Modern Geometric Algebra picture:

(alox-l_azcy)x-l'(blgx-l_bZGy)y: d1Gx+dZGy

Solutions:

1

——(dab)=(anb)" (dAb)

X =

y= (and)=(@aAb) " (and)
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Systems of Three Linear Equations

a, Xx+b,y+c,z=d;

a,xX+b,y+c,z=d, = ax+by+cz=d
a; X+byy+cyz=d;

Old column vector picture:

a, b, C, d, |
a=|a, b=|b, c=|¢C, d=|d,
_a3_ _b3_ _C3_ _d3_

Modern Geometric Algebra picture:

(al Ox + aZGy + a3 c72) X+ (bl Oy t b2 Gy + b3 Gz) y

+(C, 00+ Cy,0,+C30,)Z2=d;0,+d,0,+d;0,
Solutions: x =(@abac) (dAbac)
y=(@abac) (@andac)
z=(aAbac) (@arbad)
This is the end of the repetition. More about

the basics of Geometric Algebra can be found
In the slides of former lessons (see part |, II, & 111).
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Searching for a Graphical Represen-
tation of the Gaussian Method

Let’s start with an example of a rather simple
system of two linear equations:
A4x+2y =14
X+4y =14
There are several different strategies to

solve this system of two linear equations
using the method of Gauss.

First strategy: Second strategy:
X Yy d X Y d
4 2 | 14 4 2 | 14
4 | 14 1 4 | 14
1 0
0 1
0 | ? 1 0| ?
0 1 | ? 0o 1| ?

= The left-hand side of the augmented matrix
IS transformed into an identity matrix.
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Third strategy: Fourth strategy:

X Yy d X Yy d

4 2 14 4 2 14

1 4 14 1 4 14

0 1

1 0

0 1 ? 0 1 ?
0 ? 1 O ?

= The left-hand side of the augmented matrix
IS transformed into a permutation matrix,
which exchanges the x- and y-coordinates.

This is an example of the most simple per-
mutation symmetry, called S, permutation

symmetry, as it exchanges only two different
entities.

To find out what happens when the Gaussian

method is applied, we are looking for diagrams
(and equations) which represent these four dif-
ferent strategies graphically (and algebraically).
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Searching for a Graphical Represen-
tation of the Gaussian Method

In modern linear algebra we transfer all
vectors of the system of linear equations

A4x+2y =14
X+4y =14

Into Pauli vectors:

4
a:{} — a=4o0,+0,

1
2

b = 4} — b=2c,+40,
14

d:_14 —_— d=140,+ 140,

They can now be represented in a diagram
(see following slide).
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Diagram of the Starting Point

y

A
14

d
4 ................................
1 k
> X
2 4 14

The algebraic starting point is:

a X + b y = d

N A

(4o, +toy)x+(20,+40,)y=140,+ 140,
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Geometric Analysis of the Starting Point

Algebraic starting point: ax+by=d

y
A
14 /
d
P [ — /
b
4
e—a > X
2 4 14

Problem: How long are the two sides ax
and by of the parallelogram
compared to the lengths of the
coefficient vectors a and b?
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Geometric Analysis of the Starting Point

Algebraic starting point: ax+by=d

y

A
14 /

d
4 ................................ /
b
V4
2 4 14

Problem: How long are the two sides ax
and by of the parallelogram?

Solution idea: Coefficient vectors a and
b will become unit vectors of a
new coordinate system.
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Solution Strategy

Algebraic starting point: ax+by=d

Problem: How long are the two sides ax and
by of the parallelogram compared to the
lengths of the coefficient vectors a and b?

If we measure the lengths of both sides ax
and by of the parallelogram and compare
them with the lengths of the coefficient vec-
tors a and b, the unknown variables x and y
will be:

length of side of parallelogram

unknown variable = : —
length of corresponding coefficient vector

_ ax _ b y Yes, we are allowed to divide by
— X = y — b vectors in Geometric Algebra!

a

As the division by vectors is a conceptual
problem in standard vector algebra, Gauss
decided for another idea:

Solution idea: The axes of the coordinate
system will be transformed. Coefficient
vectors a and b will become unit vec-
tors of the new coordinate system.
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Intermediate Step (first strategy)

Change of x-coordinates:

€4GX+Gy2X+(26X+4Gy)y:14GX+14Gy

eX:4(5X+5y \/]_Y 1

— GX:ZeX——G

y
A

14 3

New Gaussian Pauli vector equation:

1,47 AP
exXt|56+50)Y=56,+50

2 y
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Augmented Matrix of the Inter-
mediate Step (first strategy)

The coefficients of this new Gaussian Pauli
vector equation

le,+0 (e +? =l 42
(1 e+ 0oy X 2 & zcyy‘zex 2\5y

arethe elements of the mtermedlate step
of the augmented matrlx ', ;

X 'y d
4 2 | 14
1 4 |14
LT L
1 51 2
7 21 -
O 2|2
0 ?
0 1 ?

In some cases it is helpful to split this inter-

mediate step into sub-steps to understand
the strategy of Gauss.
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Augmented Matrix of the Inter-
mediate Step (first strategy)

X y d
4 2 14 Multiply row one by %.
1 4 14
1 7
1L 51 2
1 4 14 Subtract row one from row two.
1 7
1L 51 2
7 21
0 2 |13
1 O ?
0O 1 ?

As intended, coefficient vector a now represents
a unit vector which lies parallel to the new x-co-
ordinate axis:

e, =a
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Allowed Row Operations
to Transform Augmented Matrices

X 'y d
4 2 14 Multiply row one by %.
1 4 | 14
1 7
L 2|2
1 4 14 Subtract row one from row two.
15 |3 |
0o I | & The following row oper-
i ations are allowed to
1 0 |7 transform the augmen-
0o 1 | ? ted matrices of Gauss:

e Any row of the augmented matrix can be multi-
plied by or divided by a constant
(provided the constant does not equal zero).

e Any multiple of a row can be added to or sub-
tracted from any other row.

e Any two rows of the augmented matrix can
be interchanged.
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Final Step (first strategy)

Change of y-coordinates:

1 7 _ 7 21
e, X+ 5 & +2csy y=5€6+t5 0O

Final Gaussian Pauli vector equation:

e,xtey=2e +3e,
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Augmented Matrix of the Final Step

(first strategy)

The coefficients of the final Gaussian Pauli

vector equation

(1e, +Oe)x+(Oe +1ey)y:2e +3e

are the elements of. the flnal step of the aug

mented matrix:

X 'y d
4 2 | 14
1 4 | 14
1 7
151 2.
7 21
0 2 |2
0% |2
Py
0 1

= Solution values:

-
-
-
-
-
-
3 ]

\
\
|
|
|

]

X =2
y=3

In some cases it is helpful to split steps into
sub-steps to understand the strategy of Gauss.
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Augmented Matrix of the Final Step

(first strategy)
X y d
4 2 14 Multiply row one by %.
1 4 14
1 7
L 3| 2
1 4 14 Subtract row one from row two.
1 7
L 3| 2
7 21 : 2
0 > > Multiply row two by -
1 7 1
1 3 > Subtract 2 (row two) from row one.
0 1 3
0 = =
0) 3 y=3

As intended, coefficient vector b now represents
a unit vector which lies parallel to the new y-co-
ordinate axis:
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Check of Result

System of two linear equations:

4x+2y =14
X+4y =14

f
Solution: x=2 j
y=3

Check of result:

4-2+2-3=8+ 6=14
2+4-3=2+12=14

= The result is correct.
The same results can be found by applying

the Gaussian method in a different order
(see following slides).
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Second strategy

Now the y-coordinates are changed first:

(4(5X+c7y)x+(gcsx+4cs¥)y:14(5X+140y

YT

— 1 1 e, =20c,+40
== c, + 2 e, T y X y
y
A
14
R B4
% ............. | b
M |
—a > X
/ 2 4 14

New Gaussian Pauli vector equation:

>0t 6 X+e y=7c,+5e,
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Final Step (second strategy)

The x-coordinates are changed in the final step:

7 1 7
Ssot e xte y=r7o,t5e

2 4 "y 2
71 N\

Final Gaussian Pauli vector equation:

e,xtey=2e +3e,
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Augmented Matrices (second strategy)

The coefficients of the Pauli vector equations

(4o, +to)X+(20,+40,)y=1d40,+ 140,
g G, + %eij+ (Oo,+1le)y = 7csx+%ey
(le,+0e)x+(0e,+1le)y=2¢e,+3¢€,

are the elements of the augmented matrices:

X Y d

4 2 14 Subtract %(row two) from row one.
1 4 14 Multiply row two by %.

% 0 7 Multiply row one by %

1 ! Subtract i(row one) from row two.
4 2 14

1 0 2 = X=2

0 1 3 y=3

An extended version with more sub-steps can be
found at the following slide.
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Extended Version of Augmented
Matrices (second strategy)

X Yy d

4 2 14

1 4 14 Multiply row two by %.

4 2 14 Subtract 2 times row two from row one.
1 7

s L2

7 . 2

5 0 7 Multiply row one by -

1 7

s 1] 2

1 O 2

1 7 1

2 1 5 Subtract Z(row one) from row two.
1 O 2 = X=2

0 1 3 y=3

Of course the result is identical to the result of
the first strategy.
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Third Strategy

Now coefficient vector a will be chosen as
unit vector which points into the direction of
the new y-axis:

(flGX+GyJ)X+(26X+4Gy)y:14GX+/147(5y

Y

e,=4o,+to, = o,=—-4o,te,

> <

/ Ynew

> X

14

New Gaussian Pauli vector equation:
e, X+ (-14o,+4e)y=—-42c,+14e,
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Complete Diagram of Intermediate Step (third strategy)

After scaling the coordinate axes down, the complete diagram of
the new equation e, x+(-14c,+4e)y=—-42c,+14e, can be
shown.

ynew

> X
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Final Step (third strategy)

And the new x-axis will point into the direction
of coefficient vector b:

eyx+(t14c§+4e¥)y:—42csx+ 14 e,

e, =—140,+4e
X X ) 1 2

— GX:—EeX'F?ey

Xnew

Final Gaussian Pauli vector equation:

.
e, xtey=3et+2e,

Modern Linear Algebra: Gaussian Method (OHP Slides M. HORN) 29



Augmented Matrices (third strategy)
The coefficients of the Pauli vector equations
(4o, +to) X+ (2o, +40)y= ldo,+1do,
(Oocy+1le)x+(-1do,+4e)y=—420c,+14 €,
(Oe,+1e)x+(le,+0e)y= 3e+ 2¢€,

are the elements of the augmented matrices:

X Y d

4 2 14 Subtract 4 times row two from row one.
1 4 14

0 -14 | -42 Divide row one by (—14).

1 4 14 Add %(row one) to row two.

0 3 = y=3

1 0 2 X =2

An extended version with more sub-steps can be
found at the following slide.
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Extended Version of Augmented
Matrices (third strategy)

X Yy d

4 2 14 Subtract 4 times row two from row one.
1 14

0 -14 | -42 Divide row one by (—14).

1 4 14

0 1 3

1 4 14 Subtract 4 times row one from row two.
0O 1 3 = y=3

1 O X=2

Again the result is identical to the results of
previous strategies.
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Fourth Strategy

Now coefficient vector b i1s chosen as unit
vector which points into the direction of the
new X-axis:

— . N
(4GX+Gy)X+(gGX+4G¥)y: 146, + 146,
GX:%EX—ZGy < e,=20,%t40,

Xnew

> —-1l4 .,

> X

New Gaussian Pauli vector equation:
(2e,—7c)x+ey=7e,—140,
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Final Step (fourth strategy)

And the new y-axis will point into the direction
of coefficient vector a:

(\Ze)(\—(7cr¥)x+exy:7ex—14csy

e,=2¢e,—/70, /2 .

y — Gy:7ex—_e

Xnew
A

14

ynew

Final Gaussian Pauli vector equation:

e, xtey=3et+2e,
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Augmented Matrices (fourth strategy)

The coefficients of the Pauli vector equations

(4o, + o)X+ (20,+40,)y =1l46,+140,

(2e,—70)x+(le,+00)y = 76— 14dc,
Oe,+1le)x+(le,+0e)y = 3e+ 2e,

are the elements of the augmented matrices:

X Y d
4 2 14 Divide row one by 2.
1 4 14 Subtract 2 times row one from row two.
2 1 7 Add %(row two) to row one.
-7 0 |-14 Divide row two by (—7).
0O 1 3 = y=3
1 0 2 X=2

An extended version with more sub-steps can be
found at the following slide.
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Extended Version of Augmented
Matrices (fourth strategy)

X Yy d
4 2 14 Divide row one by 2.
1 4 14
2 1 7
1 4 14 Subtract 4 times row one from row two.
2 1 7
-7 0 |-14 Divide row two by (—7).
2 1 7 Subtract 2 times row two from row one.
1 0 2
0O 1 3 = =3
1 0 2 =2

Again the result is identical to the results of
previous strategies.
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Inverse Matrices

As already discussed in previous lessons
the solution of a system of linear equations
can also be found with the help of the In-
verse matrix.

4x+2y =14 . 4 21| x| |14
X+4y=14 1 4||ly| (14

H_J
A

Repetition: Definition of Inverse Matrices

Inverse matrices A~ satisfy the relationship
ATA=AA =

The product of a matrix A and its inverse A~
equals the identity matrix |.

As already discussed this relationship can be
used to solve systems of linear equations.
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Repetition: Inverse Matrices

As already discussed in previous lessons
the solution of a system of linear equations
can also be found with the help of the In-
verse matrix.

4x+2y =14 . 4 2 x_14
X+4y =14 1 4|ly| |14

H_J
A
Multiplying A" from the left will result in:
X | (14 ]
ATA| T |= AT
Y 14
X | A_1_14_
:> =
Y. 14

solution vector of the
system of linear equations

The Gaussian method can be used to find
the inverse of a matrix.
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Finding Inverse Matrices
with the Gaussian Method

If matrix A is a (n x n)-matrix, the definition

of an inverse matrix A A~ = | can be split
Into n different systems of n different linear

equations.

Thus in our (2 x 2)-matrix example, we are
able to split the defining equation

X1 X
Yi Yo
4 2 1 O
1 4 0O 1

Into the following two systems of two linear
equations:

X1 Xy
Y1 Yo
1 4 2

1 4 0 1 4 1
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Finding Inverse Matrices
with the Gaussian Method

First (blue) system Second (green) system

of linear equations: of linear equations:
4x+2y=1 4x+2y=0
X+4y =0 X+4y=1

These two systems of two linear equations
can be written as Pauli vector equations.

First (blue) system of linear equations:

(4o, +o)x+(20,+40,)Y = o,

Second (green) system of linear equations:

(4o, +o) X+ (20,+40)Y = o,
All row operations which will be carried out
In the first (blue) system of linear equations
are identical to the row operations which will
be carried out in the second (green) system
of linear equations.
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Condensed Way of Writing
Both Systems of Linear Equations

As all row operations which will be carried
out in the first (blue) system of linear equa-
tions are identical to the row operations
which will be carried out in the second
(green) system of linear equations, we are
able to write both equations

(4o, +o )X+ (20, +40,)Y = oy
or (4o,+to)xX+(20,+40)y = c
In a condensed way in one line only:

(4o, +to)x+(2o,+40)y =0o,F O

or y

Of course, o, # o,.

These are still two different equations.

These two equations can
again be visualized in a
diagram (see following slide).
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Diagram of the Starting Point

> X

The algebraic starting point is:

a X + b Yy = o, T O,
N or

A

(4o, +o) X+ (20,+40)y = GXTGy
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Transformation of Coordinates
(first strategy)

Change of x-coordinates:

(\4(5x+<5¥)x+(2(5x+4c7y)y=<5x?0y

o 1 1
e,=4o,+to, = Ox= 4 €~ Oy
l 1 7 1 "1
1ex X+(§ex+50yjy—zex—zﬁy10y
Change of y-coordinates:
1 + 1 _|_Z —1 _1 —
e, X zex ZGy Y= 4ex 4Gy;|:6y
e =L + ! =_lg +2
ely—zex ZGy = Gy— ? X 7ey
2 112
1e, X + le, y—;ex—ﬂey—g—7ex+ - €y

42
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Transformation of Coordinates
(second strategy)

Change of y-coordinates:

(4(5x+<5y)x+(\2(5x+4c7¥)y=<5xjcy

Y

_ _ 1 1
e,=20,t40, => o,= 50xt €y
7 1 l I | 1 )
(EGX'FZeij‘F 1ey y—GXjO:—EGX‘FZey/
Change of x-coordinates:
7 1 I | 1
(EGX-FZer-I_ ley y—GXI—EGX‘FZey
e T4t _2,_ 1
TX—ZGX 28 = GX—ZeX 14ex
2 1 2
1e, X + le, y-;ex—ﬂey-oc—7ex+7ey
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Diagram of the Final Situation
(first & second strategy)

ynew

XI’IEW

The final algebraic equation equals:

2 1 1 2
eextey=-e—-——eF-S€+-e
X VYT 7S T ST 77T TS

Modern Linear Algebra: Gaussian Method (OHP Slides M. HORN) 44



Augmented Matrices (first strategy)

The coefficients of the Pauli vector equations

(4GX+Gy)X+(26X+4Gy)y:GX;T:Gy

1 7
1le, x+féex+

le, X+ le,

_1 1 _
Eﬁyj Y= Zex—z Oy T O
2
7

y:

are the elements of the augmented matrices:

X Yy e, €
4 2 1 O
1 4 0
1 1
7 1
0 5 |5 1
2 1
L9173
1 2
S AV

Multiply row one by %.

Subtract %(row one) from row two.

1
Subtract 7(row two) from row one.

Multiply row two by %

1[4 -2
T 14|-1 4

2
-1
:>A=Z

N[NNI

14
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Extended Version of Augmented
Matrices (first strategy)

X Yy e; €
4 2 1 0 Multiply row one by %.
1 4 0
1 1
1 5 7 0
1 4 0O 1 Subtract row one from row two.
1 1
1 3 2 0
o I -2 1 Multiply row two by 2
5 y ultiply row two by .
1 1 1
1 > " 0 Subtract E(row two) from row one.
1 2
O 1 1 7
2 1 2 L
101 73 IO A I A
o 1 |-t 2 1 2141 4
14 7 | 14 7.
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Augmented Matrices (second strategy)

The coefficients of the Pauli vector equations

(4GX+Gy)X+(26X+4Gy)y:GX;T:Gy

7 1 _ 1 1
(EGX'FZeij‘F 1ey y—GXgr- EGX‘FZey
2 1 1 2
x+ 1 - -e,——e,T—=-6€+=
1e, e, Y= S6— 1, y T ~7 =y

are the elements of the augmented matrices:

Xy €1 €

4 2 0 Subtract %(row two) from row one.

1 4 0O 1 Multiply row two by %.

% 0 1 —% Multiply row one by %

% 1 0 % Subtract ﬁ(row one) from row two.
2 1 2 1]

SR B | 7 T7|oi[4 2

0 1 |1 2 = AT 1 2|T1alo1 4
14 7 | 14 7]
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Extended Version of Augmented
Matrices (second strategy)

X Yy e €
4 2 1 O
1 4 O 1  Multiply row two by%.
4 2 1 O Subtract 2 times row two from row one.
1 1
s L |0 7
7 .
> 0 1 —% Multiply row one by%.
1 1
s 1|0 7
2 1
Lol
% 1 0 % Subtract%(row one) from row two.
0 2 1 [ 2 1]
77 a7 7|l 4 -2
A S AT M
14 7 - 14 7 |
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Diagram of the Final Situation
(third & forth strategy)

Xnew

ynew

The final algebraic equation equals:

reve_la 42,2, 1

eyX ey = ﬁex 7eyg:7 X 7ey
But the interpretation of this equation is not
so easily found.
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Augmented Matrices (third strategy)

The coefficients of the Pauli vector equations
(4o, +o) X+ (20,+40)y=0,FO0,
or

1eyX+(—14GX+4ey)y:GXT—4GX+ey

_ 1 2 2 1
le,x+ le,y __ﬁex+7ey-é_r 26— -8y
are the elements of the augmented matrices:
X Yy €1 €
4 2 1 O  Subtract 4 times row two from row one.
1 4 0
0-14 1 —4 Divide row one by (- 14).
1 4 O 1 Add %(row one) to row two.
_1 2 1 2]
0 1 14 7 -1 _ﬁ 7
1 o0 | 2L T ALELS G
Tt 7 7

Matrix At isn’t the inverse of matrix A yet.
Al # AT

A last step still is missing.
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Augmented Matrices (third strategy)

Compared to the inverse A™, first and second
row of matrix Al are Interchanged. To change
the x-direction into a new y-direction and the
y-direction into a new x-direction at the same
time, matrix A has to be multiplied with the
permutation matrix from the left side:

-1 0 1 _1
REEN

2 1
7 7|14 2
21 2] 14]-1 4
14 7

The complete table of augmented matrices then is:

X Yy €1 €
4 1 0  Subtract 4 times row two from row one.
1 0
0 -14 1 —4 Divide row one by (- 14).
1 4 O 1 Add %(row one) to row two.
0 1 |-= 2

14 7

5 1 Interchange row one and row two.
1 0 - -

77

2 1 - 7

£ _= 2 1
10 77 1 7 7| 1| 4 -2
0 1 |- 2 = AT 1 2|T1a|-1 4

. 14 7]
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Extended Version of Augmented
Matrices (third strategy)

X Yy € €
4 2 1 O Subtract 4 times row two from row one.
1 4 0
0-14 1 —4 Divide row one by (- 14).
4 0O 1
1 2
R R VI
1 4 0O 1 Subtract 4 times row one from row two.
o 1|4 2
> 1 Interchange row one and row two.
1 O - -=
7 7
2 1 2 1]
Y a7 Tp|if 4
Ol_iE:A 12| 14]-1 4
14 7 . 14 7
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Augmented Matrices (fourth strategy)

The coefficients of the Pauli vector equations

(4GX+Gy)X+(26X+4Gy)y:GX;T:Gy

(2e,—70y) X+

1eyx

+

1
le,y ZEGX_ZGVTGV

1 2 2 1
1exy —_ﬁex'k?ey-é—r?ex—?ey

are the elements of the augmented matrices:

Xy € &
4 1 O
1 0
1
2 1 > 0
-7 0 | -2 1
1 2
R R VIR
2 1
Lol 77
2 1
SR I
1 2
R VI

Divide row one by 2.

Subtract 2 times row one from row two.

2
Add 7(row two) to row one.

Divide row two by (- 7).

} Interchange row one and row two.

>
|
NGRS
|
NI NN
[l
H
NI
|
N
|
TN
L 1
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Extended Version of Augmented
Matrices (fourth strategy)

X Y e, €,
4 2 1 0 Divide row one by 2.
1 4 0
1
2 1 5 0
1 4 0O 1 Subtract 4 times row one from row two.

-7 0 | -2 1 Divide row two by (- 7).

1 .
2 1 > O  Subtract 2 times row two from row one.
2 1
Lol 773
0 1|4 2
> 1 Interchange row one and row two.
1 0 - -3
77
2 1 2 1]
S a7 7| L] 42
0o 1 |t 2 TA T 1 2171 g
14 7 . 14 7]

Modern Linear Algebra: Gaussian Method (OHP Slides M. HORN) 54



Result

- . 4 2
Original matrix: A = ! 4}

2
. -1 | 7
Inverse matrix: A =] 4

N[N R
=
n

14

Check of the Inverse Matrix

To check the result, the original matrix A

should be multiplied by the inverse matrix

AT (or the inverse matrix A" should be
multiplied by the original matrix A).

2 1
4 V4
12 42
14 7 1 4
4 2 1 0 2 1
V4 V4 1 0
1 4 0 1 12
14 7 0 1

— The inverse matrix IS correct.
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Solution of the System of Linear
Equations

Now the solution of the system of two
linear equations we took as an example

can be found:

4x+2y =14 4 21X 14
— =
X+4y =14 1 4]y 14
%K_J
A

SRS
I

solution vector of the
system of linear equations

14
14
2 1 .
- 5 2 — solution values:
1 2 X=2
147 | 3 =
y=3
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Interpretation of the Inverse Matrix

Original matrix. A = | °
rigina matrix: = 1 4

The original matrix can be interpreted as a
set of two coefficient vectors:

A
a:L} — a=4o,+o,

2
=[] > beznesn
1[4 -2
_ﬁ{—l 4}

The inverse matrix can be interpreted as a
set of two other coefficient vectors:

C 4/14 A1

o7 —1/14} —> TP

2
. -1_| 7
Inverse matrix: A =] 4

NN

14

—2/14 > 4
o= 4i14| T > YTt LP
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Interpretation of the Inverse Matrix

If we view the Gaussian method as a trans-
formation of coordinates, the original matrix
A Is equal to the set of new frame vectors*

a=e, b=¢e,

The elements of A then are the coefficients
of these new frame vectors* expressed as

linear combinations of the base vectors c,,
o, of the old coordinate system.

And the inverse matrix A" is equal to the
set of old base vectors

O, Oy

The elements of A~ then are the coeffi-
cients of the old base vectors expressed as
linear combinations of the frame vectors* a,
b of the new coordinate system.

*Base vectors usually are supposed to be or-
thonormal. As vectors a=¢e,and b = e are
not orthogonal, they are called frame vectors
of the new coordinate system with oblique
coordinate axes.
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Finding the Lag Matrix

The Gaussian method of finding the In-
verse matrix can be generalized into a
method of finding the lag matrix B of a
matrix product A B =D.

Example Problem

A firm manufactures two different types of final products
P, and P,. To produce these products the following quan-
tities of two different raw materials R; and R, are required:

4 units of R, and 1 unit of R, are required to produce one
unit of the first final product P;.

2 units of R; and 4 units of R, are required to produce one
unit of the second final product P».

In the first quarter 140 units of the first raw material R, and
140 units of the second raw material R, had been used up.

In the second quarter 210 units of the first raw material R,
and 350 units of the second raw material R, had been used
up.

In the third quarter 280 units of the first raw material R; and
70 units of the second raw material R, had been used up.

Find the production matrix which shows how many units of
each final product were produced in the first, second, and
third quarter.
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Example Problem

4 2
Demand matrices A = L 4} and
5 - {140 210 280}

140 350 70| FCYVen
T T T
1st quarter 2nd quarter 3rd quarter
. . Xl XZ X3 .
The production matrix B = { } |
Yi Y2 Y

unknown.

The matrix equation (see scheme of Falk)
X1 X X3
Yi Y2 Y3

4 2 140 210 280
1 4 140 350 70

can now be split into three separate systems
of linear equations:

X1 X2 X3
Y1 Yo Y3
140 4 2 210 4 2 280
140 1 4 350 1 4 70
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Diagram of the Starting Point

We are now looking for a representation of the
three vectors of constants d; = 140, + 140 G,
d, = 2105, + 350 Oy

d3=2800c,+ 700,
as linear combinations of the coefficient vectors
a=4o,+ o,
and b=2o0,+40,

> <

350

140

70

a 140 210 280
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Diagram of the Final Situation

y yneW

A
350

d,
140
70 A | > Xnew
b ds
> X
/
/|2 140 210 280

As the third vector of constants d3=280c,+ 70 o,

IS parallel to coefficient vector a=¢e, =40, + o

y1
we immediately know that y; = 0.
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Transformation of Coordinates (first strategy)

The three systems of linear equations result in the following Pauli vector
equations:

(4o,+o) X+ (2 GX+4c5y)y:14Oc5x+1400y;T—r21OGX+3506y;T—r28OGX+7OGy

Sy
l
e

X

= 0,=0.25¢e,-0.2506, < change of x-coordinates

—4GX+Gy y

x+(05e,+3506)y=35€,+1050,F52.5€,+297/.506,F 70 €,
w g > or or

e,=05e,+350, = o,=-1/7¢,+2/7e, < change ofy-
coordinates

exx+eyy:ZOeX+30ey;T—r10eX+85ey-o—,—r7OeX + Oe,

A S T S

— Results: X;,=20 y;=30 X,=10 y,=85 x;,=70 y,=0

= 20 units of the first final product P, and 30 units of the second final product
P, were produced in the first quarter. 10 units of the first final product P, and
85 units of the second final product P, were produced in the second quarter.
70 units of the first final product P, were produced in the third quarter.
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Transformation of Coordinates (second strategy)

The three systems of linear equations result in the following Pauli vector
equations:

(4GX+Gy)X+(g GX+4G¥)y:14OGX+1400y-0T-r2106X+3506y:)T-r28OGX+7OGy

e,=20,+40, = o,=-050,+0.25e, < change of y-
coordinates
(3.50,+0.25e)x+e,y=700,+35¢,F350,+87.5e,7+24505, +17.5¢,
~ ~ or or

~

e,=3506,+025e, = o,=2/7¢e,-1/14e, < change of y-coordinates

exx+eyy:20ex+30ey;T;10eX+85ey;T—r7Oex + Oe,

N T

— Results: X;,=20 y;=30 x,=10 y,=85 x;=70 y,=0

= 20 units of the first final product P, and 30 units of the second final product
P, were produced in the first quarter. 10 units of the first final product P, and
85 units of the second final product P, were produced in the second quarter.
70 units of the first final product P, were produced in the third quarter.

Modern Linear Algebra: Gaussian Method (OHP Slides M. HORN) 64




Augmented Matrices (first strategy)

The coefficients of the Pauli vector equations
are the elements of the augmented matrices:

X Yy d; d, d;

4 2 140 210 280
1 4 140 350 70
1 05 35 52.5 70
O 35| 105 2975 O
1 O 20 10 70
0O 1 30 85 0

Multiply row one by %.

Subtract %(row one) from row two.

1
Subtract - (row two) from row one.

Multiply row two by %

_ B={20 10 70}

30 85 O

Augmented Matrices (second strategy)

X Yy d; d, d;

4 2 140 210 280

4 140 350 70

35 0 70 35 245
0.25 1 35 875 175

1 O 20 10 70

0O 1 30 85 0

1
Subtract > (row two) from row one.

Multiply row two by %.

2
Multiply row one by - .

1
Subtract 1 (row one) from row two.

N B:{ZO 10 70}

30 85 O
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Augmented Matrices (third strategy)

X Yy d; d, ds

4 2 140 210 280
1 4 140 350 70
0 -14 |—-420-1190 O
1 4 140 350 70
0 30 85 0
1 O 20 10 70
1 O 20 10 70
0 30 85 0

Subtract 4 times row two from row one.

Divide row one by (- 14).

2
Add 7(row one) to row two.
} Interchange row one and row two.

_ B={20 10 70}

30 85 O

Augmented Matrices (fourth strategy)

X Yy d; d, d;
4 2 140 210 280
1 4 140 350 70
2 1 70 105 140
-7 0 |-140 -70 —490
0O 1 30 85 0
0 20 10 70

0 20 10 70

0O 1 30 85 0

Divide row one by 2.

Subtract 2 times row one from row two.

Add %(row two) to row one.

Divide row two by (—7).

} Interchange row one and row two.

B 20 10 70
— =
30 8 O
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Result

A [4 2] _[140 210 280
TA= 4129 D=1140 350 70

are part of matrix equation A B = D, then the
20 10 70}

unknown lag matrix will be B = {30 35 o

Check of Result

20 10 70
30 85 0

4 2 140 210 280
1 4 140 350 70

= The lag matrix is correct.

Finding the Lead Matrix

In the following problem the same values will be
used to show how the lead matrix can be found.
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Finding the Lead Matrix

Now matrix equation A B =D is given and
matrices B and D are known, while matrix
A has to be found.

Example Problem

A firm manufactures two different types of final products P,
and P,. To produce these products two different raw mate-
rials R, and R, are required.

In the first quarter 20 units of the first final product P, and 30
units of the second final product P, were produced.

In the second quarter 10 units of the first final product P; and
85 units of the second final product P, were produced.

In the third quarter 70 units of the first final product P, and no
unit of the second final product P, were produced.

To produce these quantities of final products, the following
guantities of raw materials had been used up:

In the first quarter 140 units of the first raw material R, and
140 units of the second raw material R, had been used up.
In the second quarter 210 units of the first raw material R, and
350 units of the second raw material R, had been used up.
In the third quarter 280 units of the first raw material R; and
70 units of the second raw material R, had been used up.

Find the demand matrix which shows how many units of each
raw material R; and R, are required to produce one unit of
each final product.
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Finding the Lead Matrix

X1 Y1

Now demand matrix A = {
X, Y,

} IS unknown,

20 10 70}

30 8 O
and the matrix which T 1T 1

1st quarter 2nd quarter 3rd quarter

shows the total demand 140 210 280
of raw materials D:Lm 350 70}

are given. N A A

1st quarter 2nd quarter 3rd quarter
The unknown matrix A is the lead matrix of
matrix product

while the production matrix B = {

AB=D

But the solution strategies discussed in pre-
vious slides only show how a lag matrix can
be found. Therefore the unknown lead matrix
should be transformed into a lag matrix by
transposing the matrix product.

B'A'=D'

Transposing a matrix product changes the
of the matrices.
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Transposition of Matrices

Transpose matrices can be found by con-
verting columns of the original matrices into
rows and rows of the original matrices into
columns:

20 30
B = 20 1070 —> B'=|10 85
130 8 0 -
70 0
140 210 280 140 1401
D{mo 350 70} —> D =210 350
1280 70
X X, X
A:{ 1 y1:| AT: 1 2}
X, Yy V.Y,

T 1
Now the subscripts of the elements
are in accordance with the column
vector notation again.
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Finding the Lead Matrix

The transposed matrix equation B'A'=D'
(see scheme of Falk)

X1 X2
Y1 Yo
20 30 140 140

10 85 210 350
/0 O 280 70

can now be split into two separate systems
of three linear equations:

X4 X

Y1 Y2
20 30 140 20 30 140
10 85 210 10 85 350
70 O 280 70 O 70
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Pauli Vectors in Three-dimensional Space

Coefficient vectors and the two vectors of
constants will be transferred again into Pauli
vectors. But this time each system of linear
equations consists of three linear equations.

Therefore the Pauli vectors will have three
components, and three different base vec-

tors oy, o, and o, are required.
20
a=|10 —>» a=200,+100,+ /00,
_70_
20"
b=|{85 =—> b=3006,+850,+00,

d, = |20 ——> d;=1400,+2100,+ 2800,

[

w
o)
o

d2 é d2: 14OGX+3506y+7OGZ
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Diagram of the Starting Point

X

The algebraic starting point is:
a X + b y =d; +d,
A A or

N a I

(206,+1006,+7005,)x+ (3006, +850,) Yy
=140 o, + 210 6, + 280 o,
T 1400, + 350 6, + 70 o,
or
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Diagram of the Solution

140

As we already know the solution of this sys-
tem of linear equations is given by

4da+2b=d,
and la+4b=d,

The solution can be found with appropriate
transformations of the coordinates.
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Diagram of the Transformation
of Coordinates

Z
N

new first
coordinate axis

d;
70 -~
a1 / / df) I
b —21 350 y
140~ | —
" nhew second
X coordinate axis

Again there are several different strategies
to implement the transformation of coordi-
nates:

The first new coordinate axis (and equally
the second new axis) can be considered
as a new x-axis or as a hew y-axis or as
a new z-axis.
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Transformation of Coordinates
(first strategy)

The two systems of linear equations result in
the following Pauli vector equations:

(EOGX'F106y+7OG/Z)X+(3OGX+85Gy)y

\efx =140 6, + 2106, + 280 o,
T 1400, +3500, + 70 5,
or

Change of x-coordinates:

e,=200,+100,+ 700,

l — 6,=0.05e,-0.50,-350,
e,x+(1l5e,+700,-1056,)y=76,+14006,—- 2100,
kS T7e,+2800,~4200,

Change of y-coordinates:

e,=15e,+700,—105c,

\ = o,=-3/140e,+1/70e,+3/2,

e, xtey=4e+2e +0c,Fle +4e,+ Og,

Voo Voo

= Results: x;=4 y, =2 X, =1 y,=4

— 4 units of the first raw material R; and 1 unit of the sec-
ond raw material R, are required to produce one unit of
the first final product P;. 1 unit of the first raw material R;
and 4 units of the second raw material R, are required
to produce one unit of the second final product P-.
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Transformation of Coordinates
(second strategy)

The two systems of linear equations result in
the following Pauli vector equations:

(%OGX'F106y+7OG/Z)X+(BOGX+856y)y

\e/ =140 6, + 210 o, + 280 o,

Y =140 6, + 350 o, + 70 G,

or

Change of y-coordinates:
e,=2006,+1006,+ 700,

l = o,=—20,+01le,— /g,
e,Xx+(-140c,+8.5¢,-595:,) y=-2800c,+21e,—~ 11900,
Py T—-5600,+35e,—-23800,

z or
Change of z-coordinates:

e,=—1406,+85¢e,-595,
\ = o,=-4/17c,+1/70e,— 1/595 e,

e xte,y=0oc,+4e,+2e,F00,+1e ,+4e¢,
or

Voo Voo

— Results: X;=4 y, =2 X,=1 y,=4

— 4 units of the first raw material R; and 1 unit of the sec-
ond raw material R, are required to produce one unit of
the first final product P;. 1 unit of the first raw material R;
and 4 units of the second raw material R, are required
to produce one unit of the second final product P-.
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Transformation of Coordinates
(third strategy)

The two systems of linear equations result in
the following Pauli vector equations:

(%OGX'F106y+7OG/Z)X+(3OGX+856y+OGZ)y

\e/ =140 6, + 210 o, + 280 o,

’ =140 6, + 350 o, + 70 G,
or

Change of z-coordinates:
e,=200,+1006,+ 700,

l = o,=-2/Tc,~1/7c,+1/70¢,
e,Xx+(30c,+8506)y=600c,+1700c,+4e,
gx (—)T;lZO co,+340c,+16¢,

Change of x-coordinates:
e,=300c,+850, = o,=1/30e,-17/6 0,

ezx+exy=fex+0csy+11e2$11ex+0csy+tez

or

— Results: Yy, =2 X, =4 y,=4 X, =1

— 4 units of the first raw material R; and 1 unit of the sec-
ond raw material R, are required to produce one unit of
the first final product P;. 1 unit of the first raw material R,

and 4 units of the second raw material R, are required
to produce one unit of the second final product P».
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Augmented Matrices (first strategy)

The coefficients of the Pauli vector equations
are the elements of the augmented matrices:

X y d,; d,
20 30 140 140
10 85 210 350
70 0 280 70
1 1.5 4 7
0 70 140 280
0 —105 |-210-420
1 0 4 1
0 1 2 4
0 0 0 0

: 1
Multiply row one by 20"

1
Subtract 7 (row one) from row two.

Subtract g (row one) from row three.

3

Subtract 7,5 (row two) from row one.
: 1

Multiply row two by =0

3
Add 7 (row two) to row three.

AT = {4 1}
2 4

= As expected the unknown lead matrix
equals:

S
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Augmented Matrices (second strategy)

The coefficients of the Pauli vector equations
are the elements of the augmented matrices:

X y d; d,
20 30 140 140
10 85 210 350
70 0 280 70
0 —-140 |[-280 -560
1 8.5 21 35
0 -595 |-1190-2380
0 0 0 0
1 0 4 1
0 1 2 4

Subtract 2 times row two from row one.
Divide row two by 10.

Subtract 7 times row two from row three.

Subtract %(row three) from row one.
Add 7—10(row three) to row two.

Divide row one by (—595).

FAe

= As expected the unknown lead matrix
equals:

A =

I
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Augmented Matrices (third strategy)

The coefficients of the Pauli vector equations
are the elements of the augmented matrices:

X y d; d,
20 30 140 140
10 85 210 350
70 0 280 70

O 30 60 120
O 85 170 340
1 0 4 1
0 1 2 4
0 0 0 0
1 0 4 1

2

Subtract - (row three) from row one.
1

Subtract = (row three) from row two.

Divide row three by 70.

Divide row one by 30.

Subtract %(row one) from row two.

— Second row of AT\

2 4

= First row of A" )

= As expected the unknown lead matrix
equals:

i
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Overconstrained Systems of Linear
Equations

The example above showed how to solve

a system of three linear equations with

two variables. These systems, which have
more equations than variables, are called
overconstrained systems of linear equations.

The final augmented matrices of the exam-
ples possess a row which has only zeros as
elements. This indicates that the mathema-
tical information stored in these rows has not
been required to find the solution.

We have been able to find the solution using
the first two rows only (first strategy), using
the last two rows only (second strategy), or
using only the first and last rows (third strat-

egy).
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Inconsistent Systems of Linear
Equations

Sometimes the equations of a system of lin-
ear equations are contradictory. Then no
unique solution can be found. These systems
of linear equations are called inconsistent.

As an example, the given equations of the
problem discussed above are changed into:

Xy X% Xy X,
Yi. Y Yi Y

20 30 | 140 140 20 30 | 140 140

10 85 | 210 350 10 85 | 210 350

70 0 | 280 70 70 0 | 285 68

consistent systems Inconsistent systems

of linear equations of linear equations

U

The first two rows still re-
sult in the solution of the
consistent systems, while
the last row cannot be
solved with these values.
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Inconsistent Systems of Linear
Equations

The inconsistency of linear equations is in-
dicated by rows of the augmented matrices
which have coefficient values of zero, but
values of constants which differ from zero.

X y d d,
20 30 140 140
10 85 210 350
70 0 285 68
1 1.5 7 7
0 70 140 280
0 —105 |-205-422
1 0 4 1
0 1 2 4
0 0 5 =2 {

: 1
Multiply row one by 20"

1
Subtract 7 (row one) from row two.

Subtract % (row one) from row three.

3
Subtract 7,5 (row two) from row one.

Multiply row two by 7—10.

Add g(row two) to row three.

0x+0y=5 No real numbers
X,y can solve these
Ox+0y=—-2 equations.
Multiples of zero can
never be different from

Z€ero.
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