Posterbeitrag zur DPG-Frihjahrstagung 2015, Universitat Wuppertal, DD 17.7, Di, 10. Marz 2015, 14:45 h — 16:15 h, Foyer Ebene G.10

Hochschule fur

Sandwich Products and Reftlections jxxgt;zhf;:w.m

Martin Erik Horn
HWR Berlin, FE Quantitative Methoden & BSP Business School Berlin Potsdam

www.grassmann-algebra.de - mail@grassmann-algebra.de

BSP

Business SCHOOL Berlin Potsdam

Hochschule fur Management

Abstract: As reflections are an elementary part of model construction in physics, we really should look for a mathematical
picture which allows for a very general description of reflections. The sandwich product delivers such a picture. Using the
mathematical language of Geometric Algebra, reflections at vectors of arbitrary dimensions and reflections at multivectors
(1.e. at linear combinations of vectors or blades of arbitrary dimensions) can be described mathematically in an astonishingly
coherent picture.

These mathematical objects are required

Mathematical ingredients: _
I ~ to describe ...

Scalars (0O-vectors) K, € —> dimensionless points

V_ectors (1-vectors) r,n —> or?entec one-d_imens_ional line elements . .. 3d Geometric Algebra

Bivectors (2-vectors) A, N —> oriented two-dimensional area elements

Trivectors (3-vectors) V, T —> oriented three-dimensional volume elements  _

Quadvectors (4-vectors) Q, 0 —> oriented four-dimensional hyper volume elements .. 4d Spacetime Algebra of Special Relativity

Pentavectors (5-vectors) P, P —> oriented five-dimensional hyper volume elements .. Conformal Geometric Algebra & 5d Cosmological Relativity
Hexavectors (6-vectors) H, H —> oriented six-dimensional hyper volume elements .. Conformal Spacetime Algebra

Septavectors (7-vectors) S, S —> oriented seven-dimensional hyper volume elements ... Conformal Cosmological Algebra

1

Sandwich products describe reflections: reflected operand = * operator - operand i operator

plied plied b

Reflection at a point (represented by scalar t)

Scalars: kot = Lkt
Vectors: lof =-—0r071 | N
Bivectors: A, = LA -1 These_equatlons are not tr|V|_aI!
Trivectors: V,, =-1(V -1 . 'tlj'htere IS a strlong cocrlmep?gal dlffelrence th " | _ f
Quadvectors: Q. = Q-] e o e reflected mathe- reflecting mathe- mathematical INVETSe 0
Pentavectors: P, =-(P (7! vectors and position vectors. matical object matical object object, which will reflecting mathe-
Hexavectors:  Hy = CH{™ be reflected matical object
Septavectors: S, =-0S¢7? »
Reflection at an axis (represented by vector n) = Every ref_lectlon can be mod_eled m_at_hematlc_:ally as a threefold_ multiplication for_mlng a sandwich product.
Scalars: ko = nkn™? Using Clifford Algebra, matrix multiplication is not required to find a reflected object.
Vectors: r = nrnt . . . . .
Bivectors: Areff — nAn-L = And It makes sense to reverse this sentence: Every sandwich product can be considered as a reflection — at

) re . " " .
Trivectors: V., = nVn least in a formal way, e.qg.: A rotation equals a reflection at an oriented parallelogram.
Quadvectors: Q. = nQn!
Pentavectors: P, = nPn™!
Hexavectors: H., = nHn™?!

. — -1 n .

Septavectors: S = nSn Reflections at multivectors
Reflection at a plane (represented by bivector N) . . . . . . : :
Scalars: k., = NKkN — Linear combinations of vectors (or blades) of different dimensions are called multivectors. A sandwich product of
Vectors: Met  =—NT N‘ll a mathematical object sandwiched between a multivector and its inverse equals a reflection of the mathematical
Bivectors: A = NAN- : : :
T eetore: v NVN- object at this multivector.
Quadvectors: Qs = NQ N‘l1 = As an example reflections at linear combinations of scalars and vectors (¢ + n) and of scalars and bivectors (£ + N)
Pentavectors: P, =—NPN~ : : - -
Hexavectors:  Ho: = NHN-! will be discussed in the following.
Septavectors: S, =-NSN™!

Example |: Hyperbolic rotations Example IlI: Euclidean rotations

Reflection at a 3d space or spacetime

(represented by trivector T) _ A _ A

Scalars: Ket = TkT M, =L0+n= V€2 — n2 (cosha + sinha n) M,=0+N = VE2 — N2 (cosa + sino N)

Vectors: e = TrT71 N A

Bivectors: Aeg = TAT™ 1 [ —n cosho — sinho n ) 1 {—N coso —Sina N A
Trivectors: Vo = TVTH |\/|1 = — n?=1 5 T = = N*=—1
Quadvectors:  Q, = TQT™ {2 — n? \/52 — N2 0% — N2 \/EZ — N?

Pentavectors: P, = TPT™!

Hexavectors: He = THT and r=r +r, r,fn  r,Ln and r=ry+r, ryIN rp LN

Septavectors: S, = TST!

_ : A _ . A
Reflection at a 4d space or spacetime = M, rM, 1= r, + cosh(2a) r, + sinh(2a) N r, = M, r M, 1= r, +cos(2a) ry+sin(2a) Nry

(represented by quadvector Q)

Scalars: ket = QkQ7!

Vectors: e ==QrQ Thus hyperbolic rotations can be modeled as reflec- Thus Euclidean rotations can be modeled as reflections
Secors: et = 8 $ 8_1 tions in Euclidean space. This is shown in the fol- at parallelograms. This is shown in the following figure
Quadvectors: Q. = QQO- lowing figure with M, =3 + o, and M,"'="%(3 -0, with M, =3 + 6,6, = 3 - 0,0, and M,*=%,(3 + 5,5,)
Pentavectors: P, =-QPQ™! — » — -1 _ n — y — -1 _ n

Hexavectors: H,. = QHQ™! r _Gy — I‘, - My 1 Ml_1 - 1,250, +0,75 0,0, El ~ Oy = rl, - M, 1y M2—1 - 0,8 o, + 0,6 o,
Septavectors: S, =-QS Q! A = GXGy = A’ = Ml A Ml — 0,75 Gy + 1,25 GXGy I, = Gy — Iy = M2 I M2 — — 0,6 O, + 0,8 Gy
Reflection at a 5d space or spacetime _

(represented by pentavector P) xy-plane Y-axXIS

Scalars: Ket = PKkP7? “Euclidean light

Vectors: o = Prp-t A’  cone”

Bivectors: Ay = PAP!

Trivectors: Ve = PVP

Quadvectors: Q. = PQP™!

Pentavectors: P,, = PPP™!

Hexavectors: H, = PHP™!

Septavectors: S, = PSP

Reflection at a 6d space or spacetime
(represented by hexavector H)

Scalars: ke = HkH™?
Vectors: o =—HrH?
Bivectors: A, = HAH™
Trivectors: Vi =—HVH?
Quadvectors: Q,;, = HQH™
Pentavectors: P,;, =—-HPH™
Hexavectors: H, = HHH!
Septavectors: S, =-HSH™!

X-axlIs

This hyperbolic rotation changes the geometric quality
of k-vectors: Line elements are transformed into area

elements and area elements Iinto line elements.

X-axlIs

The geometric quality (dimension) of k-vectors Is
conserved.



