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Kurzfassung

Die kontinuierliche Ausdehnung des Raums seit dem Big Bang ist eine groRartige Entdeckung der
Menschheit. Allerdings ist diese kontinuierliche Ausdehnung unvollstandig, denn sie kann nicht
die physikalischen Vorgénge bei sehr hoher Dichte und hoher Energie der Quanten der Strahlung
beschreiben. In diesem Aufsatz 16sen wir dieses Problem der Unvollstdndigkeit, indem wir ein
Tropfchenmodell entwickeln und analysieren: Trépfchen einer Dimension bilden sich und wach-
sen, sowie die Dichte eine entsprechende kritische Dichte unterschreitet. Bei diesem dimensiona-
len Phaseniibergang nehmen Absténde sehr schnell zu. Als Konsequenz wird das Horizontproblem
gelost.

Abstract

The continuous expansion of space since the Big Bang has been a great discovery of mankind.
However, that continuous expansion is incomplete, as it fails to describe the physics at very high
density and high energy of radiation quanta. In this paper, we provide a solution of that incom-
pleteness problem by developing and analyzing a droplet model: Droplets of a dimension form and
grow, as soon as the density falls below a corresponding critical density. At that dimensional phase
transition, the light horizon increases in an extremely rapid manner. As a consequence, the horizon

problem is solved.

1. Introduction

Students are highly interested in astronomy and
astrophysics (Elster 2010, Jenkins 2006, Pdssel
2015). This includes the time evolution of space
since the Big Bang. Basically, that time evolution is
described as an expansion of space according to
general relativity, GR. However, Guth (1981) point-
ed out that this description is problematic, as there
occurs a horizon problem as well as a flatness prob-
lem. Thus, the description of the increase of space
since the Big Bang is incomplete, see Fig. (1). The
horizon problem can be overcome by a very rapid
enlargement of distances in the very early universe.
For it, Guth (1981) proposed an era of ‘cosmic infla-
tion’. However, the proposed mechanism of ‘cosmic
inflation’ is also problematic, as there occurs a re-
heating problem (Broy, 2016) and a fine-tuning
problem, see e. g. Landsman (2016), Carmesin
(20194, p. 187). In fact, the era of rapid enlargement
occurs in a natural manner as a consequence of di-
mensional phase transitions. Thereby, these transi-
tions occur naturally at high density in the early
universe (see e. g. Carmesin, 2017, 2019a, 2021a).
Accordingly, the student’s interest in the era of
‘cosmic inflation’ and in dimensional phase transi-
tions is founded. So, such transitions provide a basis
for a substantial didactical perspective.
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Fig. 1: Time evolution of the light horizon Rin and of the
density p as a function of time in Planck times tp according
to general relativity, GRT, and corresponding to quantum
gravity, QG, (see Carmesin 2020a, Fig. (5.7) or Carmesin
2021b, Fig. (2.4)): At the Big Bang, the light horizon starts
at approximately the Planck length, Rin = Lp. Then the
light horizon increases slightly by the formation of vacu-
um, and it increases extremely rapidly at a series of di-
mensional phase transitions, without the formation of
vacuum (triangles, this process is described by quantum
gravity). Later, the light horizon increases in three-
dimensional space purely by the formation of vacuum
(circles, only this process is described by general relativi-
ty, GR or GRT. Altogether, GRT is incomplete, as it
describes the expansion of space only in the later universe.
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1.1. Didactical perspective

The didactical perspective can be analysed in the
framework of the didactical triangle, see Franke and
Gruschka (1996) or Fig. (2). That triangle represents
the relation between the students, the teacher and the
subject. Hereby, the relation between the students
and the subject is characterized by a high interest of
the students, including the maotivating aspect of
scientific curiosity, see Fig. (3).

According to the didactical triangle, the role of the
teacher becomes essential. The teacher should take
care of the following expectations: Firstly, the stu-
dents expect answers. Secondly, some advanced
students expect methods, so that they can achieve
answers on their own. The present project was de-
veloped in a research club. Thereby, the teacher
provides a course in quantum gravity for especially
interested students. Moreover, research projects are
provided, coached and overseen by the teacher. In
this manner, separate scientific questions and corre-
sponding skills for the treatment of these questions
are provided, see Fig. (4).
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Fig. 2: Didactical triangle.
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Fig. 3: Didactical triangle: course enables students to
perform research project

Furthermore, in the case of the present project, the
student Philipp Schoneberg and the teacher Hans-
Otto Carmesin agreed to collaborate. Such collabo-
rations have been performed several times in the
recent years, see Carmesin (2021f). Thereby, tasks
for the teacher and for the student are clearly sepa-
rated. In the present case, the teacher developed the
analytic investigation of the droplet model, while the
student provided a numerical study of the model, a
study of the solution of the horizon problem by the
droplet model and the development of graphical
representations of droplets at various dimensions.

1.2. Didactical perspective of vacuum

In order to understand the formation of droplets at a
dimensional phase transition, the teacher presented
that concept and dynamics of formation of vacuum
to learners ranging from class 8 to 13 in the research
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club (Carmesin, 2021f). Then, the students were able
to describe and discuss the steps of the respective
derivations and to discuss the consequences, Fig.
@)

In particular, the students realized the following
items: Firstly, the dynamics of vacuum have been
tested. Secondly, dimensional phase transitions are a
natural consequence of the dynamics of vacuum.
Thirdly, higher dimensional physics has been ob-
served in experiments (Lohse et al. 2018, Zilberberg
et al. 2018). Fourthly, dimensional phase transitions
naturally provide the era of cosmic inflation. Fifthly,
the critical densities have been derived and evaluat-
ed. Sixthly, these critical densities explain the eve-
ryday life fact of three-dimensional space (D =3 is
non-trivial and requires an explanation). On the
other hand, the students pointed out that the concept
of a dimensional phase transition is surprising.
Moreover, the students developed skills, so that they
were able to solve a research project, see Fig. (4).

Altogether, this course combined with the projects
provides several didactical perspectives, see Fig. (4).
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Fig. 4: Didactical triangle illustrates students describing,
discussing and providing numerical solutions in the re-
search club.

1.3.  Description of the scientific problem

The expansion of the universe since the Big Bang
has been observed by various methods (see e. g.
Wirtz 1924, Hubble 1929, Penzias and Wilson 1965,
Efstathiou et al. 2020, Pesce et al. 2020, Riess et al.
2016, 2021, Philcox et al. 2020, Addison et al. 2018,
Abbot et al. 2020, Birrer et al. 2020, Escamillae-
Rivera and Najera 2021, Blakeslee 2021, Suzuki et
al. 2011). Moreover, that expansion has been mod-
elled on the basis of general relativity (see e. g. Ein-
stein 1905, 1915, 1917, Friedman 1922, Lemaitre
1927, Carmesin 2019a-b, 2020a-b, 2021a-f). How-
ever, these models are not complete, see Fig. (1):
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A comprehensive physical theory is characterized by
the combination of gravity and quantum physics
(Carmesin 2022a-c). In that framework of quantum
gravity, physical systems range from small size at
the Planck length L, = 1.616 - 1073°m to the pre-
sent-day light horizon at Ry = 4.1-10%® m. Moreover,
the Planck density pp =5.155-10% kg/m? cannot be
exceeded in nature (Carmesin 2021a). Naturally, in a
comprehensive physical system, the Planck length
can be achieved. However, according to general
relativity combined with the Planck scale, the time
evolution of the present-day light horizon does not
include radii smaller than 0.001 mm, as at that radi-
us, the corresponding density of the universe would
be equal to the Planck density, so a further reduction
of Rin would be impossible, see Fig. (1), Carmesin
(2020a). According to an advanced analysis within
quantum gravity, the above incompleteness of GRT
is solved, thereby the light horizon has reached the
Planck length, Rin(t) =Lp. This is achieved by a
series of dimensional phase transitions (see e. g.
Carmesin 2017, 2018a-c).

Fig. 5: Droplet model: A droplet with radius dR(t) forms
additional vacuum according to quantum gravity and
corresponding to the expansion of space in the universe.
Simultaneously, the droplet loses vacuum, as the vacuum
propagates at the velocity of light. We consider the droplet
in possibly higher dimensional space or surroundings, so
there is no flow of vacuum into the droplet that could
compensate for the outflow. If the formation of vacuum in
the droplet exceeds the outflow of vacuum from the drop-
let, then the droplet is stable and the corresponding dimen-
sion can form via the growth of such droplets.

So far, these phase transitions have been derived by
four methods: a van der Waals type analysis of two

objects (see e. g. Carmesin 2017, 2018a-c, van der
Waals 1873), a transition in a Bose gas (see e. g.

Carmesin 2021a, Bose 1924, Sawitzki and Carmesin
2021), a phase transition of connections (see e. g.
Carmesin 2021a) and a theory of the dark energy
(see e. g. Carmesin 2018a-c, 2021a-h).

In this paper, we apply the droplet model to
provide a fifth derivation of the phase transitions in
the early universe. The droplet model is a very pow-
erful physical tool, as it provides a very clear and
convincing analysis and since it is very intuitive, in
addition. Accordingly, droplet models have been
used in various fields of science very successfully:
in nuclear physics (Gamov 1930, v. Weizsécker
1935), in fluid dynamics (Sirignano 2009), in biolo-
gy (Zwicker et al. 2016), in thermodynamics, and
hydrodynamics (Sidin 2009), for instance.

2.Droplet Model
In this section, we apply the droplet model to dimen-
sional phase transitions in the early universe. There-
by, we often use Planck units, and we mark these by
a tilde (Carmesin 2019a, 2021a).
In our droplet model, a droplet represents a ball in D
dimensional space, see Fig. (2). We analyse the
change OR of the radius dR(t) of the droplet during a
time interval dt, see Fig. (2). Accordingly, there
occurs a change 6V of the volume dV of the droplet.
The d in dR should mark that dR can be very small.
Similarly, dV can be very small.
Thereby, the volume dV is the volume of the ball at
a time t and with a radius dR. Hereby, we denote the
volume of a ball with radius one in D dimensions by
Vp. So, the volume of the ball is as follows:

dV(t) = Vp-dR(t)P {1}
During a time interval t, the radius of the ball in-
creases by OR. Thus, the new volume of the ball is as
follows:

dV(t+t) = Vo (dR+3R)P {2}
Hence, the volume of the formed vacuum is the
volume of the shell in Fig. (2):
3V = 8Vihen = dV(t+3t) — dV/(t)
= Vp[(dR+5R)P — dRP] {3}
Thence, the formed vacuum gives rise to the follow-
ing relative increase of the volume of the droplet in
Fig. (2):
8V/dV = Vp-[(dR+6R)P — dRP]/[VP-dRP]
=(1+8R/dR)P —- 1 =¢ {4}
Hereby and in general, we denote a relative change
of volume by ¢ as follows:

SV/AV =¢ {5}
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Accordingly, the rate of change of the volume in a
time interval ot is the ratio of € and ot:

Rate(g) = /ot {6}

So, the formed vacuum gives rise to the following
rate:
Rate() = [(1+8R/dR)P — 1]/5t {7}

It is well known, according to GRT, that the expan-
sion of space since the Big Bang is caused by the
density pp-3 in three-dimensional space. Similarly,
the rate at which vacuum forms is caused by the
density pp in D dimensional space. The rate of that
formation of vacuum has been derived in the frame-
work of quantum gravity as follows, see equation
(3.46) in (Carmesin 2021a):

Rate(&formation) = D2 - (2-pp) @~ D" /5t {8}

The vacuum formed in the droplet propagates at the
velocity of light c, as otherwise, it would be possible
to measure a velocity v < c of an object relative to
the vacuum. However, it is impossible to measure
such a velocity v < c relative to the vacuum or rela-
tive to space, according to relativity (Einstein 1905,
Carmesin 2019a, 2021a, 2018a-c). So, the vacuum
propagates outwards out of the droplet, see Fig. (2),
at the velocity c. Thus, the vacuum propagating
outwards fills a shell with the following thickness:

SR = ¢-8t {9}
So, the droplet with radius dR becomes a droplet

with radius dR — 8R. Hence the volume moving
outwards is as follows:

8V = 8Vshen = Vo [dRP - (dR — 8R)P]

Thence, the vacuum propagating outwards has the
following relative volume:

dV/dV = Vp-[dRP - (dR — 3R)P)/[VP-dRP]

=1— (1 - 8R/R)P = oyt {10}
Thus, the corresponding rate is as follows:
Rate(gour) = [1 — (1 - SR/AR)P]/5t {11}

At the critical density pgp., the droplet just begins to
grow. At this begin of growth of the droplet, the rate
of outflowing vacuum Rate(eout) is equal to the rate
of formation of vacuum Rate(&formation):
Rate(gou) = [1 — (1 — SR/AR)P]/5t
= DY - (2:pp )P~ D" /5t = Rate(srormation) §12}
That equation is solved for (2:pp ) as follows:
2Ppe=[1-(1- SR/dR)D]M(D— 1. p2O-1)

{13}
For simplicity, we apply the abbreviations

g =0R/dR and x = 2-ppc. So the equation for the
critical density is as follows:
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X = [1 _ (1 _ q)D]4/(D7 1). D'Z/(D’ 1)
and g =08R/dR {14}

Next, we analyse the time evolution of the density,
see Fig. (1).

Wlth X = Z'ﬁD,c

3.Calculations of the critical densities

In this section, we use Eq. {14} to calculate the
critical densities for different droplet radii dR in
which they become unstable. For it, we start by
using the biggest droplet with the radius dR = Ry, of
the light horizon radius so we can analyse the critical
densities of the universe. Because we want to com-
pare the results of this droplet with the whole spec-
trum of droplets, we also calculate the critical densi-
ties of the smallest droplet with the radius dR of one
Planck length. Moreover, we examine some further
examples with a relative thickness g of the shell (see
Egs. {15,16}) of 0.5, 0.25, 1071, 1072, 1073, 1074,
and 1075 to have a greater spectrum of droplets to
compare with. So, we obtain the radius:

dR = %R {15}

In particular, we may imagine the case 6R = Lp. So,
the radius is as follows:

=~ dR 1
dR = >3 {16}
constants:
q 1
D X
3 3.33E-01
4 3.97E-01
5 4.47E-01

Fig. 6: Part of the spreadsheet used to calculate critical
densities at dimension D. For instance, for the case q = 1.
Here and in the following, we mark a quantity by a
tilde, if that quantity is represented in Planck units.
For calculating the different critical densities to
every chosen droplet, for each dimension, we use a
Microsoft Excel spreadsheet (Fig. 6), where we
include Eq. {14} and use the chosen droplets as a
function of the variable g. Furthermore, we represent
the scaled critical densities x as a function of the
dimension D (Fig. 4).

Fig. (7) shows that relatively small droplet radii
dR = é have relatively high critical densities for
every dimension. In particular, the time evolution of
the droplet with the size of the light horizon corre-
sponds to the smallest droplets in the early universe,

while it corresponds to the largest droplets in the late
universe.
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critical densities of different droplets
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Fig. 7: Scaled critical densities x as a function of the
dimension D for various relative thicknesses q.

4.Geometry of the vacuum droplets

The light horizon radius corresponds to different
droplet sizes at different times, according to the
dynamics based on the geometry and the characteris-
tics of the vacuum. One of these dynamics is de-
scribed by the vacuum outflow, flowing into every
space direction. At a dimensional transition, the
number of these directions changes, see Fig. (8).

So, the directions of the vacuum outflow and the
emitting vacuum change too. These dynamics have
an impact on the stability of the droplet. The second
dynamics are based on the fact, that mass or dynam-
ical mass creates vacuum. Since the vacuum has this
characteristic too, the vacuum droplets grow through
their own mass or dynamical mass. This increases
the stability of a droplet. In combination these two
dynamic effects are balanced at the critical density
or droplet radius. Because vacuum droplets at high
dimension have many space directions, they have a
relatively small size combined with a relatively big
surface. Thus, such small droplets are stable at high
density only. At low dimension these dynamics can
stabilize only big droplets. So, when the density
decreases during the time evolution after the Big
Bang, then there occur dimensional transitions at
which a high dimensional droplet changes to a low
dimensional droplet. Hereby, the low dimensional
droplet can be interpreted as a sheet, compared to
the high dimensional droplet, see Fig. (8). In this
sense, the transition can be interpreted as a delami-
nation of droplets. The inverse transition can be
interpreted as a lamination of droplets. In this man-
ner, dimensional transitions can occur.

5.Solution of the Horizon Problem

In this section, we solve the horizon problem. For it,
we analyse the path propagated by light and the
radius of the light horizon as a function of time. The
radius is related to the density. Accordingly, we
derive the scaled density x as a function of time. For
this purpose, we apply a generalized version of the

Friedmann-Lemaitre equation, see equation (2.424)
in (Carmesin 2019a):

Fig. 8: The directions of the vacuum outflow, symbolized
for the physically possible three-dimensional space and for
the physically impossible two-dimensional space.

Z=—D+1) T {17}

We abbreviate the exponent by b:
Z=—D+1)-x {18}
Now we separate the variables. For it, we multiply

by dt and divide by x?:

S =D +1)-dt {19}

Next, we form the indefinite integral:
S=-D+1)-dt {20}

We evaluate both integrals:

L bl .

o X =—D+1)-t {21}

Subsequently, we simplify:

x P =—D+1)-(b-1)-t {22}

Next, we abbreviate the exponent by a, a = —b + 1,
and we abbreviate the term —(D + 1) - (b — 1) by d,
d=—([D+1)-(b—1). So, we get the two invari-
ants a and d at each dimension D. Thus, we derive
the following equation:

x*=dxt {23}
We divide by t:
2 od (24}

t

We consider this equation for a time t; and a corre-
sponding scaled density x; as well as for a time t;
and a corresponding scaled density x,. Using the
invariant d, we derived the following equation:

xf xg

tLll =d=2 {25}
Subsequently, we can use the reciprocal fractions,
and multiply by x{:

ho_ b {26}

a a
xtl th
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b =g {27}
2
Finally, we express the equation as follows:
a
t; =ty (%:) {28}

Next, we derive the path ds propagated by light
during a time dt:

ds =c-dt {29}
We apply that Eq. to the time interval dt starting at

the time of the last phase transition t; and ending at
the time of the next dimensional phase transition t:
dt=t,—t; {30}
Subsequently, we derive the expansion of the path ds
as a consequence of the expansion of the universe.
In the present case, the expansion takes place during
the time interval starting at t; and ending at the pre-
sent-day time to. Accordingly, we multiply the dis-
tance ds(t1) =ds; by the ratio of the present-day
radius of the light horizon, Ry, (ty) = Ry, and the
radius of the light horizon at that time t; of the inter-
val dt, Ry, (t;) = Rjp;. So, we use the following
equation:

Riro {31}

ds =ds; -
1 1
,expanded Rip1

We integrate equation {31}:
R
fdsl,expanded = de -0 {32}

Rin1
We evaluate both integrals. Because the interval dt
between two phase transitions is relatively small, the
ratio is approximately constant and we obtain the

following equation:

Rip,
S2,expanded — S1,expanded — C(tz - tl) th {33}

In order to calculate the distance Sita2 at a time tp,
we add the additional distance Sy expanded-S1expanded 10

Stotal,1*

Stotal,z = Stotal,l + Sz,expanded - Sl,expanded {34}
In order to calculate the fraction in the above equa-
tion, we analyse the present-day light horizon and
the values at earlier times, according to the expan-
sion of the universe: For the case of a constant mass,
the following relation holds:

Rﬁm X = Rﬁz,z T X2 {35}
However, in the early universe, the space was filled
with radiation. Accordingly, the density x; is propor-
tional to the radius R;, >+, corresponding to the
redshift. So, the following equation holds:

Rgzjrll X1 = Rl[;;rzl T X2 {36}

Subsequently, we solve for Rin 1

38

1

th,1 = th,z ' (X_Z)(DH) {37}

X1

Fig. 9: Cubic model of the light horizon at the dimension
D = 3. A ball has the radius Lp. The light horizon is the
distance between the centres of balls of both ends. So, the
light horizon corresponds to two Le, see (Schéneberg and
Carmesin 2020).

Since the calculations depend on an earlier value of
the light horizon radius, it is necessary to know the
first value. Observable objects are limited by the
Planck scale. So, the light horizon radius cannot be
smaller than two observable objects, see Fig. (9)
(Schoneberg and Carmesin 2020).

So, for the first phase transition we apply the follow-
ing equation:

1
ﬁlh,300 -2. (@)(300+1) {38}

X301
However, because of the speed of light, the length of
two Planck lengths can only be reached in two
Planck times. So, accordingly the time of the first
phase transition has to be ts; = 2 Planck times. For
example, tapo is calculated as follows, see equation

{28}:

a
f300 =2 (@) {39}

Xt3o01

The possible radii of the droplets range from the
Planck length to the light horizon. In the following,
we perform two investigations: (1) The time evolu-
tion of the distance achieved by light for the case of
the smallest droplet, and (2) the time evolution of
the distance achieved by light for the case of the
largest droplet. We develop a spreadsheet in order to
perform investigation (1) and investigation (2), see
Figs. (10 until 11).
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D X { K _th s_expanded  s_total
3 2.51E+56 2.56E+58 7.53E+64 3.39E+69
3 441E+50 2.56E+53 1.32E+62 3.39E+69
3 441E+44 2.56E+52 1.32E+59 3.39E+69
break in table
299 9.62E-01 2.03E+00 2.00E+00 6.14E+64 7.81E+66
300 9.63E-01 2.02E+00 2.00E+00 6.08E+64 7.75E+66
301 9.63E-01 2.00E+00 2.00E+00 7.69E+66 7.69E+66

Fig. 10: Investigation (1) of the smallest droplet: Part of
the spreadsheet to calculate the light horizon radius Ry,
and the distance covered by light swta based on the scaled
critical densities X, the time £ and dimension D for the
smallest droplet radius.

In this table we calculate recursively beginning at
the highest dimension D = 301 and leading to the
lowest dimension D = 3. We present the dimensions
in column 1, see Fig. (10). Secondly, for each di-
mension D, we calculate the scaled critical density x
according to equation {14} and present the result in
column 2, see Fig. (10). Thirdly, for dimension D =
301, we apply two Planck times according to equa-
tion {39}. The times are presented in column 3, and
the unit is the Planck time. Fourthly, for dimension
D =300, we calculate the time according to equation
{28} by using the time of dimension D = 301. Fifth-
ly, and for each dimension D < 300, we calculate the
time t recursively according to equation {28}. Sixth-
ly, for dimension D = 301, we apply the light hori-
zon at the Planck scale Rinzor = 2 Planck lengths
according to equation {38}. These radii are present-
ed in column 4, and the unit is the Planck length.
Seventhly, for dimension D = 300, we calculate the
length according to equation {37} by using the value
of the light horizon radius of dimension D = 301.
Eighthly, and for each dimension D < 300, we calcu-
late the radius Ry recursively according to equation
{37}. Ninthly, we determine the distance achieved
by light in two steps. First, we evaluate all distances
between two phase transitions by using equation
{33}, see column 5 in Fig. (10). Thereby, we use the
values of column 4 according to equation {33}.
Next, we determine the complete path covered by
light by calculating the total of all of these paths,
according to equation {34}. The results are present-
ed in column 6, see Fig. (10).

Tenthly, for the expansion of the universe in three-
dimensional space, we proceed as follows:

(10a) We take the time values corresponding to Fig.
(2.23) in (Carmesin 2019a).

(10b) We take the values of the light horizon radius
corresponding to Fig. (2.23) in (Carmesin 2019a).

(10c) We calculate swr according to equation {34}.
Investigation (1) of the smallest droplet as well as
investigation (2) of the largest droplet, see Figs. (7-

10) show that the total distance achieved by light is
essentially larger than the light horizon radius.
Moreover, we performed additional investigations
with intermediate droplet sizes, whereby we ob-
tained the same result:

R _Ih ®s_total

LE+00 1E+08 LE+16 1E+24 1E+32 1E+40 1E+48 1 E+56

time

Fig. 11: Investigation (1) of the smallest droplet: Radius
Ry, and the distance covered by light swtal as a function of
time .

D x 3 R_lh s_expanded s_total
3 2.26E-60 491E+77 3.04E+12 1.24E+132 1.24E+132
4 3.98E-30 1.68E+51 8.34E+04 1.55E+113 1.55E+113
5 3.38E-18 1.27E+38 3.43E+02 2.85E+102 2.85E+102
break in table
299 9.62E-01 2.03E+00 2.00E+00 6.14E+64 7.81E+66
300 9.63E-01 2.02E+00 2.00E+00 6.08E+64 7.75E+66
301 9.63E-01 2.00E+00 2.00E+00 7.69E+66 7.69E+66

Fig. 12: Investigation (2) of the largest droplet: Part of the
Spreadsheet to calculate the light horizon radius Ry, and
the distance covered by light swta based on the scaled
critical densities x, the time £ and dimension D for the
droplet with the radius of the light horizon radius.

The total distance achieved by light is essentially
larger than the light horizon radius. Altogether, our
numerical studies show in a convincing manner that
the horizon problem is solved in the framework of
our droplet model.

R lh ®s total

1.LE+00 1. E+10 1. E+20 1.E+30 1. E+40 1 E+50 1 E+60 1. E+70

time

Fig. 13: Investigation (2) of the largest droplet: Radius R,
and the distance achieved by light swotar as a function of
time £.

6. Experience with teaching

In our research club, we provide a combination as
follows: A first partition provides the possibility to
perform a research project in a coached and over-
seen manner. A second partition provides a course
on quantum gravity, see Carmesin 2021f. In the
second partition, the students are enabled to describe
and discuss the presented derivations. Additionally,
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the students can develop skills in that course. Some
students of the second partition perform a research
project. Hereby, they have the choice to perform the
project on their own, or to perform a combined pro-
ject with the teacher. In the latter case, the parts of
student and teacher are clearly separated.

In the first partition of the research club, the students
can choose topics different from quantum gravity,
and most students do so.

Moreover, students can present their results in a
public astronomy evening at the assembly hall.

Altogether, in that system, many students improved
their skills significantly and achieved good results at
the public presentations, at the discussions in the
course and in the Jugend forscht competitions, see e.
g. Carmesin (2021f).

7.Conclusion

In this paper, we address the incompleteness prob-
lem that the continuous expansion of space since the
Big Bang, according to general relativity theory,
does not describe the complete time evolution of the
light horizon ranging from the Planck scale to the
present-day light horizon, see Fig. (1).

That problem has been solved by a series of discon-
tinuous phase transitions in the early universe (Car-
mesin 2019a, 2021a). While these phase transitions
have been modeled by four methods so far, we pre-
sent a fifth model: the droplet model. This model has
essential advantages: it is intuitive, robust, can be
solved exactly, and it has already been applied suc-
cessfully in various fields of science.

We base our analysis on the basic dynamics of the
vacuum (Carmesin 2019a, 2021a, 2022a). With it,
we derive the critical densities for phase transitions
as a function of the radius of the droplets in equation
{14} and Fig. (7). Using these critical densities, we
derive the time evolution of distances achieved in
the universe by propagating light. We show that
these distances are large compared to the light hori-
zon, so that the light was able to thermalize the uni-
verse. In this manner we solve the horizon problem
in addition to our solution of the incompleteness
problem.

The experience with teaching shows that advanced
students can use the combination of course and pro-
ject, in order to achieve especially innovative results.
Moreover, that system provides a high degree of
individual learning: Students can choose a project
according to their individual interests. Students can
choose a presentation at the astronomy evening,
without Jugend forscht competition or with competi-
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tion. Students can choose the additional course and a
corresponding project, so that synergies arise. Stu-
dents can perform a project on their own, in a team
with students or in a team with the teacher, only
depending on their individual interests.
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