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Conceptual Background

One of the goals of this advanced mathematics course of com-
puter science | have in mind is to discuss Conformal Geometric
Algebra (CGA) with the students one day.

To be prepared for this discussion, the students should not only
know how to deal with Pauli algebra, but they should also under-
stand the basics of Dirac algebra. Dirac algebra describes the
spacetime of extended special relativity. But this spacetime of
extended special relativity with one time-like dimension and four
space-like dimensions is identical to the five-dimensional space
of Conformal Geometric Algebra.

Therefore problems which had been solved earlier with the help
of Pauli algebra

Martin Erik Horn (2018): Modern Linear Algebra: Geo-
metric Algebra with GAALOP. Worksheets of the module
,Mathematics for Business and Economics® of joint first-
year bachelor lessons at Berlin School of Economics and
Law/Hochschule fur Wirtschaft und Recht Berlin, LV-Nr.
200691.01 & 400 691.01, Stand: 07. Jan. 2018. Winter-
semester 2017/2018, BSEL/HWR Berlin,

and which can be downloaded at URL [20.12.2018]:

www.phydid.de/index.php/phydid-b/rt/suppFiles/881/0

www.phydid.de/index.php/phydid-b/article/downloadSuppFile/881/210
www.phydid.de/index.php/phydid-b/article/downloadSuppFile/881/\Worksheets%20GAALOP

had been rewritten in the language of Dirac algebra. The new
problems are identical to the problems of the older worksheets,
but the solution strategy is different: The linear equations now
are translated into vector equations of spacetime algebra (STA)
making it again possible to find the solution values simply by
comparing outer products.
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Spacetime Generalized Matrix
Inverses

Practice is everything. To get a good working knowledge of Dirac
algebra, students should practice Dirac algebra. To get this prac-
tice, problems about the mathematics of Pauli algebra generalized
maitrix inverses are restated as problems of Dirac algebra gener-
alized matrix inverses in worksheet 11.

The conceptual background of Pauli algebra generalized matrix
inverses is simple: The scalar part of a Pauli algebra generalized
matrix inverse is identical to the Moore-Penrose generalized
matrix inverse, which can be discussed even with first-year stu-
dents, e.g. see the business math slides

Martin Erik Horn (2017): Modern Linear Algebra. A Geo-
metric Algebra Crash Course. Part VII: Generalized Matrix
Inverses. OHP slide of the course “Mathematics for Busi-
ness and Economics™ of joint first-year bachelor lessons
at Berlin School of Economics and Law/Hochschule fiir
Wirtschaft und Recht Berlin, LV-Nr. 200691.01 & 400 691.
01, Stand: 19. Dez. 2017. Wintersemester 2017/2018,

BSEL/HWR Berlin,

which can be downloaded at URL [20.12.2018]:

www.phydid.de/index.php/phydid-b/rt/suppFiles/851/0

www.phydid.de/index.php/phydid-b/article/downloadSuppFile/851/204
www.phydid.de/index.php/phydid-b/article/downloadSuppFile/851/OHP-Folien

In a similar way, the scalar part of a Dirac algebra generalized
matrix inverse is identical to the spacetime matrix inverse, which
follows modified Moore-Penrose conditions.

By the way: You will not find much about Dirac algebra gene-
ralized matrix inverses or spacetime generalized matrix inverses
in the literature. | have invented them only a short time ago.

M. E. H.

© M. Horn (2020): Solving Systems of Linear Equations with Dirac Algebra — Worksheets 3


http://www.phydid.de/index.php/phydid-b/rt/suppFiles/851/0
http://www.phydid.de/index.php/phydid-b/article/downloadSuppFile/851/204
http://www.phydid.de/index.php/phydid-b/article/downloadSuppFile/851/OHP-Folien

iubh Internationale Hochschule, Winter 2020/2021
Advanced Mathematics (MQM110)

Worksheet 7 — Exercises

Problem 1:

Find the areas of the parallelograms if the two different sides are given by the following spacetime

vectors and if the two base vectors y; and yx have lengths |y;| and |yx| of 1 cm. Please also draw a
sketch of these spacetime parallelograms.

a) a=b5y+2yx b) a=8y+ 7yx c) a=5y—5yx d) a=4y+ 16y
b=2y+6vy b =2y + 207 b=3y:+7vx b=9y:+ 27y

Problem 2:

Find the areas of the parallelograms if the two different sides are given by the following spacetime
vectors and if the two base vectors y; and yx have lengths |y;| and |yx| of 1 cm. Please also draw a
sketch of these spacetime parallelograms if possible and find the precise names of the given space-
time parallelograms.

a) a= 6yi+tdyx b) a=—-48y—34yx ¢) a= 4y +3yc d) a=5y+207

b=— 4y +6y b=—51y+72y b=12y + 97« b=—v— 4y
e) a= 6y +4y, f) a=-48y-34yc 0 a= 4y +4y. h) a= 8y +8y

b= 4y +6y b= 51y+7.2y, b=12y;+ 9y b=-5y+57
Problem 3:

Now please draw the sketches of the spacetime parallelograms of problems 1 & 2 into a coordi-
nate system with a ct-axis, which points upwards, and an x-axis, which points to the right (called
Minkowski diagram). Find the times, which are given by the y--components.

Problem 4:

Find the squares of all spacetime vectors a and b of problems 1 & 2 and determine, whether they
are space-like, time-like or light-like.

Find the magnitude squares of the spacetime farallelograms ab of problems 1 & 2 and show that
they are equal to the product of the squares a“b? of the spacetime vectors.

Problem 5:

Solve the following systems of linear equations by using Dirac Algebra and check your results.

a) 3x+8y = 28 b) 4x+9y = 29 C) 6x+4y =6 d 5x-2y =6
6x+2y = 28 5x+6y = 31 2x+ y =3 -2x—-3y =28

Problem 6:

A firm manufactures two different final products P, and P,. To produce these products the fol-
lowing quantities of two different raw materials R, and R, are required:
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3unitsof R; and 6 units of R, to produce 1 unit of P,
8unitsof R; and 2unitsof R, to produce 1 unit of P,

Find the quantities of final products P, and P, which will be produced, if exactly 28 units of
the first raw material R, and 28 units of the second raw material R, are consumed in the pro-
duction process by using Dirac algebra. (Hint: The result of problem 3a) can be used.)

Problem 7:

A firm manufactures two different final products P, and P,. To produce these products the fol-
lowing quantities of two different raw materials R, and R, are required:

2unitsof R; and 5unitsof R, to produce 1 unit of P;
7unitsof R; and 1lunit of R, to produce 1 unit of P,

Find the quantities of final products P, and P, which will be produced, if exactly 2050 units
of the first raw material R, and 1000 units of the second raw material R, are consumed in the
production process by using Dirac algebra.

Problem 8:

A firm manufactures two different final products P, and P,. To produce these products the fol-
lowing quantities of two different raw materials R, and R, are required:

4unitsof R; and 1lunit of R, to produce 1 unit of P,
3unitsof R; and 5units of R, to produce 1 unit of P,

In the first quarter of a year exactly 33000 units of the first raw material R; and 38000 units
of the second raw material R, are consumed in the production process. In the second quarter
exactly 32000 units of the first raw material R, and 25000 units of the second raw material R,
are consumed in the production process.

Find the quantities of final products P, and P, which will be produced in the first quarter, and
find the quantities of final products P, and P, which will be produced in the second quarter by
using Dirac algebra.

Problem 9:

A firm manufactures two different final products P, and P,. To produce these final products two
intermediate goods G, and G, are required. The production of the intermediate goods requires
two different raw materials R; and R,. The demand of raw materials to produce one unit of the
intermediate goods and the total demand of raw materials to produce one unit of the final pro-
ducts is shown in the following tables:

Gl GZ Pl P2
R, | 8 2 R, | 42 28
R, | 4 3 R, | 23 26

Find the demand matrix of the second production step which shows the demand of intermediate
goods to produce one unit of each final product by using Dirac algebra.
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Problem 10:

A firm manufactures three different final products P,, P,, and P5. To produce these final products
two intermediate goods G, and G, are required. The production of the intermediate goods re-
quires two different raw materials R, and R,. The demand of raw materials to produce one unit
of the intermediate goods and the total demand of raw materials to produce one unit of the final
products is shown in the following tables:

Gl GZ I31 PZ P3
R, | 9 3 R, | 48 21 84
R, | 2 2 R, | 12 14 32

Find the demand matrix of the second production step which shows the demand of intermediate
goods to produce one unit of each final product by using Dirac algebra.

Problem 11:

A firm manufactures two different final products P, and P,. To produce these products the fol-
lowing quantities of two different raw materials R, and R, are required:

7unitsof R; and 4unitsof R, to produce 1 unit of P;

Sunitsof R; and 3units of R, to produce 1 unit of P,

Find the quantities of final products P, and P, which would have been produced in theory, if
exactly one unit of the first raw material R, had been consumed in the production process.

And find the quantities of final products P, and P, which would have been produced in theory,
if exactly one unit of the second raw material R, had been consumed in the production process.

How can these results be understood?
Give an economic interpretation of the results.

Problem 12:

A firm manufactures two different final products P, and P,. To produce these products the fol-
lowing quantities of two different raw materials R, and R, are required:

10unitsof R; and 4unitsof R,  toproduce 1 unitofP;
12 unitsof R; and 5Sunitsof R,  toproduce 1 unitofP,

Please use Dirac algebra to find the quantities of final products P, and P, which would have
been produced in theory, if exactly one unit of the first raw material R, had been consumed in
the production process.

And find the quantities of final products P, and P, which would have been produced in theory,
if exactly one unit of the second raw material R, had been consumed in the production process
by using Dirac algebra.

Find the inverse of the demand matrix and check your result.

© M. Horn (2020): Solving Systems of Linear Equations with Dirac Algebra — Worksheets 6



Problem 13:

Find the inverses of the following matrices by using Dirac algebra and check your results.
a) 5 4 b) 10 4] 9 10 6 d) 0 -25
A= B= C= D=
9 7 19 8 20 13 02 34
Problem 14:

Why do we discuss Dirac algebra?
Why do we discuss Minkowski space?

Please have a look at the book of computer scientist and digital media specialist John Vince

John Vince: Geometric Algebra for Computer Graphics. Springer-Verlag,
London 2008,

search for the target word “Minkowski”, and find out which topic of computer science is
based mathematically on the ideas of Dirac, Minkowski — and of Einstein.
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iubh Internationale Hochschule, Winter 2020/2021
Advanced Mathematics (MQM110)

Worksheet 9 — Exercises

Problem 1:

Find the volume of the parallelepipeds by direct calculation using Dirac algebra if the three
different sides of the parallelepipeds are given by the following spacetime vectors and if the
base vectors i, yx, and y; have lengths |y, |yx|, and |yy| of 1 cm.

a) a=4yx+2yy b) a=4y+2yy C) a=4dy+2y
b=2vy,+4yy b=2vy,+4yy b=2vy,+4yy
C=3vn C=91+5yy C=Ty+Tyx+Tyy

d)a=5y+2y+57 e) a=10y+2yc+ 6y f) a=-5yu+4y+8y
b=6vy+3yx+3yy b=127y+ 8y, +3yy b= 6yi+3y—T7yy
C=dyn+aytay C= Ayt 7yt 9y C= —1—27x+9yy

Please also draw a sketch of these spacetime parallelepipeds of the first three exercise parts a),
b), and ¢) and compare the results of the outer product volumes with the determinants of the
coefficient matrices. Please also check your multiplication results by comparing the magnitude
squares of the spacetime vectors and the spacetime parallelepipeds.

Problem 2:

Solve the following systems of linear equations by using Dirac algebra and check your results.

a) 3x+8y =28 b) 8x+5y+10z= 396 c) 3x-5y+6z= 141
6X+2y =28 3Xx+7y+12z= 2375 -2x+5y+8z=111
2X+4y+22=28 2x+6y+14z= 386 7x+ y+9z=185

d) 2/ x+ sy +9%:z =210
8lsx+ Yoy +32 =138
s X+ 2y + 85z =282

Problem 3:

A firm manufactures three different final products P, P,, and P5. To produce these products
the following quantities of three different raw materials R, R,, and R are required:

7unitsof R;, 3unitsof R,, and 4unitsof R;  toproduce 1 unitofP;
2unitsof R;, 9unitsofR,, and 6unitsof R;  to produce 1 unitof P,
5 units of Ry, and 8unitsof R;  toproduce 1 unitof P,

Exactly 500 units of the first raw material R;, 780 units of the second raw material R,, and
880 units of the third raw material R5 are consumed in the production process.

Find the output of final products P4, P,, and P, by using Dirac algebra.
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Problem 4:

A firm manufactures three different final products P, P,, and P5. To produce these products
the following quantities of three different raw materials R;, R,, and R; are required:
12 unitsof R;, 20 unitsof R,, and 16 units of R, to produce 1 unit of P;
30 unitsof R;, 15unitsof R,, and 28 units of R, to produce 1 unit of P,
10unitsof R;,  8unitsof R,, and 25 units of R, to produce 1 unit of P4

Exactly 12000 units of the first raw material R;, 13900 units of the second raw material R,,
and 18300 units of the third raw material R5 are consumed in the production process.

Find the output of final products P,, P,, and P, by using Dirac algebra.

Problem 5:

A firm manufactures three different final products P,, P,, and P5. To produce these products
the following quantities of three different raw materials R, R,, and R are required:

9unitsof R;, 2unitsofR,, and 7 units of R, to produce 1 unit of P;
3unitsof R;, 2unitsof R,, and 5 units of R, to produce 1 unit of P,
4unitsof R;, 3unitsof R,, and 2 unitsof R, to produce 1 unit of P4

In the first quarter of a year exactly 98 units of the first raw material R, 35 units of the sec-
ond raw material R,, and 76 units of the third raw material R; are consumed in the production
process.

In the second quarter exactly 61 units of the first raw material R;, 30 units of the second raw
material R,, and 59 units of the third raw material R are consumed in the production process.

Find the quantities of final products P,, P,, and P5, which will be produced in the first quarter,
and find the quantities of final products P,, P,, and P5, which will be produced in the second
quarter, by using Dirac algebra.

Problem 6:

A firm manufactures two different final products P, and P,. To produce these final products
three intermediate goods G,, G,, and G; are required. The production of the intermediate
goods requires three different raw materials R;, R,, and R;. The demand of raw materials to
produce one unit of the intermediate goods and the total demand of raw materials to produce
one unit of the final products is shown in the following tables:

Gl Gz Gg Pl PZ
R; 10 15 11 R; 964 814
Rz 17 20 16 Rz 1409 1184
R3 12 14 25 R3 1320 1093

Find the demand matrix of the second production step, which shows the demand of intermedi-
ate goods to produce one unit of each final product, by using Dirac algebra.
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Problem 7:

A firm manufactures three different final products P,, P,, and P5. To produce these final pro-
ducts three intermediate goods G;, G,, and G; are required. The production of the intermediate
goods requires three different raw materials R;, R,, and R5. The demand of raw materials to
produce one unit of the intermediate goods and the total demand of raw materials to produce
one unit of the final products is shown in the following tables:

G Gy G3 P1 P, P3
R4 8 6 6 R4 228 186 308
R, 7 5 7 R, 214 166 282
Rs 5 4 0 Rs 108 107 160

Find the demand matrix of the second production step, which shows the demand of intermedi-
ate goods to produce one unit of each final product, by using Dirac algebra.

Problem 8:

A firm manufactures three different final products P4, P,, and P5. To produce these final pro-
ducts three intermediate goods G,, G,, and G5 are required. The production of the intermediate
goods requires three different raw materials R;, R,, and R;. The demand of raw materials to
produce one unit of the intermediate goods and the total demand of raw materials to produce
one unit of the final products is shown in the following tables:

Gy G, Gs P1 P, Ps
R, 82 63 20 R, 4496 5462 4815
R, 44 19 37 R, 2530 3482 2801
R3 10 52 92 R3 3224 4062 4646

Find the demand matrix of the second production step, which shows the demand of intermedi-
ate goods to produce one unit of each final product, by using Dirac algebra.

Problem 9:

A firm manufactures three different final products P,, P,, and P5. To produce these products

the following quantities of three different raw materials R;, R,, and R; are required:
3unitsof R;, 2unitsofR,, and 8unitsof R;  toproduce 1 unitofP;
S5unitsof R;, 6unitsofR,, and 7unitsof R;  toproduce 1 unitofP,
4unitsof R;, 3unitsof R,, and 10unitsof R;  to produce 1 unitof Py

Find the quantities of final products P,, P,, and P; which would have been produced in theory,

if exactly one unit of the first raw material R, had been consumed in the production process,
by using Dirac algebra.

Find the quantities of final products P,, P,, and P; which would have been produced in theory,
if exactly one unit of the second raw material R, had been consumed in the production process,
by using Dirac algebra.
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And find the quantities of final products P,, P,, and P; which would have been produced in
theory, if exactly one unit of the third raw material R5 had been consumed in the production
process, by using Dirac algebra.

Use the values just found to construct the inverse of the demand matrix and check your re-
sult.

Problem 10:

Find the inverses of the following matrices (if they exist) by using Dirac algebra and check
your results.

a) 1 4 9 b) 0 4 7 ) 1 4 7
A=|7 2 6 B=|4 5 8 cC=|2 5 8
6 3 8 36 9 36 9
d) 3 4 8
D=|10 5 10
10 20 15
Problem 11:

a) A firm manufactures two different final products P, and P,. To produce these products the
following quantities of three different raw materials R;, R,, and R are required:
S5unitsof R;, 4unitsofR,, and 3unitsof R; toproduce 1 unitofP;
2 unitsof R;  to produce 1 unitof P,
Find the quantities of final products P, and P, which will be produced, if exactly 125 units

of the first raw material R,, 100 units of the second raw material R,, and 145 units of the
third raw material R; are consumed in the production process, by using Dirac algebra.

b) A firm manufactures two different final products P, and P,. To produce these products the
following quantities of three different raw materials R, R,, and R5 are required:

5unitsof R;, 4unitsofR,, and 3unitsof R; toproduce 1 unitofP;
6 unitsof R;, 7unitsof R,, and 8unitsof R;  toproduce 1 unitofP,

Find the quantities of final products P, and P, which will be produced, if exactly 380 units
of the first raw material R,, 370 units of the second raw material R,, and 360 units of the
third raw material R5 are consumed in the production process, by using Dirac algebra.

As there are more linear equations than variable now, the systems of linear equations are over-
constrained. But these three equations of a) and b) are consistent, and thus solutions will exist.
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iubh Internationale Hochschule, Winter 2020/2021
Advanced Mathematics (MQM110)

Worksheet 11 — Exercises

Problem 1:

This year (2020) the British black hole scientist Roger Penrose was awarded the Noble Prize

of physics together with Reinhard Genzel and Andrea Ghez. As Penrose is not only a physicists,
but also a mathematician, this year’s Noble Prize of Physics has partly become a Noble prize

of mathematics. For example, Roger Penrose has reinvented the Moore-Penrose matrix inverse
half a century ago.

Please have a look at the history of the Moore-Penrose matrix inverse at your math books or at
the internet.

Problem 2:

Repeat and rethink the solution strategies of the following problem of previous worksheets, al-
ready solved twice there:

a) A firm manufactures two different final products P, and P,. To produce these products the
following quantities of three different raw materials R, R,, and R5 are required:
Sunitsof R;, 4unitsofR,, and 3unitsof R; toproduce 1 unitofP,
2 unitsof R;  to produce 1 unit of P,
Find the quantities of final products P, and P, which will be produced, if exactly 125 units

of the first raw material R;, 100 units of the second raw material R,, and 145 units of the
third raw material R; are consumed in the production process.

b) A firm manufactures two different final products P, and P,. To produce these products the
following quantities of three different raw materials R, R,, and R are required:
S5unitsof R;, 4unitsofR,, and 3unitsof R; toproduce 1 unitofP;
6 unitsof R;, 7unitsofR,, and 8unitsof R; toproduce 1 unitofP,
Find the quantities of final products P, and P, which will be produced, if exactly 380 units

of the first raw material R;, 370 units of the second raw material R,, and 360 units of the
third raw material R are consumed in the production process.

As there are more linear equations than variables now, the systems of linear equations are over-
constrained. But these three equations of a) and b) are consistent, and thus solutions will exist.

Problem 3:

Construct the left-sided, non-square Pauli algebra generalized matrix inverses of the demand
matrices of problem 2 by pre-multiplying the inverse of the outer product of the coefficient

vectors (a A b)*1 from the left and solve problem 2 with the help of these Pauli algebra gen-
eralized matrix inverses.
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Problem 4:

Construct the left-sided, non-square Pauli algebra generalized matrix inverses of the demand
matrices of problem 2 by post-multiplying the inverse of the outer product of the coefficient
vectors (a A b)*l from the right and solve problem 2 with the help of these Pauli algebra gen-
eralized matrix inverses.

Problem 5:

Construct the left-sided, non-square Dirac algebra generalized matrix inverses of the demand
matrices of problem 2 by pre-multiplying the inverse of the outer product of the coefficient
vectors (a A b)_1 from the left and solve problem 2 with the help of these Dirac algebra gen-
eralized matrix inverses.

Problem 6:

Construct the left-sided, non-square Dirac algebra generalized matrix inverses of the demand
matrices of problem 2 by post-multiplying the inverse of the outer product of the coefficient
vectors (a A b)*1 from the right and solve problem 2 with the help of these Dirac algebra gen-
eralized matrix inverses.

Problem 7:

Construct the Moore-Penrose generalized matrix inverses of the demand matrices of problem 2
and check the Moore-Penrose conditions.

Then solve problem 2 with the help of these Moore-Penrose generalized matrix inverses.

Problem 8:

Construct spacetime generalized matrix inverses of the demand matrices of problem 2 with
the help of the Dirac algebra generalized matrix inverses of problems 5 & 6 and check the
Moore-Penrose conditions.

Try to find new conditions which describe the mathematics of these spacetime generalized
matrix inverses.

Then solve problem 2 with the help of these spacetime generalized matrix inverses.
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iubh Internationale Hochschule, Winter 2020/2021
Advanced Mathematics (MQM110)

Worksheet 7 — Answers

Problem 1:
a) a=5y+2v Sketch:
b=2y +6vy
ab=0By+2v) 2v+67vy
=5 2924561+ 2- 2 + 2 61 .2em
=102 + 30 yiyx + 4 i + 12 18
=10-1+30yyx+4 (—yyx) +12- (1) 6cm b
=10+ 30 yiyx — 4 yiyx — 12
:—2+26'}/t'}/x a 2cm
= aAb=26yyy 5cm :
= |A| =26
— The area of the spacetime parallelogram is 26 cm?.
b) a=8yi+ 7y Sketch:

b =2y + 207

ab=@8vi+7v) (2yt+2074)
=8-277+8-20yyx + 7 2yqyi + 7- 20 1,2
=16 ¢ + 160 yyx + 14 yyyt + 140 1,8
=161+ 160 yryx + 14 (— yiyx) + 140- (- 1)
=16 + 160 yeyx — 14 yeyx — 140

= — 124 + 146 yyyy 20cm
= aAb=146 yyy
= |Al =146

— The area of the spacetime parallelogram is 146 cm?.
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C) a=5y -5y

b=3y+ 7y«

ab=(5y—-5v) Brn+7m)
=5.3v2+5-7Tyyx—5-37qt—5-77¢
= 1592+ 35 yiyx— 15 1y — 35 7
=15-1+35yx— 15 (1) — 35 (— 1)
=15+ 35 yyx + 15 yeyx + 35
=50 + 50 yiyx

= anA b =50y

= |Al =50

— The area of the spacetime parallelogram is 50 cm?.

d) a=4y + 16y«

b=9y+ 2y,

ab=(4y+16v) (9 +2vy)
:4-9’Yt2+4-2ytyx+16-9'nyt+16'2'Yx2
=36 v + 8 yyyy + 144 yyy + 32 7,8
=36-1+8vyyx+ 144 () +32- (- 1)
=36 + 8 yiyx — 144 yeyx — 32
=4 — 136 yryx

= aAb=-136yyx

= |A] =136

— The area of the spacetime parallelogram is 136 cm?.

Problem 2:

a) a=6vy+4yx
b=—4y +6v

ab=6y+4y) (—4y+6yy)

6 (-4’ +6- 6yt 4 (-4) pn+ 467
— 2442 + 36 yiy— 16y + 24 7,
—24-1+36yyx—16 (—yi7) + 24 - (- 1)

=— 24+ 36 yiyx + 16 yiyx— 24

=—48 + 52 yyyx

= aAb=52yyy
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= |A| =52

— The area of the spacetime parallelogram is 52 cm?.

As the inner product does not vanish, the sides of the spacetime parallelogram are not
perpendicular to each other. Thus this spacetime parallelogram is not a spacetime square,

but a spacetime rhombus.

b) a=—-4.8y— 3.4y«
b=—51y+ 7.2
ab=(48y—34y,) (-51y+7.27)
=-48-(-51) 7" - 4.8-7.2yyx—3.4- (- 5.1) yp— 3.4- 7.2 9,
= 24.48 v — 34.56 yeyx + 17.34 vy — 24.48 v,
" Yilx i i Sketch:
= 24.48 -1 — 34.56 yiyx + 17.34 (= yiyy) — 24.48 - (— 1) 5.1 cm
= 24.48 — 34.56 yyx — 17.34 vy + 24.48
=48.96 — 51.90 yiyx

7.2cm
= aAb=-51.90yyx

= |A]=51.90

— The area of the spacetime parallelogram is 51.90 cm?.

As the inner product does not vanish, the sides of the
spacetime parallelogram are not perpendicular to each
other. Thus this spacetime parallelogram is not a space-
time rectangle.

3.4cm

C) a=4y + 3y Sketch:

b=12v;+ 974«

ab=(4y+ 3y (12y:+97y)
=4-12y% +4- 9y +3- 127t + 397
= 48 % + 36 yiyx + 36 vy + 27 V5
=481+ 36 yeyx + 36 (—yeyx) + 27 - (= 1)
=48 + 36 yryx — 36 yiyx — 27
=21 + 0 yeyx
=21

9cm

= aAb=0yy=0
= |Al=0

— The area of the spacetime parallelogram equals 0 cm?. Thus there is no area.
It is not possible to form a parallelogram, because all sides are parallel.
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d) a=5y+ 20y Sketch:
b=—yi— 4y«

ab=0Bv+20v) (~vi—4vx)
=5 (1) ¥ +5- (= 4) v+ 20+ (- 1) yare + 20+ (- 4)
:—5Yt2 + — 20 yeyx — 20 yyy: — 80 yX2

~5-1-20vryx—20 (—yiv) —80- (- 1)

—5—20 yfyx + 20 yryx + 80

75 + 0 yeyx

=75

20 cm

= aAb=0yy=0

= |Al=0

— The area of the spacetime parallelogram equals 0 cm?.

Thus there is no area.

It is not possible to form a parallelogram, because all
sides are parallel.

e) a=6y+4yx Sketch:
b=4y +67

ab=(6y+4yx) 4y +6yy)
=64y’ +6-6yyx+td-dyqt 46y
=24 ytz +36 yiyx + 16 vy + 24 sz
=24-1+36yyx+ 16 (v +24- (- 1)
=24 + 36 yiyx— 16 yiyx — 24
=0 + 20 yeyx

6cm

= 20 yryx
= anAb=20yyy

= |Al=20

— The area of the spacetime parallelogram is 20 cm?.

Now the inner product vanishes. Thus the sides of the spacetime parallelogram are
perpendicular to each other, and this spacetime parallelogram is a spacetime square.

f) a=—4.8yt—3.4yx
b= 51y + 7.2y
ab=(-48y—34y) 5.1y +7.2vy)
=-48-51 Ytz —48.72 Yeyx — 34-51vy—34-7.2 sz
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— 24.48 % — 34.56 vy — 17.34 vy — 24.48 7,2 Sketch:
—24.48 -1 —34.56 yiyx— 17.34 (= yiyx) — 24.48 - (— 1)

= —24.48 — 34.56 vyeyx + 17.34 yyx + 24.48 7.2cm
=0-17.22 yeyx b
=—17.22 yyyx
- 5.1cm
anb=—17.22 yyx Z 3.4 om

|Al =17.22

The area of the spacetime parallelogram is 17.22 cm?.

Now the inner product vanishes. Thus the sides of the spacetime parallelogram are per-
pendicular to each other, and this spacetime parallelogram is a spacetime rectangle.

9) a= 4y tay Sketch:
b=12v;+ 97y
ab=(@4y+4yv) 12y + 97y
:4-1ZYt2+4-QYtyX+4-12yth+4-9yX2
=48 ytz + 36 yiyx + 48 yxy: + 36 yxz
=481+ 36 yiyx + 48 (—yeyx) + 36 (— 1)
o 4cm b 9cm
=48 + 36 yiyx — 48 yiyx — 36
=12 12 yeyx 4cm a
= anb=-12 yyx
~ Al =12 12 cm
— The area of the spacetime parallelogram is 12 cm?.
h) a= 8y + 8y Sketch:
b=—5y+57
ab=(8yi+8v) (-57t+5vx)
=8-(-5) Y’ +8-5yx+ 8- (-5) yxri +8- 57
= — 40 y¢ + 40 yiyx— 40 yyye + 40 7,
=—40-1+40 yryx—40 (—yiyx) +40- (- 1)
=—40 + 40 yryx + 40 yiyx— 40 4 8cm
=~ 80+ 80 yanx 5cm: b
= anA b =280y
= |A|=80 5cm 8 cm

— The area of the spacetime parallelogram is 80 cm?.
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Problem 3:

Measuring relativistic time intervals:

_ A(ct) _ Act) A(ct)

A(ct) =c At = At =
(€9 c 3-10°m/s  3-10%%cm/s

Light needs 1 nanosecond = 1 ns to cover the length of a ruler: A(ct) =30 cm

At= 20 _ 3(300m =10 %s=1ns
c 3-10"cm/s
la) a=5y+ 2y« ct
b=2y+6vx A
T
A(cty) =5¢cm
A(ctp) =2 cm
5 ......
a
> X
2 6
Aty = AC) _ M _67.10 ©5=0.167ns
c 3-10""cm/s
Ay = A Zlgm = 6.67-10 "5 =0.0667 ns
c 3:10"cm/s
lb) a.:8'Yt+ 7’Yx Ct
b=2y+ 207y A\
T
A(cty)) =8 cm

Alctp) =2cm g

_ A(et,) 8cm
C 3-10"%cm/s

=267-10 °s=0.267ns

Aty
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_ A(ct,) _ 2cm

Aty - =6.67 - 10 "5 =0.0667 ns
c 3-10"cm/s
1c) a=5y—5 ct
b=3y:+7vx A
T
A(cty) =5cm
A(ctp) =3 cm
> X
-5 7
aty= A0 o SOy 67 1010520167 ns
c 3:10"cm/s
Aty = Aldt,) _ Slcém =1-10 ®s=0.1ns
c 3-:10"cm/s

1d) a=4y + 16y«

b=9y+ 2y A
T
A(cty)) =4 cm
A(cty) =9cm 9
1
> X
2 16
A= AC) o A 5590 10520133 ns
c 3-10""cm/s
t
A, = A) _ 91‘;”1 =3.10 ©s=03ns
3-:10"cm/s
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2a) a= 6yt4yx ct

b=—4y + 6y A
T
A(ct)) = 6cm (oY :
A(cty) =—4 cm
a
> X
4 6
b
—4
A, = At _ 61‘;”‘ =2.10 ©s=02ns
c 3-107cm/s
ap= ) o ZAeM 55007052 0.133ns
c 3-:10"cm/s
2b) a=-4.8y—3.474 ct
b=-51y+7.27 A
T

A(ct,)) =—4.8cm
A(ctp) =—5.1cm

A 4,
Aty = AC) _ 48eM - 16.10 5= 0.16ns
c 3-10"cm/s
A= ACe) o ZSIM g g2 g7
c 3-10"cm/s
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2C) a= 4y + 3y
b=12v;+ 9y«

1 12
A(cty) = 4cm

A(cty) =12 cm

_ A(et,) 4cm
Aty = = n
c 3-10°cm/s
Aty = A(ct,) _ 1210cm
c 3-10°cm/s

2d) a= 5y + 20y«

b= —yi— 4y«
T
Alcty)) = 5cm
Acty) =—1cm
ct
N

=1.33-10 °s=0.133ns

=4-.-10 °s=0.4ns

3 9

A(ct,) 5cm
C 3-10"cm/s

Aty = A(ct,) _ —}Ocm
C 3-10"cm/s

=1.67-10 ¥s=0.167ns

=_-3.33-10 *s=-0.033ns
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2e) a=6y+4yy ct
b=4y +6vyx A

1
A(ct,) =6cm

A(cty) =4 cm

b
> X
4 6
As the diagonal line (world line of light) can
be drawn right through the end points of the
parallelogram, this parallelogram is a spacetime
square. The diagonal line looks like a bisector
of the angle between spacetime vectors a and b.
A
Aty = AC) _ 61(;m =2-10 "s=02ns
c 3-107cm/s
Ap= Ae) o ACM 53 40 10520133 ps
c 3-107cm/s
2f) a=-4.8y—3.4vy ot
b= 5.1vyi+ 7.2y« A
T
A(cty)) =—4.8cm
A(cty) = 5.1cm
> X

As the diagonal line (world line of light) looks
like the bisector of the angle between spacetime
vectors a and b, this parallelogram is a space-
time rectangle.
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A(ct,) _~ —4.8cm

Aty =
¢ C 3.10%%cm/s
A(ct .
Aty = (cty) _ Sllocm
c 3-10"cm/s

209) a= 4y+4yy

b=12vy+ 9y
T
A(cty)) = 4cm

A(cty) =12 cm

=_16-10 *®s=-0.16ns

=1.7-10 ®¥s=0.17ns

ct

A

diagonal line
(world line of light)

_ A(et,) 4cm
Aty = - 10
c 3-10°cm/s
A
Aty = (cty) _ 1210cm
c 3-10°cm/s

2h) a= 81y +8yx

b=-5y+5y
T
A(cty)) = 8cm
A(cty)) =—-5cm

diagonal lines
(world lines of light)

=1.33-10 °s=0.133ns

=4.10 *s=0.4ns

> X
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_ A(et,) 8cm

Aty _ =2.67-10 *s=0.267ns
c 3-10"°cm/s
A= A o Z5CM 67 107 25=_0.167 s
c 3-10"cm/s
Problem 4:

la) a=5y+ 2y
b=2y+67 ab=-2+26 yyy
=GB+ 27)°=61+27) Gyt 2vy)
=25y + 10y + 1011+ 41,0 =25-4=21>0 = time-like vector
b?= (27 +67:)° = 27+ 67 (271 + 67%)
=4y + 12y, + 12 1,1+ 361, =4-36=-32<0 = space-like vector
(@b)’ = (- 2+ 26 yi7:)* = (- 2+ 26 yrys) (- 2 + 26 71ys)

=4 — 52 yiyx — 52 yeyx + 676 Yeyxyeyx

=4 - 104 yyx + 676

=680 — 104 yiyx = This is the square of the spacetime parallelogram ab,
but this is not the magnitude square of spacetime pa-
rallelogram ab. To find the magnitude square of the
spacetime parallelogram, a b = — 2 + 26 y¢yx must be
multiplied by its reverse (ab) =ba=—2— 26 yx.

(ab) (ab) = (=2 + 26 yyx) (~ 2 - 26 yiyy)

=4 — 52 yeyx + 52 yiyx — 676 Yeyxyeyx

=4-676

=—-672 = This is the magnitude square of the given spacetime
parallelogram.

= a’b?=21-(-32)=-672=(ab) (ab)”

b =2y + 20y ab=-124+ 146 yyyx

=By +71° =B+ 71) B+ 71
=64 y%+56 yyx + 56 1yt + 497, =64 -49=15>0 = time-like vector

b®= 2y +207,)° = (27t +207) 2v: + 207)
= 4 v2 + 40 yoyy + 40 vy + 400 7,2 =4 — 400 =-396 <0 = space-like vector

(ab)? = (— 124 + 146 yy,)? = (— 124 + 146 yyy,) (— 124 + 146 yiyy)
= 15376 — 18104 vyiyx — 18104 yyyx + 21316 yeyxytyx
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= 15376 — 36208 ygyy + 21316

=36692 — 36208 ytyx = This is the square of the spacetime parallelogram
ab, but this is not the magnitude square of
spacetime parallelogram ab. To find the mag-
nitude square of the spacetime parallelogram,
ab=-124 + 146 yyyx must be multiplied by its
reverse (ab) =ba=—124 — 146 yeyy.

(ab) (ab) = (- 124 + 146 yiy) (— 124 — 146 yryx)
= 15376 + 18104 yryx — 18104 yryx — 21316 yryxytyx
= 15376 — 21316

=—-5940 = This is the magnitude square of the given
spacetime parallelogram.

— a’b?=15- (- 396) = — 5940 = (ab) (ab)”

1c) a=5y—5yx
b=3y+7yx ab =50+ 50 yeyx

a*=(5v%t—57° = (57—57) (5%~ 5%
=257 - 25 11y — 25 1yt + 257 =25-25=0 = light-like vector

b®= @B+ 71’ = B+ 710 B+ 7)
=9y + 2Ly + 21yt + 49,2 =9-49=-40<0 = space-like vector

(ab)? = (50 + 50 yyyx)® = (50 + 50 ytyx) (50 + 50 yiyy)
= 2500 + 2500 vyyx + 2500 yryx + 2500 yeyxyeyx
= 2500 + 5000 yyyx + 2500

= 5000 + 5000 yiyx = This is the square of the spacetime parallelogram ab,
but this is not the magnitude square of spacetime pa-
rallelogram ab. To find the magnitude square of the
spacetime parallelogram, a b = 50 + 50 y¢yx must be
multiplied by its reverse (ab) = ba =50 — 50 yyy.

(ab) (ab)” = (50 + 50 yryx) (50 — 50 yiy)

= 2500 — 2500 yryx + 2500 yeyx — 2500 yeyxyeyx

=2500 —-2500

=0 = This is the magnitude square of the given spacetime
parallelogram.

= a’b’=0-(-40)=0=(ab) (ab)
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ld) a=4yt+16yx
b=97+ 2y ab=4—-136 yyx
a2 = (4y+167,)%= (4y + 167, (v + 167y)
=167 + 64 yiyx + 64 ey + 256 1,2 = 16 — 256 =—240 <0 = space-like vector

b= (97 + 27107 = (91 + 272 (97 + 27y

=81y + 18 yiyx + 18 v+ 41,2 =81-4=77>0 = time-like vector
(ab)® = (4 — 136 yry)” = (4 — 136 viyx) (4 — 136 Yiyy)

= 16 — 544 yeyx — 544 yeyx + 18496 yryxyeyx

=16 — 1088 yyyy + 18496

= 18512 — 1088 ytyx = This is the square of the spacetime parallelogram ab,
but this is not the magnitude square of spacetime
parallelogram ab. To find the magnitude square of
the spacetime parallelogram, a b = 4 — 136 yyyx must
be multiplied by its reverse (ab) =ba =4+ 136 yyx.

(ab) (ab) = (4 — 136 yix) (4 + 136 yiy)
= 16 + 544 yeyx — 544 yeyx — 18496 veyxyiyx
=16 - 18496

=— 18480 = This is the magnitude square of the given spacetime
parallelogram.

— a’b®=-240-77=-18480 = (ab) (ab)”

2a) a= 6y +4yy
b=—4y+6yx ab=—48+52 yyx
a?=(6yi+47)°=36-16=20>0
b?= (- 4y +67)2=16-36=-20<0
(ab)? = (— 48 + 52 ygy)? = 5008 — 4992 vy
(ab) (ab)” = (- 48 + 52 ygp,) (- 48 — 52 1) = — 400

time-like vector
space-like vector
square of the spacetime parallelogram

O

magnitude square
= a’b?=20- (- 20) =400 = (ab) (ab)”

2b) a=-4.8y;— 3.4
b=-51y+ 7.2 ab=48.96 — 51.90 yey«

a’=(-4.8y—34v)°=23.04-1156=11.48>0 — time-like vector
b?=(-5.1y+7.2y,)°=26.01-51.84=—-2583<0 — space-like vector
(ab)? = (48.96 — 51.90 y¢y,)? = 5090.6916 — 5082.0480 yeyy = square of the spacetime

parallelogram
(ab) (ab) = (48.96 — 51.90 yyyy) (48.96 + 51.90 yey,) = — 296.5284 = magnitude square

= a’b?=11.48 - (— 25.83) = — 296.5284 = (ab) (ab)”
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2C)

2 d)

2¢e)

2f)

29)

© M.

a=4y +3vy

b=12v;+ 9y« ab=21+0yyx=21

a?=(4v;+37)°=16-9=7>0

b= (121 +97,)°=144-81=63>0
(ab)? =212 =441

(ab) (ab)” = (21 + 0 yiy) (21 -0 yeyy) = 441

a’b’=7-63=441=(ab) (ab)”

a=5y+20yx

b=—yi— 4y ab=75+0yyx=75

a’=(5y+207,)°=25-400=-375<0
b?=(-y1—47)°=1-16=-15<0

(ab)? = 75° = 5625

(ab) (ab)” = (75 + 0 yiy) (75 — 0 yry) = 5625
a’b? = (- 375) - (- 15) = 5625 = (ab) (ab)”
b=4y +6vyx

a?=(6y +4v)°=36-16=20>0
b’=(4v+67,)°=16-36=—-20<0
(ab)” = (20 y,)* = 400

(ab) (ab)™ = (20 yirx) (— 20 yyyx) =— 400

a’b?=20 - (- 20) = — 400 = (ab) (ab)”

a=-—48y— 3.4y
b= 51y+ 7.2y

a’=(-4.8y—3.47v)°=23.04-11.56=11.48>0
b?=(5.1v+7.27,)°=26.01-51.84=—-2583<0

(ab)? = (- 17.22 yiy,)? = 296.5284

ab=0+20yyx =20 yiyx

R Y U Ul

uu

ab=0-17.22 yiyx = — 17.22 yeyx

=

=

=

(ab) (@b)” = (- 17.22 viyy) (17.22 yip) = — 296.5284 =

a’b®=11.48 - (— 25.83) = — 296.5284 = (ab) (ab)~

a= 4y +4yy

b=12y+ 9y ab=12-12 yyy

a’= 4y +47)°=16-16=0

=

time-like vector
time-like vector
square of geometric product

magnitude square

space-like vector
space-like vector
square of geometric product

magnitude square

time-like vector
space-like vector
square of spacetime square

magnitude square

time-like vector
space-like vector
square of spacetime rectangle

magnitude square

light-like vector
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b= (12 .+ 9y,)° = 14481 =63 >0

(ab)® = (12 — 12 ygy)* = 288 — 288 Yoy

(ab) (ab) = (12— 12 y7,) (12 + 12 y¢1,) =0
= a’b’=0-63=0=(ab) (ab)

2h) a= 8y +8
b=—5y+5y ab=—80+ 80 yeyx
a’=(8v;+87)°=64-64=0
b?=(-5v+57,)°=25-25=0
(ab)” = (80 + 80 yiyx)* = 12800 — 12800 vy«
(ab) (ab) = (80 + 80 yryx) (80 — 80 yiyx) = 0

= a’b’=0-0=0=(ab) (ab)”

Problem 5:

a) 3x+8y =28 = a=3yn+6%
6x+2y =28 b=8y+ 27

r=28y:+ 28 yx
= ab=@yu+6y)Byn+27y)

= 24 y& + 6 vy + 48 vy + 12 1,
=12 — 42 yeyx

a/\b:—42Yth
= rb=(28v+28v) Byi+27y)

= 224 v + 56 yiyx + 224 yyy1 + 56 75
= 168 — 168 yiyx

rab=-168yyx
= ar=3yt+6yx (28y:+ 28

= 84 ¢ + 84 yiyx + 168 yyy1 + 168 7,
= — 84 — 84 yyyx

anr=—84yyx

Check: 3:44+48-2=12+16=28
6-4+2-2=24+ 4=28

b) 4x+9y = 29 = a=4y+5v
5x+6y =31 b=97y+6 7y
r=29 vy + 31 yx

U

b v il

time-like vector
square of spacetime parallelogram

magnitude square

light-like vector
light-like vector
square of spacetime parallelogram

magnitude square

(@Aab)x=rab
— 42 yeyx X = — 168 vyiyx

= Xx=4

(@aAnb)y=anar

— 42 ey Y = — 84 vy«
= y=2

© M. Horn (2020): Solving Systems of Linear Equations with Dirac Algebra — Worksheets 29



= ab=@v+57) (9y+67v)
=36 ytz + 24 yeyx + 45 iy + 30 sz

=6 — 21 yyyx
anb=—21 vy
= rb=(297+31y) On+t6v ) Y X = AD
:261Yt2+174Ytyx+279yxyt+l86y>(2 @ab)x=ra
= 75— 105 yeyx s ~ 2L yoex =~ 105 v
X=95
r A b=—105yyy J =
= ar=@4wn+5 29 v+ 31 h
(4 2 Tx) (29 vt + 31 vy 2 (@anb)y=anr
=116 v + 124 yeyy + 145 yyye + 155 i
= — 39— 21 yyyx >~ = 2L yarcy = — 21 yer
= y=1
anr=—21yyx y
Check: 4.5+9-1=20+9=29
5-5+6-:1=25+6=31
c) 6x+4y =6 = a=6y+2vyx
2x+ y=3 b=dy+ 1
r=6y + 37y«
= ab=(6r+2v)@ntw
=249 + 6y + Byxne + 27
=22 — 2 yyx
anb=—2yyy
= rb=0Bv+3y) @ty 2 (@Ab)X=rAb
= 2472 + 6 yp o+ 1270+ 38 RERTES
=21 -6 yyyx e = 2 7tyx X = — 6 Yy
= Xx=3
rab=—6yyx )
= ar=06nu+2y)6nt+3y) ) (@anb)y=anr
=36 77 + 18 yiyx + 12 1yt + 6 1
=30 + 6 vy - ~2T0xY = 070
= =-3
aA T =0 yiyx )

Check: 6-3+4.(-3)=18-12=6
2:3+ (-3)= 6-3=3

© M. Horn (2020): Solving Systems of Linear Equations with Dirac Algebra — Worksheets 30



d) 5x-2y =6 = a=5y-2v
—-2x-3y =28 b=—2y—37

r==06y;+ 28 v«

= ab=0GBn-27)(2y%-3v
=_10 Yt2*15 ytyx+4Yth+6Yx2

=—16 - 19 yryx
anb=-19yyx
= rb=067+287) (-2v—37v% 3 AAB) X=TAD
= — 12 4% — 18 yiyx— 56 Yevx — 84 1 ARIE=TA
= 72 + 38 yiyx > — 19 yiyx X = 38 yryx
= X=-2
r A b =38 vy
/
= ar=0Bn-2yJ 6nt287y A @ab)y=anr
=30 ¢ + 140 yeyx — 12 vy — 56 1,
=86 + 152 yyy« > =19 veyx Y = 152 yyyx
= y=-38
anr =152 yyx )

Check: 5:(-2)-2-(-8)=-10+16=6
-2:-(-2)-3-(-8)= 4+24=28
Problem 6:

The system of two linear equations of this text problem is identical to the system of linear
equations of problem 3a). Therefore the results of that problem can be used.

3x+8y=28 = a=3y+6yx = anb=—42yyx
6x+2y=28 b=8yi+2yx rAb=—168 yyx
r=28y;+ 28 yx anr=—_84yyx
- -168 -1 -84
x=(@ab) ' (rab)= "2 =4 =(aanb) (aAar)=——=2
@nb) (rab)= = y=@ab) '@an==_
Check: 4
2
3 8 28
6 2 28

If 28 units of the first raw material R, and 28 units of the second raw material R, are consumed
in the production process, 4 units of the first final product P, and 2 units of the second final pro-
duct P, will be produced.
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Problem 7:

2x+7y = 2050 = a=2y+5v = aAb=-33yyx
5x+ y = 1000 b=7rv+yx rAb=—4950 yyx
r =2050 y; + 1000 yy aAnr=—38250 yx

—-8250

—4950

= 150 y=(@ab) '(@aar)= = 250

x=@Ab) ' (rab)=

Check: 150
250

2 7 2050
5 1 1000

If 2050 units of the first raw material R, and 1000 units of the second raw material R, are con-
sumed in the production process, 150 units of the first final product P, and 250 units of the sec-
ond final product P, will be produced.

Problem 8:
1stquarter 2nd quarter

\’ \2

4 37[x, x,] _[33000 32000
7 5||ly, y,| [38000 25000
H J - ~ J

R.... matrix of quarterly consumption of raw materials
(consumption matrix)

P.... matrix of quarterly production
(production matrix)

4 x,+ 3y, =33000 = a=4y+yx = anb =17 yyy
X; +5y, =38000 b=3y:+5vx r, A b =51000 yy«
r, = 33000 y; + 38000 vy a A r;=119000 yyx
51000 119000

x,=(@ab) (rpab)=

= 3000 y;=(@aab) t@nar)= =700

4 x,+3y,=32000 = a=4y+yx = anb =17 yyy
X, +5Yy,=25000 b=3y:+5vx r, A b =85000 yyx
r, = 32000 y; + 25000 vy a A r,=68000 yiyx

85000 68000

X, = (@A b)7l (r,Aab)= = 5000 Y, =(an b)f1 (anr,) = = 4000

17

. . 3000 5000
= matrix of quarterly production: P =

~ 17000 4000

© M. Horn (2020): Solving Systems of Linear Equations with Dirac Algebra — Worksheets 32



Check: 3000 5000
7000 4000

4 3 33000 32000
1 5 38000 25000

3000 units of the first final product P, and 7000 units of the second final product P, will be

produced in the first quarter.

5000 units of the first final product P, and 4000 units of the second final product P, will be

produced in the second quarter.

Problem 9:
8 2||x, x,| |42 28 AB=D
{4 3} {yl yj_{23 26
o el e
| D.... matrix of total demand
B... demand matrix of the second production step

A.... demand matrix of the first production step

8x,+2y,=42 = a=8y+4vy = aanb =16 yyx
4x,+3y,=23 b=2y+3vyx r, A b =80 yyx
ry =42y + 23 v anr; =16 yyx
1 80 -1 16
X;=(@Ab) (rlAb):E:S y; = (@ADb) (a/\rl):ﬁzl
8x,+2y,=28 = a=8y+4yy = aAnb =16 yyx
4x,+3y,=26 b=2y+ 3y r, A b =32 vy«
r, =28y + 26 yx anAr,=96yyx
_ 32 -1 96
x,=(@nb)t(r,ab)= 22 =2 =(aanb) (aAar)=—=6
»=(@ab) " (r,Ab) 16 Yo=(@Ab) "(@anry) 16
Check: 5 2
1 6

8 2 42 28
4 3 23 26

5 2
= demand matrix of the second production step: B = L 6}
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Problem 10:

9 3||x, X, X;| _ |48 21 84
2 2|y, v, v,| |12 14 32
LY_! N ~ J ~

| D.... matrix of total demand

~

B.... demand matrix of the second production step

A.... demand matrix of the first production step

9x,+3y,=48 = a=9vy+2y = aAb =12 yyy
2X,+2y, =12 b=3y+2yx r; A b =60 yyx
r, =48 vy + 12 v anr; =12 vy
_ 60 - 12
Xlz(aAb)l(rlAb):EZS ylz(a/\b)l(a/\rl):E:l
9x,+3y,=21 = a=9y+27 = aAb =12 yyy
2x,t2y,=14 b=3vy+2y rpAab= 0y«
r, =21y + 14 vy anr,=84yyy
- 0 -1 84
X,=(@Ab)  (r,Ab)= — =0 =(@aab) "(aAar)=—-=7
2(/\)(2/\)12 Y=(@Aab) (@A) 12
9x;+3y;=84 = a=9y+27 = aAb =12 yyy
2X3+2Yy;=32 b=3vy+2yx rs A b =72y«
r; =84y + 32 vy« a A rz =120 yiyx
x3=(a/\b)*l(r3/\b)=£=6 y3=(aAb)*1(aAr3)=@=10
12 12
Check: 5 0 6
1 7 10

9 3 48 21 84
2 2 12 14 32

50 6
= demand matrix of the second production step: B = { }

1 7 10

Problem 11:

First part of problem 11: Consumption of exactly one unit of the first raw material R;

7x+5y=1 = a=Ty+4dy = anb=1yyx=yyx
4x+3y=0 b=5y+3v riAb =3y
r1=1Yt:yt a/\r1:—4ytyx
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X, =@Ab)  (riab)=

| w

=3 ylz(a/\b)l(aAl’l):_T4 -4

Economic interpretation:

If exactly one unit of the first raw material R, had been consumed in the production process,
3 units of the first final product P; and (—4) units of the second final product P, would have
been produced. However, the production of a negative number of final products is problematic.

Producing (—4) units means that in addition to an already produced quantity (—4) units are
added. Mathematically, the negative number “minus four” is added or alternatively, the posi-
tive number “four” is subtracted. Thus after the production process the quantity is reduced by
four units.

Therefore these four units will not be produced, but consumed and (in theory completely) split
again into the initial raw materials R, and R,.

The correct economic interpretation will then be:

If exactly one unit of the first raw material R, had been consumed in the production process,
3 units of the first final product P, would have been produced and additionally 4 units of the
second final product P, would have been consumed.

Second part of problem 11: Consumption of exactly one unit of the second raw material R,

7x+5y=0 = a=T7y+4y = aAb=1yyx= yiyx
4x+3y=1 b=5y+3yx r2A D=5y
=1y, =17« anr=7yyx

X=@AD (eab)= 2 =-5  y=@ab) @ar)= T =7

Economic interpretation:

If exactly one unit of the second raw material R, had been consumed in the production process,
in addition 5 units of the first final product P, would have been consumed and 7 units of the
second final product P, would have been produced.

As a complete splitting of products into the initial raw materials is hardly possible (and then
usually connected with higher costs), negative production quantities or a negative output will
only very rarely be part of realistic economical situations.

But mathematically the results just found are of enormous importance, which can be seen at
the following check of the results.

Check: 3 -5 i _ .
} inverse A~ ' of matrix A
-4 7
_ . 1 0
initial matrix A identity matrix |
4 3 0 1
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Mathematical interpretation:

3

_ 3 7 5
The resulting matrix A t= { 7} is the inverse of matrix A = [4 }

Problem 12:

First part of problem 12: Consumption of exactly one unit of the first raw material R;

10x+12y=1 = a=10y+4 vy = anb=2yyy
4x+ 5y=0 b=12v+ 57 riAb=5 vy
r1=17t:yt a/\r1:—4ywx

=@AD (A= 2 =25 y=@ab)@am)= =2

Economic interpretation:

If exactly one unit of the first raw material R, had been consumed in the production process,
2.5 units of the first final product P, would have been produced and additionally 2 units of the
second final product P, would have been consumed.

Second part of problem 12: Consumption of exactly one unit of the second raw material R,

10x+12y=0 = a=10vy;+4 v = aAnb=2yyx
4x+ 5y=1 b=12v+ 5 oAb =—12yyy
=17y =17« anAr;=10yyy

X2:(a/\b)1(r2/\b):_712:_6 Y2:(a/\b)1(a/\r2):%:

Economic interpretation:

If exactly one unit of the second raw material R, had been consumed in the production process,
in addition 6 units of the first final product P, would have been consumed and 5 units of the
second final product P, would have been produced.

Check. 25 ~6 } inverse A" of matrix A
-2 5
. . 10 12 1 0
initial matrix A identity matrix |
4 5 0

Result:

10 12 25 -6
The inverse of the initial demand matrix A = { 4 5} is A '= { ) 5]
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Problem 13:

a) 5 4
s 7

x,=@Ab) ' (riAab)=

X,=(@Ab)  (r,Ab)=

Check:

= a=5v+9x

= anb=—yyy

b)

10 4]
19 8]

x;=(@Ab) t(riab)=

X,=(@Ab) " (raAb)= ‘74 -1

7

9

-5

= a=10y+ 19y,

|

D=4y +7yy riAb=7yyx ranb=—4yyx
r =" anr;=—9vyyx aAr=5yyx
2 =7vx
1 -9
—=-7 y; =(@ADb) (a/\rl):—lz 9
1 5
— =4 Yy, =(@ADb) (a/\rz):—1=—5
-7 4
9 -5
1 0
0 1

= aAb=4yyy

b=4ry +8yy ri A b =8y raAb=—4yyy
r =y a/\r1:—19ywx a/\r2:10Yth
2 ="7x

%:2 y1=(a/\b)_1(aAr1)=_—w=—4-75

Vo= (@Ab)  @nr)= % =25

Check: 2 -1
475 25
10 4 1 0
19 8 0 1
L gl 8 -4 [ 2 -1
T 4|-19 10| |-475 25
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c) c_[w0 6 = a=10y + 20y,
120 13

b= 61y +13 vy
r=m
) =7vx
X, =(@Ab) (r Ab)= 13- 13
10
X, =(arb)yt(,Ab)= —2 =_06
2 2 10 '
Check: 1.3 -0.6
~2 1
10 6 1 0
20 13 0 1
4, 1] 13 -6 1.3 -06
= C =— =
10/-20 10| |-2 1
d) 5[0 -25] = a=02y
102 34 b=-25y+347
ri="7
o = 7vx
xlz(aAb)*l(rlAb):ﬁ=2-3.4:6.8
0.5
xzz(aAb)l(rzAb):z—'g:2-2.5:5
Check: 6.8 5
04 O
0 -25 1 0
02 34 0 1
o 34 25 68 5
= D =2 =
—02 0 ~04 0
Problem 14:

In the introduction of his book Vince explains on
formal model developed by David Hestenes et al.

= aAb=10yyy
riAb =13 yyy« ra A b =—6 7y

anr:=-20yix anr;= 10y«

-0 _

yi=@ab) (aar)=

1

_ 10
y,=(@ab) t@nry)= 0

|

= anAnb=0.5yyy

riAb=34yyx ra A b =25y«

anr=-02yx anr,=0
yi=@ab) ' (@aary)= % —2.(L02)=_04
V,=(@aAb) ' (@ar)= — =2.0=0

0.5

page 3: “Chapter 11 addresses the con-
Its use of 5D Minkowski space is a recent

development and has natural applications to quantum physics and electrodynamics, but is also
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being applied to computer graphics.” And he goes on explaining at the beginning of chap. 11
on page 199: “(...) conformal space requires five dimensions, (...) one of the dimensions has,
what is called a negative signature, which transforms the space into a Minkowski space.”

Thus we discuss Minkowski space, because Minkowski space is the space of conformal geo-
metry. And later we will discuss conformal geometry, because it is an important mathematical
tool in computer graphics.

To be able to understand Minkowski space, we will use a very important idea, stated in clear
words by David Hestenes already half a century ago: “The reader is asked to think of the vy, as
a frame of four orthonormal vectors in space-time.” (See: David Hestenes: Real Spinor Fields.
Journal of Mathematical Physics, Vol. 8, No. 4 (1967), pp. 798 — 808).

Thus we discuss Dirac algebra because this algebra describes the mathematical foundations of
Minkowski space — and the spacetime of Einstein’s special theory of relativity.

When travelling the universe one day, you will need it, as it is also the mathematics of star-
ship Voyager. So please have an additional look on the dialogue between Neelix and Tuvok,
the Vulcan, in:

Miroslav Josipovi¢: Geometric Multiplication of Vectors. An Introduction to Geo-
metric Algebra in Physics. Birkhdauser / Springer Nature Switzerland, Cham 2019,
corrected publication 2020.

Josipovi¢ there gives a nice overview of the conformal model and its connection to Minkowski
space in sec. 2.12, pp. 117 — 119.
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iubh Internationale Hochschule, Winter 2020/2021
Advanced Mathematics (MQM110)

Worksheet 9 — Answers

Problem 1:

a) a=4yx+2yy Sketch:
b=2vy,+4yy
c= 3%

4 6
X

Detailed calculation:
ab=(4y+2y) 2yx+4yy)

=8y + 16 yxyy + 47y + 81y

=—8+ 16 vxyy—4vxry—8

=16+ 12 7y = aAnb=12vy,yy
abc=(—16+ 12 vyyy) (By) =—48 vt + 36 yiyxyy = aAbAac=36yyxyy

= |v|=36
— The spacetime volume of the parallelepiped is 36 cm®.
Check by applying the rule of Sarrus:
a=0y+4y+2yy 0 0 3
b=0yi+2yc+4yy = A=14 2 0 = det A=36
c=3y+07yx+0yy 2 4 0
Magnitude check: a?b?c?= (- 4%—2?%) - (- 22— 4% - 32=3600
(abc)(abc) =(-48)2+36°=3600
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b) a=4y,+2yy Sketch:
b=2y,+4yy
C=57t+5yy

Detailed calculation:
ab=(4yx+2v) 2yx+4y)
=87 + 16 1y + Ay + 87
=—-8+16vxyy—4yxyy—8
=16+ 12y = aAnb=12vy,yy
abc=(-16+12yxy) Gy +57)
=—80 y:— 80 yy + 60 yxyyyt + 60 vxyyvy
=80 y;— 80 yy + 60 yryxyy — 60 vx
=807y — 60 v,— 80y, + 60 yryxyy = aAbac=60 yyxyy
= |v] =60
= The spacetime volume of the parallelepiped is 60 cm?.

Check by applying the rule of Sarrus:

a=0y+4y+2yy 0 0 5
b=0y+2yc+4yy = B=(4 2 0 = det B =60
C=57:+07yx+5yy 2 4 5

Magnitude check: a?b®c?=(-4%>-2%) . (-2°-4%) - (5°-5% =0
(abc)(abc) =(-80)%—(-60)%) - (-80)°+60°=0
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C) a=4yx+2yy Sketch: ct

b=2 Tx +4 Ty 7
C=Tyi+Tyx+tTyy
5o
3 .......
1 C
>y

Detailed calculation:
ab=(4yx+2yy) vx+4vy)
=8y’ + 16 7yy + 4yyn+ 81y
=—8+16yxyy—4vary—8
=—16 + 12 yyyy = aAb=12yyyy
abc=(—16+12yxyy) (Tye+ Tyx+ Tyy)
= — 112y — 112 5 — 112 yy + 84 yyyyve + 84 1uyyvx + 84 vxyyyy
=—112 v — 112 v, — 112 yy + 84 yryxyy + 84 1y — 84 yx
=— 112 v — 196 yx— 28 yy + 84 yiyxyy = aAbac=84yyxyy
= |v|=84
= The spacetime volume of the parallelepiped is 84 cm®.

Check by applying the rule of Sarrus:

a=0y +4y+27y 00 7
b=0y +2y+4yy - C=|4 2 7 — detC=84
C=Tyvi+ Tyt Ty 2 47

Magnitude check: a?b?c? = (— 42— 2%) - (- 2°—4%) - (7> = 7= 7% = - 19600
(abc)(abc) =(-112)%— (- 196)%) — (- 28)% + 842 =—19600
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d) a=5y+ 2y +5yy
b=67y+3yx+3yy
C=4y+4y+4yy

Detailed calculation:
ab=(0By+2yx+5yy) 6yt +3yx+3yy)
=307’ + 15 iy + 157y + 12 7y + 6 1 + 6yyy + 30 yyye + 15 vy + 15 7,7

=30 + 15 yyyx + 15yeyy — 12 yryx — 6 + 6 yxyy — 30 yeyy — 15 yyyy — 15

=9+ 3y — 15very — vy = aAb=3yyx—15vyy -9y

abc=(9+3vyyx—15vyy—9vxyy) v +4yx+4yy)

=367t + 36y« + 367y + 12 yeyuye + 12 yeyxyx + 12 eyxyy — 60 veyyye — 60 veyyyx — 60 veyyyy
— 36 Yxyyyt — 36 YxyyYx — 36 YxyyYy

=36yt + 36yx + 36y — 12 75— 12 yr + 12 yryxyy + 60 yy + 60 yeyyyy + 60 vt
— 36 viyxyy — 36 vy + 36 v«

=84 v+ 60 yx + 60 vy + 36 yryxyy = aAbAac=36yyxyy
= |v|=36

— The spacetime volume of the parallelepiped is 63 cm?®.

Check by applying the rule of Sarrus:

a=5y+2yx+5yy 5 6 4
b:6'Yt+3'Yx+3'Yy = D=2 3 4 = detD =36
C=4y+4y+4yy 5 3 4

Magnitude check: a?b?®c?= (5% —2°-5% - (6°—3*—3%) - (4% — 4% — 4% = 1152
(abc)(abc) =84%-60>-60°+362=1152

e) a=10y+2yx+ 67y
b=12v:+8yx+3yy
C= 4y+Tyc+9yy
Detailed calculation:
ab=(10y+2yx+67yy) (12y:+8yx+ 3yy)
= 1207¢" + 80 yiyx + 30 7ryy + 24 iy + 16 137 + Byxyy + T2y + 48 yyyx + 187
=120 + 80 yryx + 30 yryy — 24 yiyx — 16 + 6 yxyy — 72 yryy — 48 yyyy — 18
=86 + 56 yryx — 42 ryy — 42 vxyy = aAb=56yyx—42yy — 42 vxyy
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abc=(86+56yiyx—42yryy —42vxyy) (Aye+ Tyx+ 9yy)

= 344y, + 602y + 774 vy + 224 yeyyyr + 392 veyxyx + 504 yeyxyy — 168 Yryyyt — 294 yeyyyx
— 378 yivyyy — 168 yxyyyt — 294 vxyyyx — 378 vxyyyy

=344y, + 602y + 774 vy — 224 yx — 392 ¢ + 504 yryxyy + 168 vy + 294 veyxyy
+ 378 vt — 168 yryxyy — 294 vy + 378 4

=330 y; + 756 yx + 648 v, + 630 yyxyy = aAbAac=630 yyxyy
- |v| =630

— The spacetime volume of the parallelepiped is 630 cm®.

Check by applying the rule of Sarrus:

a=10yi+ 2y +6yy 10 12 4
b=12y;+8yx+ 3yy = D=2 8 7 = det D =630
C= 4yi+7yx+9yy 6 3 9

Magnitude check: a?b®c? = (10° — 22 — 6?) - (12° — 82— 3?) - (4% — 7% - 9%) = — 485640
(abc)(abc) =3302- 7562 - 6482 + 630% = — 485640

f) a=—5y+4y+8yy
c= —-n—27x+9yy
Detailed calculation:
ab=(5y+4vx+8yy) 6y +3vx—T77y)
== 307 — 15 iy + 35 yiry + 24 vy + 12 1,7 — 28 1y + 48 yyye + 24 vy, — 56 7y
=— 30 — 15 yeyx + 35y1yy — 24 yryx — 12 — 28 yxyy — 48 yiyy — 24 yxyy + 56
=14 — 39 yeyx — 13 y1yy — 52 yxyy = aAb=—39yyx— 137ytyy — 52 yxyy

abc=(14-39 vyx— 1371y — 527x1y) (11— 27x + 9 7y)

=— 14y, —28yx + 126y, + 39 yeyxyr + 78 veyxyx — 351 Yeyxyy + 13 yevyye + 26 yeyyyx — 117 veyyyy
+ 92 yxyyre + 104 yyyyyx — 468 vxyyyy

=— 14y — 28 yx + 126 vy — 39 yx — 78 vt — 351 yryxyy — 13 vy — 26 yeyxyy + 117 1
+ 52 yeyxyy + 104 vy + 468 v

=25y + 401 yx + 217 vy — 325 yiyxyy = aAbac=-325yyxyy
= |v| =32

— The spacetime volume of the parallelepiped is 377 cm®.

Check by applying the rule of Sarrus:

b= 6p+31%-7y = D=| 4 3 -2| = detD=-325

C= —Y—2y+9yy 8 -7 9
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Magnitude check: a?b?c? = (- 5)* - 4°-8%) - (6°—3*— (- 7)%) - (- 1)* = (- 2)* - 9%) = — 101640
(abc)(abc) =252-4012-217%+325°=-101640

Problem 2:

a) 3x+8y =28 = a=3y+6y+t2y r=28vy+28y,+28yy
6X+2y =28 b=8vyi+2y+4yy
2x+4y+27=28 c= 2y

Outer products:

-1 1 1
anbac= -84yyy = (@ADbAC) = — vyt = = vy

-84 84

rAbac=-336yyyyy
anrAC=-168yyxyy
anbAar=-504yyxyy
Solution of the system of linear equations:
x=(@AbAc) (rabac)= —o20 -4

—84
y=@Aabac) '(@arac) - 168

—84
Z=(anbac) ‘anban= 2% ¢

~84
Check: 3-4+8-2 =12+16 =28

6-4+2-2 =24+ 4 =28

2:4+4-2+2-6= 8+ 8+12 =28

b) 8x+5y+10z=3% = a=8y+3yx+t2y r =396 v+ 375 yx + 386 vy
3X+7y+12z=2375 b=5y+7y+67y
2X+6y+14z=386 C=10y+12y+14vyy

Outer products:

-1 1 1
anbac= 188yyyy = (@anbac) = ﬁYyYXYt:_ ﬁm’ﬁy

rA b A c=2686 yyxyy
anrAC=1896 yryxyy
anbAar=3160 vy

Solution of the system of linear equations:

x=(@abac) ‘(rabac)= 288 — 17
158
) 1896

=(aAbac aAATrAC) =—— =12
y=@abac) @arac) =
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z=(anbac) “anban =20 _ o
158

Check: 8-17+5-12+10-20 =136 + 60 + 200 = 396
3-17+7-12+12-20 = 51+84+240 = 375
2:17+6-12+14-20 = 34+ 72+ 280 = 386

c) 3x-5y+6z= 41 = a= 3pn—2y+tTyy r=41vy.+ 111y, + 1857y,
-2x+5y+8z=111 b=-5y+5yw+ vy
7TX+ y+9z=185 C= 67t+8yx+9yy

Outer products:

-1 1 1
anbac= -481 = anbAac = - = _—
YtYxYy ( ) — 481 YyYx\t 481 YtYxYy

rabac=—5772 yyxyy
anrAc=—5291 yyyxyy
anbar=—4810 yyxyy

Solution of the system of linear equations:

x=@Abac) ‘(rabac)= —22 =12
481
o 5291
=(aAnbAac aArac)=——=11
y=@rbac) ‘@nrac) = — 7
z=(anbac) “@anbar = 2810 _4g
481
Check: 3-12-5-11+6-10= 36-55+60 = 41
~2.12+5.11+8-10=-24+55+80 = 111

7-12+ 11+9-10= 84+11+90 =185

d) 2sx+ sy +%:2=210 = a=2ky+8y* vy r=210y; + 138 yx + 282 y,
S5 x+ Yy +352=138 b ="fs v+ s v+ s vy
s X+ 125y +552 = 282 C= %1+ %5 vx+ sy

Outer products:

516 -1 1 125
anbac= 4128 = — = (aAabac) =—— =—
AbA Yy = oo Ty (aanbac) 2108 VP 21 VXY
30960
rAbAac=247.680 yyxyy = YtYxYy
125
38700
anrac=309.600 ygyyyy = YYXYy
125
23220
aAbAar=185.760 YtYxYy = E Yi¥xYy
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Solution of the system of linear equations:

x=@abac)  (rabac)= S0 _g,
516
) 38700
=(aAbAac aArac)=——=75
y=(@abac) (@aarac) 16
z=(anbac) “@anbar= 2220 _y5
516

Check: 2/s - 60 + 7/ - 75 + 9/, - 45 = 24 + 105 + 81 = 210
8..60+ 1 -75+3,-45=96+ 15+ 27 =138
4 - 60 + 12/, - 75+ 6/, . 45 = 48 + 180 + 54 =282

Problem 3:
TXx+2y+52=500 = a=Ty+3y+4y r =500 y; + 780 yy + 880 y,
3x+9y+ =780 b=2y+97,+67
4x+6y+82=2880 C=5y+ + 8y
Outer products:
-1 1 1
aAbac= 366 = aAnbac) = — =— —
YeYxYy ( ) 366 AT T g YRYy

rabac= 7320 yexyy
anrAc=29280 yeyxyy
aA b Ar=14640 yeyyyy

Solution of the system of linear equations:

x=(@Abac) “(rabac)= 220 =90
366
29280

anbac aAnranc)=——— =80
y=(@ADAC) (@ATAC) 366

2=(anbac) “@anbar) = 22040 _ g
366

Check: 7-20+2-80+5-40 =140+ 160+ 200 = 500
3.-20+9-80 = 60+ 720 =780
4.20+6-80+8-40= 80+480+ 320 =880

= If 500 units of the first raw material R,, 780 units of the second raw material R,, and
880 units of the third raw material R; are consumed in the production process, 20 units
of the first final product P,, 80 units of the second final product P,, and 40 units of the
third final product P; will be produced.
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Problem 4:
12x+30y+10z=12000 = @a=12y+20y,+ 167y r =12000 y; + 13900 yx + 18300 vy

20x+15y+ 82z=13900 b=30y:+ 15y, + 28y
16 x+28y+252=18300 c=10y 1+ 8yx+25yy
Outer products:

1 1 1
anbac= -6148 = anbac) = —— -_-
AbA Vil @AbAc) = —m o W= e Yy

rabac=-3074000 yiyyyy
anrac= —614800 yiyyyy
aAbAr=-1844400 yiyyyy

Solution of the system of linear equations:

x=(@abac) L (rabac)= —20r4000 _ 54,
6148
B _ 614800

=(aAbAac anrnc)= ———— =100
y=@AbAe)  @nrag)= —ou)

2= (anbac) “@anbar)= 1844400 _ 40,
6148

Check: 12 -500 + 30 - 100 + 10 - 300 = 6000 + 3000 + 3000 = 12000
20 -500+15-100+ 8-300=10000+ 1500+ 2400 = 13900
16 - 500 + 28 - 100 + 25 - 300 = 8000 + 2800 + 7500 = 18300

= If 12000 units of the first raw material R;, 13900 units of the second raw material R,,
and 18300 units of the third raw material R; are consumed in the production process,
500 units of the first final product P,, 100 units of the second final product P,, and 300
units of the third final product P5 will be produced.

Problem 5: :
first quarter second quarter
VBN
9 3 4||x; X, 98 61
2 2 3|y, Y,|=1]35 30
75 2||z, z, 76 59
-
R.... matrix of quarterly consumption of raw materials
(consumption matrix)
P.... matrix of quarterly production

(production matrix)

= Two systems of linear equations:

9x,+3y, +42,=98 9%x,+3y, +42,=61
2X,+2y, +32,=35 and 2X,+2y, +32,=30
7TX,+5y, +22,=76 7X,+5y, +22,=59
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= a=9y+2y+ 7y ri=98vy+35yx+76yy
b=3y+2y+5yy r, =61y + 30 yx+ 597y
C=4y+3y+2y

Outer products of the first system of linear equations:

-1 1 1
anbac= —64 vy = (@Aabac) = — vy = a YeyxYy

- 64
ri ADbAc=-512 yyxyy

aAnryAC=—128yyyyy

anbAary=—320 vy

Solution of the first system of linear equations:

X;=(@AbAC) (i Abac)= 22 =g
—64

yi=(@Abac) ‘@arac)= -18 _,
—64

z1=(aAbAc)1(aA|0Ar1)=i6240 =5

Outer products of the second system of linear equations:

-1 1 1
anbac= —64yyay = (@ADAC) "= — 1yt = — YKy

—-64
ry AbAC=-192 yyyyy

aA I, AC=—384 yeyyyy
aAbATr,=—256 vy

Solution of the second system of linear equations:

x2:(a/\b/\c)_1(r2/\b,\c)= —-192 =3
- 64
y2:(a/\b/\C)7l(a/\r2/\c): —384 -6
—-64
Z,=(@AbAC) T@nbar)= —220 =4
- 64
Check: 8 3
2 6
5 4

9 3 4 98 61
2 2 3 35 30
7 5 2 76 59
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= 8 units of the first final product P, 2 units of the second final product P,, and 5 units
of the third final product P; will be produced in the first quarter.

3 units of the first final product P,, 6 units of the second final product P,, and 4 units
of the third final product P; will be produced in the second quarter.

Problem 6:

10 15 11][x, x, 964 814 AB=D
17 20 16||y, vy, |=|1409 1184
12 14 25|z, z,| |1320 1093

| D... matrix of total demand
B... demand matrix of the second production step
A ... demand matrix of the first production step

= Two systems of linear equations:

10x,+15y, +11z, = 964 10x,+15y,+11z,= 814

17 x,+ 20y, + 16 z; = 1409 and 17x,+20y, +16 z, = 1184

12x,+14y,+252,=1320 12 x,+ 14y, + 25z, = 1093
= a=10y+ 17y + 12y r, =964y + 1409 y, + 1320 vy

b=15y+ 20y, + 14y, r, =814 y; + 1184 yx + 1093 vy

C=11y+16yx+25yy

Outer products of the first system of linear equations:

1
YWYxYt = ——Z Yt¥xYy

-1 1
anbac= 757 = anbac) =
A ey @ADAS) = g 757

ry A bAac=—18925 yyxyy
AA T AC=—22710 yiyxyy
aAbAr,=—18168 vy

Solution of the first system of linear equations:

-1 —-18925

x;,=(aAbAac rrAbac)= =25
1=(@abac) (rpAabac) — 757
-1 —22710

=(@aAbac) (@aAar,ac)= =30
yi=(@abac) (aar;ac) ~ 757
-1 -18168

zz=(@AnbAac anbar)= =24
1=(@Aabac) (@anbar) ~757

Outer products of the second system of linear equations:

1
VYVt = -—= Vi¥xYy

_1
aAbac= 757 = aAnbac) =
YeYxYy ( ) —757 757

r, A b A c=—15140 yryxyy
an ;A c=—20439 yeyxyy
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aAbAr,=—14383 yiyyyy

Solution of the second system of linear equations:

-1 —-15140
X;,=(@anbac) (r,Abac)= =20
,=(@nabnac) (r,Abac) —757
-1 —20439
=(@Abac) (aar,ac)= =27
Yo=(@Abac) (anr,ac) “757
-1 —14383
z,=(anbac) (a@aAbAary= =19
2= ( ) ( D=
Check: 25 20
30 27
24 19
10 15 11 964 814
17 20 16 1409 1184
12 14 25 1320 1093
25 20
= Demand matrix of the second production step: B=|30 27
24 19
Problem 7:
8 6 6 X, X 228 186 308 AB=D
75 7 Y, VY,|=1[214 166 282
5 40 zZ, 1z, 108 107 160
J -
Y Y~
D.... matrix of total demand
B.... demand matrix of the second production step
A.... demand matrix of the first production step
= Three systems of linear equations:
8x,+6y,+62, =228 8Xx,+6Yy,+62z, =186 8 X3+ 6Yy;+62z;=2308
TX+5y;,+72,=214 and 7X,+5y,+72,=166 and 7X3+5y;+72z;=282
S5X,+4y; =108 SX,+4Yy, =107 SXg+4y; =160
= a=8y+7yx+5yy ri =228y + 214 vy, + 108 yy
b=6y+5yc+4yy r, =186 y; + 166 yx + 107 yy
C=067y:+7 v« rz3 =308 y; + 282 5 + 160 vy
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Outer products of the first system of linear equations:

-1
anbAac= 4y = (@AabAac) == vy =—0.25yyxyy

|

ri A b AC=48yyxyy
aAryAC=48yeyyy
anbAry=40 vy

Solution of the first system of linear equations:

x,=@AbAC) " (rpAbac)= 478 =12

y1:(a/\b/\c)_1(a/\r1/\c)= 478 =12
le(aAb/\C)l(a/\b/\rl):% =10

Outer products of the second system of linear equations:
-1 1
anbac= 4y = (@Anbac) = " Ty¥xve = — 0.25 yeyxyy
r, A A C =060 yyxyy
aA I, AC=32 yeyxyy
anbAar,=12 vy

Solution of the second system of linear equations:

x,=(@Abac) (rpAabac)= 6740 =15

Y= (@AbAC) (@A, AC) = %: 8

Zz=(a/\b/\C)1(a/\b/\rz):%

I
w

Outer products of the third system of linear equations:

anbac= 4y = (@Anbac) "= — vy =—0.25 vy

NN

rs A DA C =064 yyxyy
anrzAc =280 yyxyy
aAbAr;=40 vy

Solution of the third system of linear equations:

x;=(@AbAc) (rsAabac)= 6744 =16

y3:(a/\b/\c)71(a/\r3/\c): % =20

Zgz(aAb/\C)_l(a/\b/\l’g):% =10
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Check: 12 15 16
12 8 20
10 3 10
8 6 6 228 186 308
7 5 7 214 166 282
5 4 0 108 107 160
12 15 16
= Demand matrix of the second production step: B=112 8 20
10 3 10
Problem 8:
82 63 20X, X, X, 4496 5462 4815 AB=D
44 19 37|y, VY, Y,|=|2530 3482 2801
10 52 92|z, z, 1z, 3224 4062 4646
N\ J U J - J
Y Y Y
D.... matrix of total demand
B... demand matrix of the second production step
A.... demand matrix of the first production step
= Three systems of linear equations:
82x, + 63y, + 20z, = 4496 82x, + 63y, + 20z, = 5462 82x;+63y; +202;=4815
44x,+ 19y, +372,=2530 and 44x,+19y,+372,=3482 and 44x;+ 19y, + 3725=2801
10x, + 52y, + 922z, = 3224 10x, + 52y, + 92z, = 4062 10 x5+ 52y, + 92 z; = 4646
= a=82y+44y,+10vyy ri = 4496 vy, + 2530 yx + 3224 vy,
b=63y;+19y,+527yy r, = 5462 vy + 3482 yx + 4062 vy
C=207y+37yx+92yy rz = 4815 y; + 2801 yy + 4646 vy
Outer products of the first system of linear equations:
-1 1
anbac= —-204186 = anbac) = ——— = —
nER YRty @nbAe) = —o0a1se V™ 204186 Y

riAbAac=-6533952 yeyyyy
aAr;ACc=-4900464 yiyxyy
anbAr,=—3675348 yyxyy

Solution of the first system of linear equations:

— 6533952 _ 39

-1
X;=(@abac) (rpAabac)=
r=@nbae) nAabae)= e
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-1 — 4900464
=(@aAbac) (@ArAC)= —— =24

yi=(@Aabac) (aaryac) — 204186

-1 —3675348
z;=(@aAnbac) (@aAbar)=—=18
1= @nbac) @abAT)= 8
Outer products of the second system of linear equations:

-1 1

anbac= —204186 yryxyy = (@Aabac) :meYth:

r,Abac=-9596742 yeyxyy
an r2 AC=— 3266976 'Yt'Yx’Yy
anbAr,=—6125580 yyxyy

Solution of the second system of linear equations:

x,=(@Abac) (rbAbac)= % = 47

y2:(a/\b/\c)71(a/\ r,AC)= % =16

z,=(@Abac) (@aAbary)= % =30

Outer products of the third system of linear equations:

anbac= —204186 yyyyyy =  (aabac) = mmwﬁ

rs A b A c=-5104650 yiyxyy
anrzAc=—7146510 yiyxyy
aAbAr;=—5717208 yyxyy

Solution of the third system of linear equations:

_1 —5104650
X3=(@Aabac) (rAbac)= ————=25
s=(@Abac) (rsabac) — 204186

_1 — 7146510

=(aAbAac aAArNAC)= ——————— =35
ys=(@Abac) (aarzac) 204186

-1 —-5717208
z.=(anbac anbAar)= —— =28
s=@nbac) @AbAT)= 86
Check: 32 47 25

24 16 35
18 30 28
82 63 20 4496 5462 4815
44 19 37 2530 3482 2801
10 52 92 3224 4062 4646

204186

204186
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32 47 25

= Demand matrix of the second production step: B=124 16 35
18 30 28
Problem 9:
3 5 4]|X; X, X, 100 AA L=
2.6 3|y, ¥, ¥Y;(=]010
8 7 10|z, z, z, 0 01
\ J U J N J
Y Y Y
A Al ... identity matrix
= Three systems of linear equations:
3x;+5y;+ 4z,=1 3X,+5y,+ 42,=0 3X3+5y;+ 42;=0
2X,+6y;+ 32,=0 and 2x,+6y,+ 3z,=1 and 2X3+6y;+ 32z3=0
8x,+7y,+102,=0 8X,+7y,+102,=0 8Xg+7y;+10z3=1
= a=3y+2y+ 8yy =1
b=5y+6v+ 7vyy = vx
C=4y+3yx+10yy rs=vyy

Outer products of the first system of linear equations:

anbac= " vy = (anbAc) =y =Ty
riAbac= 39 yyxyy

anrAc= 4yyyyy

anbAarg=—34yyxy

Solution of the first system of linear equations:

x1:(a/\b/\c)7l(r1/\b/\c): ? = 39
-1 4

yi=(@AbAac) (@aAr;ac)= I = 4
-34

z,=@Abac) (@aAbar)= =3

= If exactly one unit of the first raw material R, had been consumed in the production process,
39 units of the first final product P, and 4 units of the second final product P, would have
been produced and additionally 34 units of the third final product P; would have been con-
sumed (and split again completely into the raw materials).

Or more realistic:

If it just happened that one more unit of the first raw material R, had been delivered acci-
dentally and has had to be consumed in addition in the production process, the output of the
first final product P, would have been increased by 39 units, the output of the second final
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product P, would have been increased by 4 units, and the output of the third final product P4
would have been reduced by 34 units.

Outer products of the second system of linear equations:

anbac= 1 yeyxvy = (@nba C)_l = VXYt = — YiVxYy

ry ADAC=-22yyyyy

AAT,AC= —2 7Yy

anbAar,= 19 vy

Solution of the second system of linear equations:
-22

X2:(a/\b/\C)71(r2/\b/\C):T:_zz
-1 _2

Yo=(@AbAac) (@ar,ac)= 1 = -2

Zzz(a/\b/\C)fl(a/\b/\rz): % = 19

= If exactly one unit of the second raw material R, had been consumed in the production pro-
cess, 19 units of the third final product P; would have been produced and additionally 22
units of the first final product P, and 2 units of the second final product P, would have been
consumed (and split again completely into the raw materials).

Or more realistic:

If it just happened that one more unit of the second raw material R, had been delivered acci-
dentally and has had to be consumed in addition in the production process, the output of the
first final product P, would have been reduced by 22 units, the output of the second final
product P, would have been reduced by 2 units, and the output of the third final product P,
would have been increased by 19 units.

Outer products of the third system of linear equations:

anbac= Lyway = (anbAC) =y =Ty
rsADbAC=—9yyxyy

anrzAC=—1yyyyy

anbAar;= 8ywyy
Solution of the third system of linear equations:

xs=(@AbAc) (rsabac)= _Tg =_9

[EEN

Y3=(a/\b/\C)71(a/\r3/\c): =-1

- | oo '—‘|
1
(o}

Zs=(@ADAC) (AaADAT)=

= If exactly one unit of the third raw material R; had been consumed in the production pro-
cess, 8 units of the third final product P; would have been produced and additionally 9
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units of the first final product P, and one unit of the second final product P, would have
been consumed (and split again completely into the raw materials).

Or more realistic:

If it just happened that one more unit of the third raw material R; had been delivered acci-
dentally and has had to be consumed in addition in the production process, the output of
the first final product P, would have been reduced by 9 units, the output of the second fi-
nal product P, would have been reduced by one unit, and the output of the third final pro-

duct P; would have been increased by 8 units.

Check: 39 -22 -9
4 -2 -1
~34 19 8

3 5 4 1 0 0
2 6 3 0 1 0
8 7 10 0 0 1
39 -22 -9 3 5 4
= The resulting matrix Al= 4 -2 -—1]istheinverseof matrix A={2 6 3].
-34 19 8 8 7 10
Problem 10:
a) 1 4 9|[x, X, X, 100 AAL=]
72 6|y, ¥, Ys|=]010
6 3 8|z, z, z, 0 01
N J \ N J
Y Y Y
A Al ... identity matrix

= Three systems of linear equations:

X;+4y,+9z,=1 X,+4y,+92,=0
7xX,+2y,+6z, =0 and TX,+2Yy,+62,=1
6x,+3y;,+82,=0 6Xx,+3y,+82,=0

= a= nt7yt6yy ri=m
b=4vy+2y.+3yy 2 = vx
C=9yr+6Yx+8'Yy r3=vyy

Outer products of the first system of linear equations:

Xg+4y;+923=0
and 7Xx3+2y;+623=0
6X;+3y;+82z3=1

-1
anbac= —Lyxyy = (@AbAC)  =—yyyxr = verxry

rnAbac= —2yyxyy

anryAc=—20yyxyy
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anbar = 9vyay

Solution of the first system of linear equations:

x,=(@AbAC) (rpAbAaC)=—(-2)=2

yi=(@abac) ‘@ar,ac)=—(-20)=20

z,=(@rbac) '(@aAbar)=-9

Outer products of the second system of linear equations:
-1

anbac= -1y = (@AbAC) " ==y =vaxry

r,AbAac= —5yyxy

aA T, AC=—46yryxyy

anbar,= 21 vy

Solution of the second system of linear equations:

x,=(@Abac) ‘(pbAabac)=—(-5) =5

y,=(@AbAC)  (@AT,AC)=—(—46) =46

z,=(@Abac) (@aabar)=-21

Outer products of the third system of linear equations:

anbac= —1ywyy = (@nba C)71 = — VYVt = YeYxYy
rs ADbAC=6yyxyy

aAIrzAC=057 yyxyy

anbAr;=—26yyxyy

Solution of the third system of linear equations:

X;=(@Abac) (rsAabac)=-6

y;=(an b/\c)fl(a/\ rsAC)=-57

Zs=(@AbAC) (@aADAT)=—(-26)=26

Check: 2 5 )
20 46  —57

-9 -21 26

1 4 9 1 0 0
7 2 6 0 1 0
6 3 8 0 0 1
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2 5 -6

= The resulting matrix A '=| 20 46 -57 | isthe inverse of matrix A=

-9 -21 26
b) [0 4 7 X, X, X 100
4 5 8|y, ¥, Y;/=/0 1 0
3 6 9|z, z, 1z, 00
\ VAN J N J
Y Y Y
B B! ... identity matrix

= Three systems of linear equations:

4y, +7z,=1 4y,+72,=0

4x,+5y;+8z,=0 and 4x,+5y,+82z,=1

3X,+6y;,+92,=0 3X,+6Yy,+92,=0
= a= 4y +3yy r ="
b=4y+5yx+6v r2 = x
C=T7y+8y+ 9y r3="vy

Outer products of the first system of linear equations:

11
anbac= 15 yyxyy = (@Aabac) = —=ywmi=

15
riAnbac= —3yyxy

anTrAC=—12 yyxyy

anbar= 9vyyay

Solution of the first system of linear equations:

-1 -3 1
x;,=(@aAbAac raAbac)=—=—-==-0.2
1=(@abac) (rpabac) 15 5

-1 -12 4
=(anbac aAnr,Ac)= —=——-=-0.8
yi=(@abac) (aaryac) 15 5

-1 9 3
z,=(aAbAac aAbAr)=—===06
1 (@abac) (an /\1) 15 5

Outer products of the second system of linear equations:

11
anbac= 15yyxyy = (@Abac) = —=yym=

15
rAbac= 6yyxyy

anbAar,= 12 vy

Solution of the second system of linear equations:

o N -
w N oA

4y, +723=0
4%X3+5y;+82;=0
3X3+6Yy;+92z;=1

1
— — Yt¥xVy

15

1
— — YtVxYy

15
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6 _ 2
X, =(@Abac) (rpAbac)=—===04
2(/\/\)(2/\/\)155

21 7
=(@AbAC) (@AT,AC)= ——=—_=_-14
Y2(/\/\)(/\2/\) 15 5

2 _4
z,=(anbac) (a/\b/\rz):—:E:OS
Outer products of the third system of linear equations:

1

anbac= 15ywyyy = (@anbac) —Eyyyxyt

rsAbac= —3yyxyy
aATrsAC= 28y

anbAr;=—16 yyxyy

Solution of the third system of linear equations:

1

—=_02
5

-1 —
X-=(@AbAcC rrAbac)= —
s=(@Aabac) (r;Aabac) 1

ys=(@n b/\C)71 (aArsac) = % = 1.86.. ~ 1.867

z,=(@nbac) L@AbAT)= —é?—106 ~_1.067

Check: -0.2 04 -0.2
-08 -14 1.86..
0.6 08 -1.06..

0 4 7 1 0 0
4 5 8 0 1 0
3 6 9 0 0 1
Alternative check: -3 6 -3

-12 -21 28

0 4 7 15 0 0
4 5 8 0 15 0
3 6 9 0 0 15
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-02 04 -02
— The resulting matrix B '={-0.8 -14 1.86..|=
06 0.8 -1.06.
0 4 7
the inverse of matrix B=|4 5 8].
369
)1 4 7][x, X, X, 100 cot
2 5 81y; ¥, ¥Y5|=|0 10
3 6 9|z, z, z, 0 01
N J U N J
Y Y Y
C c’ I ....... identity matrix

= Three systems of linear equations:
X, +4y,+7z2,=1
2X,+5y;,+82,=0
3X,+6y;,+92,=0

Xp+4y,+72,=0
2X,+5y,+82z,=1
3X,+6Yy,+92,=0

and

= a= y+2y%+3yy r=mn
b=4vy+5y,+6yy o =79x
C=T7y+8y+9yy s =17y

Outer products of the coefficient vectors:

-3 6 -3
L -12 -21 28] is
15
9 12 -16
=1
X3+4y,+723=0
and 2Xx3+5y;+82z;=0

3X3+6Yy;+92z5=1

aAbac=0 = (a/\b/\c)flz”
= As this outer product of the coefficient vectors is zero, the reci-
procal value 1/0 (a division by zero) is not defined. Therefore
elements of an inverse matrix cannot be found.
= Problem 14 c) is insoluble.
= The inverse C ' is not defined.
1 4 7
= An inverse of matrix C=|2 5 8| does not exist.
3 6 9
d) X, X 1 00 DD =]
5 10 y1 Y, ¥;/=/0 10
10 20 15 zZ, Z, 0 01
N J N )
Y Y
D D! ... identity matrix
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= Three systems of linear equations:

3x;+ 4y;+ 8z,=1 3X,+ 4y,+ 82,=0 3X3+ 4y;+ 82z3=0

10x;,+ 5y, +10z,=0 and 10x,+ 5y,+10z,=1 and 10Xx3+ 5y;+102z;=0

10x,+20y,+152,=0 10x,+20y,+152,=0 10x3+20y;+152;=1
= a=3y+10y,+10vyy Fi="

b=4vy+ 5y,+20yy 2 = vx

=87+ 10y + 157y rs=1yy

Outer products of the first system of linear equations:

-1 1
anbac= 625vyyy =  (anbac) = s W T = o YNy
riAbAc=—125yyyyy
anr ac= —50yyxyy
anbAar;= 150 yyxyy
Solution of the first system of linear equations:
-125 1
Xx;=(@Abac nAbac)= — =_=-=_02
1= ( ) (ry ) a5 c
-50 2
=(@Abac) (@Ar,Ac)= — =— = =-0.08
Y1(/\/\)(/\1/\) 625 o5
150 _ 6
z1=(aAnbac) (@aAbar)=—=—=024
1(/\/\)(/\/\1) 625 25
Outer products of the second system of linear equations:
-1 1 1
anbac= 625 = anbac) =— =— —
VeY<Yy ( ) a5 IS T oo Yilly
ryAbac= 100 yyxyy
aAT,AC=—35 vy
anbAar,=—20yyxyy
Solution of the second system of linear equations:
100 4
X,=(@aAbAac rAabac)=—=— =0.16
,=(@AbAC)  (AbAC) 605 7%
35 7
=(@AbAcC) (@Ar,aAc)= — =— — =-0.056
Y2(/\/\)(/\2/\) 625 125
-1 -20 4
z,=(@anbac) (@aAbar)=—=-—=-0.032
,=(@nabac) (@abar) 625 12
Outer products of the third system of linear equations:
-1 1 1
anbac=625 = anbac) =— =_ -
AbA YeYxYy (@aAabac) oo L= = oo Yibly

rsAbac=0
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anrsac= 50 yyxyy

anbAr;=—25yyxyy

Solution of the third system of linear equations:

-1 0
Xxs=(aAbAac rrAbac)=—=0
s=(@abac) (rsabac) 605
_1 50 2
=(aAnbAac aAr,Ac)= — = — =0.08
Y3(/\/\)(/\3/\)625
_1 -25 1
z-=(anbAac aAbAr)= — =——=-0.04
3 (@abac) (anba 3) 625 o5
Check: -0.20 0.160 0
—0.08 —0.056 0.08
0.24 -0.032 -0.04
3 4 8 1 0 0
10 5 10 0 1 0
10 20 15 0 0 1
Alternative check: -25 20 0
-10 -7 10
30 -4 -5
3 4 8 125 0 0
10 5 10 0 125 0
10 20 15 0 0 125
-0.20 0.160 0 . -25 20 0
= The resulting matrix D '=|-008 -0056 0.08 :E -10 -7 10| is
0.24 -0.032 -0.04 30 -4 -5
3 4 8
the inverse of matrix D={10 5 10/|.
10 20 15
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Problem 11:

a) 5x+0y=125 = a=5yut4y+3yy
4x+0y=100 b=2vyy
3x+2y=145 r=125v;+ 100 yx + 145y,

Outer products:
ab=0Gv+4y+3y) 2y
=10 yeyy + 8 vy + 67
=—6+10yiyy + 8 vxyy = anb=10vyy+8yay

rb= (125, + 100 yx + 145 y,) (2 ) . 25
=250 YtYy + 200 XYy + 290 sz

=—290 + 250 yryy + 200 yxyy = r A b =250 yiyy + 200 yyyy
- 35

ar=0Gy+4yc+3yy) (125 v+ 100 yx + 145 yy)
= 625 v,° + 500 yeyx + 725 yiyy + 500 iyt + 400 v, + 580 yyyy + 375 Yyt + 300 yyyy + 435 7
=625 + 500 yryx + 725 yryy — 500 yryx — 400 + 580 yxyy — 375 yryy — 300 yyyy — 435
=—310 + 0 yryx + 350 yeyy + 280 vyyyy

= a A =350y + 280 yxyy
Solution of the over-constrained system of linear equations:
x=(@nab) (rab)=25
y=(@nab) (@arr) =35

Check: 5-25+0-35=125+ 0=125
4-25+0-35=100+ 0=100
3:25+2-35= 75+70=145

= If 125 units of the first raw material R,, 100 units of the second raw material R,, and 145 units
of the third raw material R; are consumed in the production process, 25 units of the first final
product P, and 35 units of the second final product P, will be produced.

b) 5x+6Yy=380 = a=5y+4y+3y
3x+8y=360 r =380 y; + 370 y, + 360 yy

Outer products:

ab=0Gy+4y+3yy) E1+7yc+8yy)
=30 ¢ + 35 yryx + 40 yiyy + 24 1y + 28 1,7 + 32 7y + 18 vy + 2Ly + 24 7
=30 + 35 yryx + 40 yryy — 24 yryx — 28 + 32 yyy — 18 yryy — 21 yyyy — 24
= =22+ 11y + 22 ey + 1L vy
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= aAb=11yyx+ 22 yery + 11 yyyy

rb=(380y;+370yx+360yy) (6yi+7yx+t8vy)

= 2280 ¢ + 2660 yryx + 3040 yryy + 2220 Yyt + 2590 15 + 2960 yxyy
+ 2160 yyyt + 2520 yy, + 2880 1"\ . 4

= 2280 + 2660 Yiyy + 3040 yryy — 2220 yiyx — 2590 + 2960 vy,
— 2160 yiyy — 2520 yyyy — 2880

= — 3190 + 440 yryx + 880 yryy + 440 vyyy

= I A b =440 yiyy + 880 yiyy + 440 vyyy
ar=0Gy+4yc+3yy) (380 v+ 370 5 + 360 vy)

= 1900 y¢* + 1850 yeyx + 1800 yryy + 1520 vyt + 1480 15 + 1440 vyyy
+ 1140 yyy; + 1110 yyyx + 1080 v,°

= 1900 + 1850 yryx + 1800 yryy — 1520 yryx — 1480 + 1440 vyyy
— 1140 yryy — 1110 yxyy — 1080

= — 660 + 330 yryx + 660 yiyy + 330 yxvy
= aAr =330 yyx + 660 yryy + 330 vyyy
Solution of the over-constrained system of linear equations:
x=(@Ab) " (rab)=40
y=(@aab) (@aar)=30

Check: 5-40+6-30 =200 + 180 = 380
4-40+7-30=160+210=370
3:40+8-30=120 + 240 =360

= If 380 units of the first raw material R, 370 units of the second raw material R,, and 360 units

of the third raw material R; are consumed in the production process, 40 units of the first final
product P; and 30 units of the second final product P, will be produced.
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iubh Internationale Hochschule, Winter 2020/2021
Advanced Mathematics (MQM110)

Worksheet 11 — Answers

Problem 1:
One hundred years ago Eliakim Hastings Moore published the paper

Eliakim H. Moore: On the Reciprocal of the General Algebraic Matrix. In: Bulletin of
the American Math. Society, 26 (1920), pp. 394 — 395,

in which he described Moore-Penrose matrix inverses for the first time. 35 years later, Roger
Penrose wrote his paper

Roger Penrose: A Generalized Inverse for Matrices. In: Proceedings of the Cambridge
Philosophical Society, 51 (1955) pp. 406 — 413,

elaborating the ideas of Moore and the mathematical foundations of generalized matrix in-
verses in a broader way. Meanwhile the mathematics of Moore-Penrose matrix inverses is
even taught in introductory math courses at some universities in Germany, see e.g.

Karsten Schmidt, Gotz Trenkler: Einfuhrung in die Moderne Matrix-Algebra. Mit An-
wendungen in der Statistik. 3rd edition, Springer/Gabler, Berlin, Heidelberg 2015.

The authors of this book write: “Der vermittelte Stoff soll aktuell und modern sein. Deshalb be-
dienen wir uns der in letzter Zeit immer populérer gewordenen Hilfsmittel wie verallgemeinerte
Inversen und Moore-Penrose-Inverse von Matrizen und ihrer Anwendung zur Lésung linearer
Gleichungssysteme.” Thus they claim:

Generalized matrix inverses and Moore-Penrose matrix inverses are relevant.
Generalized matrix inverses and Moore-Penrose matrix inverses are of topical interest.
Generalized matrix inverses and Moore-Penrose matrix inverses are modern.
Generalized matrix inverses and Moore-Penrose matrix inverses are fashionable.

Generalized matrix inverses and Moore-Penrose matrix inverses can be used to solve
systems of linear equations in an easy and accessible way.

Especially the last point is of some interest for non-mathematicians who want to apply gener-
alized matrix inverses quickly without caring too much about the mathematical background:
“Leser dieses Buchs sollen schnell und unmittelbar an den Umgang mit Matrizen herangefihrt
werden. Aus diesem Grund verzichten wir bewusst auf die Darstellung der abstrakten Theorie
der linearen Algebra.” It is not necessary to understand the complete underlying abstract theory
to use generalized matrix inverses in practice.

But if you are interested in the mathematical foundations of generalized matrix inverses, the
following book will be helpful:

Adi Ben-Israel, Thomas N.E. Greville: Generalized Inverses. Theory and Applications.
2nd edition (Canadian Mathematical Society/CMS books in mathematics), Springer-
Verlag, New York, Berlin, Heidelberg 2003.
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Problem 2:

Repetition of the conventional solution strategy already discussed at school
(using substitution or elimination and which is a little bit boring):

a)5x+0y=125 = x=25
4x+0y=100 = x=25 3:25+8y=75+2y=145

3Xx+2y=145 = 2y= 70 = x=35

= If 125 units of the first raw material R,, 100 units of the second raw material R,, and
145 units of the third raw material R; are consumed in the production process, 25 units
of the first final product P, and 35 units of the second final product P, will be produced.

b) 5 x + 6y =380 — 5x+180=380 = 5x=200
330 _ U

3x+8y=360 = Ox+24y=1080 X:Z_;’O:m

} 9x+13y= 750

= If 380 units of the first raw material R, 370 units of the second raw material R,, and
360 units of the third raw material R5 are consumed in the production process, 40 units
of the first final product P, and 30 units of the second final product P, will be produced.

Repetition of the solution strategy using Pauli algebra:

a) 5x+0y=125 = a=50x+40y+30;
4x+0y=100 b= 2o,
3x+2y=145 r=125 ox + 100 6y + 145 o,

Outer products:
ab=0Box+t40y+30,)(20,)
=10 oxo, + 8 6y0, + 6 022

=6+ 8 6y0, — 10 5,0« = aAb=8ocyo0,—10 c,0y

= 250 650, + 200 6,0, + 290 &,°

=290 + 200 6y0, - 250 6,0 = r A b =200 oyo, — 250 ,0x
.35
ar=(5Box+4oy+30,) (125 ox+ 100 oy + 145 ;)

= 625 o)’ + 500 650y + 725 6,0, + 500 oyox + 400 6,” + 580 6yo, + 375 0,0 + 300 6,0, + 435 o,°
=625 + 500 oxoy — 725 6,0x — 500 oxoy + 400 + 580 oyo; + 375 6,0x — 300 oyc, + 435
= 1460 + 0 oxoy + 280 oyo, — 350 6,0«

= aATr=280ocy0;,— 350 6,0«
Solution of the over-constrained system of linear equations:
x=(@ah) ' (rab)=25
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y=(@ab) ‘(aanr)=35

Check: 5-25+0-35=125+ 0=125
4.25+0-35=100+ 0=100
3:25+2-35= 75+70=145

= If 125 units of the first raw material R;, 100 units of the second raw material R,, and
145 units of the third raw material R; are consumed in the production process, 25 units
of the first final product P, and 35 units of the second final product P, will be produced.

b) 5x+6y=2380 = a=50x+40y+30;
4x+7y=370 b=6ox+70y+80;
3x+8y=360 r =380 oy + 370 6y + 360 o,

Outer products:
ab=0Box+40,+30,)(60x+70y+80,)
=30 ze + 35 oxoy + 40 oyo; + 24 oyoy + 28 Gy2 + 32 6y0, + 18 6,04 + 21 5,0y + 24 022

=30 + 35 oxoy — 40 6,61 — 24 oxoy + 28 + 32 640, + 18 6,04 — 21 6y5, + 24

=82 + 11 oxoy + 11 6y0; — 22 5,0
= aAb=11oxoy + 11 oy0;, — 22 5,0y

rb= (380 ox+370 6y + 360 G,) (6 ox+7 oy +80,)

= 2280 &,” + 2660 5,0y, + 3040 6,0, + 2220 6,0y + 2590 6,° + 2960 oyc,
+ 2160 0,0, + 2520 0,0, + 2880 5,° | . 49

= 2280 + 2660 ooy — 3040 6,04 — 2220 oxoy + 2590 + 2960 o0,
+ 2160 6,0« — 2520 oo, + 2880

= 7750 + 440 oyoy + 440 oyc, — 880 6,0y
= I A b =440 oyoy + 440 cyc, — 880 5,0«
-30
ar=(5Box+4oy+30,) (380 cx+ 370 oy + 360 5,)
= 1900 oy’ + 1850 Gyoy + 1800 oo, + 1520 oyox + 1480 o,” + 1440 oyo,
+ 1140 6,0, + 1110 6,0, + 1080 &,°

=1900 + 1850 oxoy — 1800 6,65 — 1520 oyoy + 1480 + 1440 oyo,
+ 1140 6,04 — 1110 6yG, + 1080

= 4460 + 330 oyoy + 330 6y, — 660 6,0y
= aA =330 ocyoy + 330 6y0, — 660 0,0y

Solution of the over-constrained system of linear equations:
x=(@nab) ' (rab)=40
y=(@nahb) '@@rr) =30

Check: 5-40+6-30 =200 + 180 = 380
4-40+7-30=160+210=370
3-40+8-30=120+ 240 =360
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= If 380 units of the first raw material R, 370 units of the second raw material R,, and
360 units of the third raw material R5 are consumed in the production process, 40 units
of the first final product P, and 30 units of the second final product P, will be produced.

Repetition of the solution strategy using Dirac algebra:

a) 5x+0y=125 = a=5yut4y+3yy
4x+0y=100 b= 2y
3x+2y=145 r=125v;+ 100 yx + 145y,

Outer products:
ab=0Gv+4y+3y) 2y
=10 yiyy + 8 vy + 67
=—6+10yiyy + 8 yxyy = anb=10yyy+ 8wy

rb= (125 y; + 100 yx + 145 vy) (2 yy) .25
= 250 yryy + 200 yyyy + 290 sz

=—290 + 250 yryy + 200 yxyy = r A b =250 yiyy + 200 yyyy
- 35
ar=0Byt+4yc+3yy) (125 v+ 100y, + 145 yy)

= 625 v,° + 500 yeyx + 725 yiyy + 500 iyt + 400 v, + 580 yyyy + 375 Yyt + 300 yyyy + 435 7
=625 + 500 yryx + 725 yryy — 500 yryx — 400 + 580 yxyy — 375 yryy — 300 yyyy — 435
=—310 + 0 yryx + 350 yryy + 280 vyyy
= a A =350y + 280 yxyy
Solution of the over-constrained system of linear equations:
x=(aab) ' (rab)=25
y=(@nab) ‘@@arr) =35
Check: 5-25+0-35=125+ 0=125

4.25+0-35=100+ 0=100
3:25+2-35= 75+70=145

= If 125 units of the first raw material R,, 100 units of the second raw material R,, and
145 units of the third raw material R; are consumed in the production process, 25 units
of the first final product P, and 35 units of the second final product P, will be produced.

b) 5x+6y=380 = a=5y+4y+3y
3x+8y=360 r =380 y; + 370 y, + 360 yy
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Outer products:

ab=0Grn+4yx+3y) Er+71xt8v)
=30 7 + 35 vy + 40 yiyy + 24 1y + 281 + 32 yxyy + 18 yyye + 2L yyp + 24 9
=30 + 35 yryx + 40 yryy — 24 yeyx — 28 + 32 yxyy — 18 yryy — 21 yyyy — 24

= =22+ 11 yeyx + 22 yeyy + 11 yyyy
= anb =11 yyx+ 22 yeyy + 11 yyyy

rb=(380y;+370yx+360yy) 6yt+7yx+8vy)

= 2280 v + 2660 yryx + 3040 yeyy + 2220 Yy + 2590 15 + 2960 vxyy
+ 2160 yyy: + 2520 yy,+ 2880 1,° | 4

= 2280 + 2660 yeyx + 3040 17y — 2220 yiyy — 2590 + 2960 yxyy
— 2160 yeyy — 2520 yxyy — 2880

= — 3190 + 440 vyryx + 880 yeyy + 440 yxyy
= I A b =440 yiyy + 880 yiyy + 440 vyyy
ar=(0Gy+4yc+3yy) (380 v+ 370 5 + 360 vy)

= 1900 y;* + 1850 yiyx + 1800 yryy + 1520 yxy: + 1480 v, + 1440 yyyy
+ 1140 yyy; + 1110 yyyx + 1080 v,°

= 1900 + 1850 yiyy + 1800 yyyy — 1520 yiyx — 1480 + 1440 vy,
— 1140 gy, — 1110 yyy, — 1080

=—660 + 330 yryx + 660 yryy + 330 vyyy
= aA I =330 yeyx + 660 yryy + 330 yyyy

Solution of the over-constrained system of linear equations:
x=(@Ab) " (rab)=40
y=(@nahb) @@ar)=30

Check: 5-40+6-30 =200 + 180 = 380
4-40+7-30=160+210=370
3:40+8-30=120+ 240 =360

= I 380 units of the first raw material R,, 370 units of the second raw material R,, and
360 units of the third raw material R5 are consumed in the production process, 40 units
of the first final product P, and 30 units of the second final product P, will be produced.

Problem 3:
2a) 5x+0y=125 5 0 a=5oyx+40y+3o0;
4x+0y=100 = D=(4 0 b=2gc,
3X+2y:145 3 2 r]_:GX rzzcy r3:02
_ X, X, X
= Dl{l ? 3} o D'D=I
Y. Y2 Ys
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Outer product and inverse of the two coefficient vectors:
aAnb=(Box+40y+30,)A(20;,) =800, —10 6,0
(aA b)* = (8 6,0, — 10 6,6,)’
= (8 oyo, — 10 o,0y) (8 oyo; — 10 6,0y)
= 64 646,040, — 80 6y0,6,0x — 80 6,0¢GyG; + 100 5,6x0,0x
=—64 + 80 ooy — 80 oxoy — 100
=164

@nb)i=(@sb)2(anb)= —ﬁ (8 5,6, — 10 5,0) = —é (4 5,6, 5 6,0)

Outer products of resulting vectors and coefficient vectors:
rAb=oxA (20, =—2 o0y
anr=(0Box+t4oy+30;,)Aox=—40y0y+ 30,0y
r,Ab=oyA(20;)=20y0;
anr;,=0Boxt40y+30;,)Acy=500y—30y0;
rsAb=o;A(20,)=0

anrs=(5Box+4oy+30,)A0,=40,0,—-50,0

Elements of the Pauli algebra generalized matrix inverse Dfl, if the inverse of the outer
product of the coefficient vectors (a A b) Lis pre-multiplied from the left:

x,=(@ab) ' (riab)

1
= _ 5 (4 oy0;, — 5 0,0%) (— 2 5,0%)

- 8% (_ 8 0y0,0,0% t 10 GZGXGZGX)

1

5 4
= — — — OxOy

41 41
X,= (@A b) (raab)

1
= - 5 (4 oyo;, — 5 0,0y) (2 6y07)

= - 8i2 (8 oyo,0y0; — 10 6,646y07)
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|
|
2
S

x
&
1

=0

(@aab) ' (rsAb)

- —é (4 Gycz_sﬁzﬁx) " O

Intermediate check of the first row of the Pauli algebra matrix inverse:

5
41

Y1

—icc i+£cscs 0 ﬂ 0
41 Y 41 41 7 41
Y1 V2 Y3 ? ?

(@aab)'@ar)

= — é (4 0,0, — 5 6,0x) (— 4 oxOy + 3 5;0%)

- é (- 16 oyo,0x0y + 20 6,6¢0x0y + 12 6y6,6,0x — 15 6,6x0,0%)
1
—— (- 16 o,0x— 20 oy0, — 12 5
& (- 16 20 oyo; — 12 oyoy + 15)
E+£cscs +—OGG + — 0,0
82 41 7 4 7 a1

v,=(@Ab) t(@ar)

- 8i2 (4 6,6, 5 6,0,) (5 3,0y~ 3 6,0,)

1

= - o (20 oyo,0x0y — 25 6,0x0x0y — 12 6y0,6,0; + 15 6,640,0;)

- i (20 6,04 + 25 oyo, + 12 + 15 Gy0y)

82
E—Eﬁﬁ—ﬁGﬁ—EGG
41 82 7 g2 VP o417
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ya=(@aAb) T (@nrs)
- _ é (4 GyGZ — 5 GZGX) (4 GyGZ - 5 GZGX)

= - 8i2 (16 oyo,0y0; — 20 6,6106y0; — 20 6y5,6,0x + 25 5,6¢5,0x)

= _é (— 16 — 20 ooy + 20 oxoy — 25)

-1
2
5 4 4
. ———0,0, —+—0,0, 0
-~ D 41 41 41 41
15 6 10 8 6 15 25 10 1
-—-+-—-0,6,+—-606,+—-6,6, ———-—-—-06,6,-—G6,6,-—0C,0,
82 41 41 41 41 82 82 41 2
Check of Pauli algebra matrix inverse: DD = |
5 4 4
22 S 2 0 1
a1 a7 a1 a7
—E+£GG +EGG+EGG —E—EGG—EGG—EGG 1 0
82 41 ) 41 Tt a1 T 41 82 7 g2 7t a1t 2
Quantities of final products, which will be produced:
125
100
145
5 4 4
A e 2 0 25
a1 4 7 a1 a7
—E+£GG +EGG+EGG —E—EGG—EGG—EGG 1 35
82 41 ) 41 P a1 T 41 82 7 g2 "t a1 Y 2

= If 125 units of the first raw material R;, 100 units of the second raw material R,, and 145 units
of the third raw material R; are consumed in the production process, 25 units of the first final
product P, and 35 units of the second final product P, will be produced.

2b) 5x+6y=380
4x+7y=370 =
3x+8y=360

a=5oxt+40y+30;
bZGGx+7Gy+8GZ

r]_:GX r2:(5y I’3:Gz

O

I
w b~ o
0 N o
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= Dlz{xl X2 Xﬂ o D'D=I
Yi Yo Y;

Outer product and inverse of the two coefficient vectors:
aAb=(0Box+4oy+36;)A(6ox+70y+80,)
= (35— 24) oxoy + (32 - 21) oyo, + (18 — 40) 5,0«
=11 oxoy + 11 oy, — 22 5,0y
(an b)2 = (11 oxoy + 11 oy, — 22 cszcsx)2
= (11 oxoy + 11 oy, — 22 5,0y) (11 oxoy + 11 6y0;, — 22 G,0x)

=121 oxoyox0y * 121 oyoyoy0; — 242 oy0y0,0x + 121 oy5,040y + 121 6y5,6y0,

— 242 66,6,0x — 242 6,6x0xCy — 242 6,640y0; + 484 6,645,0x

=-121-121 6,0« — 242 6yG; + 121 6,064 — 121 + 242 oyoy + 242 oy6, — 242 G0y — 484

- 121121 - 484
- 726
@rb) =(@ab)2(anb)= —7—;6 (11 6,0y + 11 6,0, — 22 6,03)
1
= 6 (— oxoy — 6yo; + 2 5,0x)

Outer products of resulting vectors and coefficient vectors:
riAb=oxA (6ox+70y+80c;) =7 cx0y—8 c,0x
anr;=(0Box+t4oy+30,)A0x=—40x0y+ 30,0y
r,Ab=cyA (6ox+70y+80c,)=—60cxoy+ 80,0,
anr;=(Box+4oy+30,)A0,=5050,—30y0;
rsnb=c,A (6 ox+70y+80,) =60c,00— 7 0y0;

aAnrz=(0Boxt4oy+30,)A0;,=406y0;,— 50,0y

Elements of the Pauli algebra generalized matrix inverse Dfl, if the inverse of the outer
product of the coefficient vectors (a A b) Lis pre-multiplied from the left:

x,=(@ab) ' (riab)

= — (-~ oxoy— 6y0; + 2 5;0x) (7 oxoy — 8 5,0%)

66

1
= & (— 7 oxoyoxoy + 8 6x0y0,0x — 7 GyG,0x0y + 8 6y0,6,0x + 14 56,6450y — 16 6,615,0%)
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i 7+ 8 oy0,— 7 6,6¢x— 8 oxoy— 14 6y0, + 16)
66 y y y

1

m (23 - 8 oyoy — 6 0yo, — 7 G,0y)

X,=(@Ab) " (r,ADb)

= % (— oxoy — 6y0; + 2 6,04) (— 6 oxoy + 8 6y5,)

- L (6 oxoyox0y — 8 6x0y0y0; + 6 6y0,050y — 8 6y0,0,0; — 12 56,6404y + 16 6,646y07)
66 yOxOy yOy y y yOzOy y y
1

= — (-6+8004+6 0,0+ 8+12 6,0, + 16 ox0y)

= % (2 + 16 oyoy + 12 6y0; + 14 G,0%)

X;=(@Ab) "t (rsAb)

= % (— oxoy — 6y0; + 2 6,0x) (6 6,0x— 7 GyG,)
= i (— 6 ox0y0,0x + 7 6x0y0Oy0; — 6 6y6,0,0% + 7 6y0,0,0; + 12 6,646,0x — 14 6,6x0yC7)
66 y yOy y yOzOy y
1
= 6 (-6 oyo,— 7 6,04 + 6oxoy — 7 — 12 — 14 oy0y)
1
= % (— 19 -8 oxoy — 6 0yo, — 7 5,0%)
Intermediate check of first row of the Pauli algebra matrix inverse: 5 6
4 7

23-8oy0y—60y0,—70,06x 2+160xoy+1206y0,+ 146,04 —19-8cy0y—60y0,— 70,0y 66 O

Y1 Y2 Y3 ? 7
yi=(@aab) (@aary
= % (— oxoy — 6y0; + 2 6,0x) (— 4 64Oy + 3 5,0%)
1
- A GxOyOxOy — 9 GxOyGz0x 70xOy — 72020x — 70xOx 70x0z0x
_66 (4 yOxOy — 3 yOz0x *+ 4 GyG,0xGy — 3 Gy0,6;0x — 8 G;0xGxCy *+ 6 G,0x5,0)
1
- — —4—-906y0; G;Ox X 7—
_66( 4-300,+4 + 3 oxoy + 8 6y0;, — 6)
1
= 6 (— 10 + 3 oxoy + 5 0yo; + 4 5,0)

© M. Horn (2020): Solving Systems of Linear Equations with Dirac Algebra — Worksheets 75



Y,=(@Ab) " (@nry)
= é (_ GxGy - GyO_Z + 2 Gsz) (5 GXGy — 3 O'yGZ)
= % (— 5 oxoyoxoy + 3 6x0y0y0; — 5 6y0,0x0y + 3 6y0,6y0; + 10 6,6¢6x0y — 6 6,6x0,C7)
1
= % (5_3 G70x — O GZGX—3—1OGyGZ—6 GxGy)
1
= 66 (2 - 6 oxoy — 10 oyo, — 8 0,0y)

y3=(@Ab) " (aArs)

1

= % (— 4 GxGyGsz +5 GxGszGx -4 GszGsz +5 GyGZGZGX +8 GZGXGyGZ —10 GZGXGZGX)
1

ol (4 6,0« + 5 6y0; + 4 -5 6,0y + 8 5,0y + 10)
1

= D

11 {23—8csxcy -6o,6, - 70,0, 2+160,0,+126,0, +145,6, —19-80,0, —60,0, - 75,0, }
© 66

-10+30,06, +50,0, +40,6, 2-60,6,-106,0,-85,6, 14+3c,6,+56,0, +40,0,

Check of Pauli algebra matrix inverse: D' D = | 5 6

23-8oy0y—60y0,—70,06x 2+160x0y+1206y0,+ 146,04 —19-8cy0y—60y0,— 70,0y 66 O

-10+30x0yt50y0;,t406,6x  2—-60x0y—106y6,— 86,0y 14 + 3oxoy + 56y0; + 46,0y 0 66

Quantities of final products, which will be produced:
380

370
360

23—-8oxoy—60y0;,—70,6x 2+160x0y+120y0,+140,6¢x —19-80xoy—606yG,—706,0y 2640

—10+ 300y +56y6, +46,0x 2—-60yx0y—100y6,— 80,0« 14 + 3040y + 50y0, + 40,0y 1980
Completing the result: x = 2640 =40 y= 1980 =30
66 66
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= If 380 units of the first raw material R, 370 units of the second raw material R,, and 360 units
of the third raw material R; are consumed in the production process, 40 units of the first final
product P, and 30 units of the second final product P, will be produced.

Problem 4:

Nearly the complete solution of problem 3 can be copied. Only the bivector parts of the demand
matrices are reversed, because now the inverse of the outer product of the coefficient vectors
(an b)*l is post-multiplied from the right.

2a) 5x+0y=125 50 a=5oxt4oy+30;
4x+0y=100 = D=|4 0 b=2oc,
3Xx+2y=145 3 2 'y = oy > = Gy I3 =0;
_ X X X _
- le{l : "} & D'D=I
Yi Y. Y3

Outer product and inverse of the two coefficient vectors:
aAnb=(Box+40y+30,)A(20;,)=80y0,—10 6,0

(aA b)* = (8 6,0, — 10 6,0,)° = — 164

(an b)f1 =(@an b)f2 (aab)= —% (8 oyo; — 10 6,0y) = —é (4 oyo,— 5 0,0%)

Outer products of resulting vectors and coefficient vectors:
rAb=oxA (20, =-2 0,04
anr,=(Boxt4oy+30,)Aox=—40,0y+ 30,0y
r,Ab=oyA(20;)=20y0;
aAnr,=0Boxt40y+30;,)Acy=500y—30y0;

o;A(206,)=0

r3/\b

anrs=(5Box+t4oy+30,)A0;,=40,0,—-50,0y

Elements of the Pauli algebra generalized matrix inverse Q_l, if the inverse of the outer
product of the coefficient vectors (a A b) Lis post-multiplied from the right:

_ 1 5 4
X, =(riAab)(@anb) 1o —5 (-2 o,0x) (4 0y0,— 50,0y = H + H OxOy

. 1 4 5
X,=(rAb) (@Ab) ‘= 5 (2 6,67) (4 6,6, — 5 6,05) = 1 a1 O

X3=(rsA b) (a/\b)’l = —é-o-(46y02—5czcx) =0
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yvi=(anr)(@ab)yt= - é (- 4 550y + 3 6305) (4 6,62 — 5 6353

Gy — — GyO;

15 6 10
G; — — O;0x
41 41

. 1
V,=(@Ar) @ab) = - = (5 6,6y — 3 6y0,) (4 6y0;, — 5 5,0%)

_ 6 15 25 10
=— — + — 0,0y
41 82

ya=(aars)@ab)’

_é (4 Gy0z — 5 GZGX) (4 GyOz — 5 GZGX)

-1
2
5 4 4 5
1 —0,0, ———0,0, 0
—~ D = 41 41 41 41
= 15 6 10 8 6 15 25 10 1
-—-—-—-0,6,-—0,06,——0G,0, +—-0,0,+--0,6,+—0,6, —
82 41 41 41 41 82 82 41 2
Check of Pauli algebra matrix inverse: D *D =1
4
5 4 5
—E—6GG 10(5 —EGG 6+15c5c5+25c5 +EGG l 0
82 41 7% 41 O 4 O 41 82 OV gy T O
Quantities of final products, which will be produced:
125
100
145
5 4 4 5
— + — 6\O — — — 0xO 0 25
41 41 7 41 41 7
—E—E 10 —E c —£+EGG EGG*‘EGG 1 35
82 a1 Y 41 00 41 O a1 g2 VT g T O 3

= If 125 units of the first raw material R,, 100 units of the second raw material R,, and 145 units
of the third raw material R; are consumed in the production process, 25 units of the first final
product P, and 35 units of the second final product P, will be produced.
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2b) 5x+6y=380 a=5c.+40,+30;

O
I
w ~ o
o N o

4x+7y=370 = b=6ox+70y+80;
3x+8y=360 L = ox I, = oy rs=o;
. D= {xl X, xﬂ o Dp'D=lI
Yi Y2 Vs

Outer product and inverse of the two coefficient vectors:
anb=(0Box+40y+30,)A(60ox+70y+80;) =11 o0y + 11 6y5;, — 22 5,0«

(aAb)’ = (11 oxoy + 11 6y0, — 22 6,6,)° = — 726
(arb) ' =(@rb)*@ab)= 6—16 (= 6Oy — Gy0; + 2 5,5,)

Outer products of resulting vectors and coefficient vectors:
riAb=oxA (6ox+70y+80c;) =7 o0y —8 0,0x
anr=(Box+t4oy+30,)A0x=—40x0y+ 30,0y
r,Ab=cyAn (6ox+70y+80c,)=—6ocxoy+ 80,0,
anr;=(5Box+40oy+30,)A0y=5050,—30y0;
rsnb=oc,A(6ox+70y+80,) =60c,00—70y0;

anrs=(5Box+4oy+30,)A0;,=40,0;,— 50,0y

Elements of the Pauli algebra generalized matrix inverse D™*, if the inverse of the outer
product of the coefficient vectors (a A b) Lis post-multiplied from the right:

1

X, =(riab)(an b)fl = 5 (7 oxoy — 8 5,0y) (— oxoy — Gy0; + 2 5,0%)

% (23 + 8 oyoy + 6 Gy0; + 7 G;0y)

% (— 6 oxoy + 8 0y0;) (— oxOy — 0yC; + 2 G,0)

X,=(r2Ab)(@anb)*

= % (2-16 oxoy— 12 6y0, — 14 5,0y)

% (6 6,6x— 7 6yO;7) (— GxOy — GyO; + 2 G;)

X;=(rsAab)(@aab)’

1

(— 19 + 8 oxoy + 6 0y, + 7 5,0%)
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vi=(@Aar)(ana b)fl = % (— 4 oxoy + 3 6,0x) (— OxOy — CyG; + 2 G;0%)
1
= m (— 10 -3 oxoy— 5 6y0; — 4 5,0%)

Y,=(@Ar) (an b)f1 = é (5 oxoy — 3 6y0;) (— 0xOy — GyG; + 2 G;0%)

= é (2 + 6 oxoy + 10 6y0; + 8 5,0y)

ys=(anrz (@an b)_1 = m (4 oyo; — 5 6,0y) (— 6xOy — OyO; + 2 G;0%)

= % (14 - 3 oxoy — 5 0y5; — 4 5,0y)

11 |:23+86X6y +6c,6,+ 70,6, 2-160,6,-126 06, -146,6, -19+80,06, +60,6, + 70,0,
f—

= 66 -10-30,0, -50,6, —40,6, 2+60,6,+100,6, +80,6, 14-3c,6,-50,0, 40,0,

Check of Pauli algebra matrix inverse: D ' D=1

23+80y0yt+60y0,+ 70,6 2-160y0y—120y0,—-140,6x —19+80y0y+60y0,+ 70,0y 66 O

—10-30x0y—50y0;, -4 6,0 2 +60y0y+ 100,06, + 85,0« 14 -3 ox6y—506y6,— 40,0 0 66

Quantities of final products, which will be produced:

380

370

360

23+8oy0yt+60y0,+ 76,6 2-160y0y—1206y0,—-1406,0x —19+80y0y+ 60y, + 70,0 2640
—10-3oxoy—56y6;,—46,0x 2+60oxoy+106y6;+ 80,0 14 -3 o6y0y—56y6,—4 6,0y 1980

As this second Pauli algebra generalized matrix inverse D™ * also is pre-multiplied from the left to
the consumption vector of raw materials (which has to be post-multiplied from the right), this second
generalized matrix inverse again is a left-sided matrix inverse.

_ 2640 _ 40 _ 1980 _ 30
66 66

= I 380 units of the first raw material R, 370 units of the second raw material R,, and 360 units
of the third raw material R; are consumed in the production process, 40 units of the first final

product P, and 30 units of the second final product P, will be produced.

Completing the result:  x
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Problem 5:

2a) 5x+0y=125 5 0 a=5y+4y+3yy
4x+0y=100 = D=4 O b=2vyy
3x+2y=145 3 2 r=m M ="7x r3=7vy
1 X, X, X _
- Dl:{l ; 3} & D'D=I
Yi Y. Y3

Outer product and inverse of the two coefficient vectors:
anb=0Byt+4y+t3v)A2v) =10y +8vxyy
(@A b)’ = (10 vy + 87)°

= (10 yeyy + 8 vxyy) (10 vevy + 8 vxyy)

=100 yeyyyeyy + 80 yeyyyxyy + 80 yxyyveyy + 64 vxyyyxyy
= 100 + 80 yiyx — 80 Yeyx — 64
=36

- - 1 1
(@aab) '=(@aab)’(@aab)= 36 10y +8vy) = 7o Gyay + 4 1)

Outer products of resulting vectors and coefficient vectors:
rAb=yA (27vy) =2y

anr=0rn+t4yn+3yn) An=—4yrx—3ny
r2AD=vA (2vy) =2y

anT2=ve+ 4yt 3vy) Avx=5vrx— 3 ¥xry
rsAnb=yyA(2vy)=0

anrs=0By+4yx+3v) Ay =57y +4 vy

Elements of the Dirac algebra generalized matrix inverse Dfl, if the inverse of the outer
product of the coefficient vectors (a A b) Lis pre-multiplied from the left:

X, =(@ab) (riab)

1
=5 (5 veyy + 4 vxvy) (2 veyy)
1

“ 18 (20 yevyrvevy + 8 yxvyrivy)

1
= = (10— 8 yiyy
18( YtYx)
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|~

3
9 YiYx

X,= (@A b) (r,ab)

1
" 18 (5 vevy + 4 vxyy) (2 vxvy)

1
~ 18 (20 yevyyxyy + 8 vxyyyxvy)

1
18

(10 yiyx—8)

__ 4.5
g g '™

X;=(@Ab) (rsab)

1
m Oyyy+4yxyy) -0
=0

Intermediate check of the first row of the Dirac algebra matrix inverse:

0
0
3 2
5 4 4 5 9
> 4 AL 0 > 0
g g '™ g g X 9
Y1 Y2 Y3 ? ?

yi=(aab) ' (@aary

1
T (5 yevy + 4 vxry) (4 yivx— 3 vevy)

1

“ 18 (— 20 yeyyreys — 15 yevyyery — 16 yxyyyerx — 12 vxyyvevy)

1
18 (— 20 yxyy — 15— 16 yryy + 12 veyy)

L2162
18 18 ' qg T 1g M

(@aab) '(@nr)

Y,

1
T (5 viyy + 4 vxry) (5 vevx — 3 vxvy)
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1
" 18 (25 yivyvevs — 15 yevyyxry + 20 yxyyrerx — 12 vevyysyy)

1
18 (25 yxyy — 15 yeyx + 20 yeyy + 12)

_12 15 20 25

== _ == + == + £2
18 18 "7 1g YT g P

va=(aab) (@nars)
1
BT (5 vy + 4 vxyy) (5 veyy + 4 vxyy)

1
T (25 yevyyryy + 20 yeyyyxyy + 20 yxvyrvevy + 16 vxyyyxyy)

1
= E (25 + 20 yeyx — 20 yeyx — 16)

-1
2
5_4 _4.5 0
N D71 _ 9 9 Yth 9 9 YIYX
512 16 20 1215 20 25 1
18 18 YtYX 18 YtYy 18 YXYy 18 18 YtYX 18 YtYy 18 YXYy 2
Check of Dirac algebra matrix inverse: D 'D =1
5 4 4 5
- — = T 0 1
g o' g g
_ E + g _ E _ @ E _ E + @ + é l 0
18 18 Yt¥x 18 Yty 18 XYy 18 18 YtYx 18 TtYy 18 XYy 2
Quantities of final products, which will be produced:
125
100
145
5 4 4 5
- — = T 0 25
g 9 ' 9 9!
_ E + E _ g _ E E _ E + Q + E E 35
18 18" T g g My g g T g T g P 5
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= If 125 units of the first raw material R;, 100 units of the second raw material R,, and 145 units
of the third raw material R; are consumed in the production process, 25 units of the first final
product P, and 35 units of the second final product P, will be produced.

2b) 5x+6y=380 5 6 a=5y+4y+3yy
4x+7y=370 = D=|4 7 b=6y+7yc+8yy
3x+8y=360 3 8 ri=m 2 =7x r3=vyy
— D1:|:Xl Xy X3

} s DD=I
Yi Yo Vs

Outer product and inverse of the two coefficient vectors:
anb=0Gn+tayn+3y)AGntTyt8y)
= (35— 24) yiyx + (40 — 18) yryy + (32— 21) yxyy
= 1 yeyw + 22 yiyy + 11 yayy
(@nb)’ = (LLyx+ 22 iy + L1 y5p)°
= (WL yeyw + 22 yiyy + 11 yuyy) (L1 vy + 22 yeyy + 11 vyyy)

= 121 yeyxyryx + 242 yeyxyeyy + 121 yeyxyxyy + 242 yeyyyeyx + 484 yeyyyeyy
+ 242 yeyyyxyy Y121 yeyyrerx + 242 yxyyvery + 121 yxyyrxvy

=121 — 242 vyyyy — 121 yyyy + 242 yyyy + 484 + 242 yyyy + 121 yeyy — 242 yeyx — 121
=121 +484-121
=484

(@arb)y'=(@ab)*@Aab)

1
184 (11 yeyx + 22 yeyy + 11 yxyy)

1
— + 2y +
m (vevx + 2 vevy + vxvy)

Outer products of resulting vectors and coefficient vectors:

AD=vA By +7yx+871y) =7 vivx + 8yryy
anr=0y+4y+3y) Av=—4yyx—3nyy
PAD=y A1+ 71+ 87y) =6y + 8y
anrz=0By+dyc+3v) Avx=5vrx— 3 1xry
rsAb =y ABvi+T7vc+8yy)=—6viry— 7 vxry
anr3=0Br+4y+31) Avy=5rry+ 4Ky
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Elements of the Dirac algebra generalized matrix inverse Dfl, if the inverse of the outer

product of the coefficient vectors (a A b) Lis pre-multiplied from the left:

x,=(@ab) ' (riab)

1
) (vevx + 2 vy + 1xvy) (7 vevx + 8 yiyy)

1
m (7 yeyxvers + 8 veyxveyy + 14 veryyeyx + 16 veyyveyy + 7 vxyyYeyx + 8 vxvyYevy)

1
m (7 =8 yxyy + L4 yxyy + 16 + 7 yryy — 8 vryx)

1
H (23 =8 yyx + 7 yiyy + 6 yxyy)

=(@aAab) (r,AD)

Xz =
1
“u (veyx + 2 vy + 1xvy) (= 6 veyx + 8 vxyy)
1
“ (= 6 veyxveyx + 8vevxyxyy — 12 veyyyeyx +16 veyyyxyy — 6 vxvy¥ivx + 8 YxvyYxy)
1
" (=6 —8ytyy — 12 yxyy + 16 yiyx — 6 yryy — 8)
1
“ (— 14 + 16 yryx — 14 veyy — 12 1xyy)
X;=(@Ab) ' (rsab)

1
“ (revx + 2 yevy + 1xyy) (= 6 very — 7 1xvy)

1
“ (— 6 vevxyeyy — 7 vevsyxyy — 12 veyyyery — 1A vevyysvy — 6 vxvyyevy — 7 YxvyYYy)

1
m (6 vxyy + 7 yryy— 12 — LA ygyx + 6 yeyx + 7)

1
u (=5 =8 ytyx + 7 vy + 6 1xyy)

Intermediate check of first row of the Dirac algebra matrix inverse:

23 -8yiyx+ Tyeyy+6vxyy — 14+ 16 viyx— 14 yeyy —127xyy  —5—8yeyx + 7 veyy + 6 1xyy
Y1 Y2 Y3
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vi=(@ab) t(@aan)

1
m (revx + 2 vivy + 1xry) (= 4 vy — 3 vevy)

1
m (= A yeyxveyx — 3 Yerxveyy — 8 vevyYeyx — 6 Yevyyery — 4 ¥xvyYeyx — 3 YxYyYtYy)

1
i (—4+ 3 yxry—8yxyry — 6 — 4 yeyy + 3 veyx)

1
m (=10 + 3 yryx— 4 vivy — 5 1xvy)

v,=(aab) ' (@aary)

1
m (vevx + 2 vy + 1xvy) (5 vevx— 3 vxvy)

1
m (5 yeyxveyx — 3verxyxyy + 10 veyyyeyx — B Yevyyxvy + S vxyyyerx — 3 ¥xvyYxYy)

1
i (5 + 3 yiyy + 10 yxyy — 6 yeyx + 5 yiyy + 3)

1
m (8 — 6 yeyx + 8 yeryy + 10 vxyy)

va=(aab) ' (@nars)

1
u (vevx + 2 vy + 1xvy) (S vevy + 4 yxyy)

1
m Syerxyery + 4verxyxyy + 10veryyeyy + 8veyyyary + S yxyyriry + 4 vxvyysyy)

1
m (S vxry— 4 yeyy + 10 + 8 yeyx — Syeyx— 4)

1
u (6 + 3 yivx— 4 vevy — 5 1xvy)

_ pls i{23—8mx vy +6yyy —14+16yy, —ldyyy —12v,yy —5-8vy, + vy, +6vxvy}

44| -10+3y.y, —4v,y, ~5v,v,  8-6yy, +8y,y, +10v,y, 6+3y,y, —4r.y, —5v.7,
Check of Dirac algebra matrix inverse: D *D = | 5 6
8

23-8yiyx+ Tyryy+ 6 vxyy —14+ 167k — 14yeyy —12y¢yy —5—8vyyx+ Tyeyy+6yxyy | 44 O

=10+ 3 yeyx— 4 very — S vxyy 8—6vyryx+8yryy+10vxyy 6+ 3yiyx—4 veyy — 5 vxvy 0 44
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Quantities of final products, which will be produced:

380
370
360

23 -8 yiyx+ Tyryy+ 6 vxyy —14+ 16y — 14veyy — 12yxyy  —5—8vyeyx + 7yiyy + 6 yxyy

=10+ 3 yiyx— 4 viyy — 5 vy 8—6vyyx+8yryy+10vxyy 6+ 3yiyx—4 veyy — 5 vxvy

Completing the result:  x = @ =40 y= % =30

1760
1320

= I 380 units of the first raw material R,, 370 units of the second raw material R,, and 360 units
of the third raw material R; are consumed in the production process, 40 units of the first final

product P; and 30 units of the second final product P, will be produced.

Problem 6:
2a) 5x+0y=125 5 0 a=5y+4y+3yy
4x+0y=100 = D=4 0 b=2vyy
3x+2y=145 3 2 ri=" 2 =vx 3 =7y
- X, X, X _
N D1:|:1 2 3} PN QlD=|
Yi Y2 Y3

Outer product and inverse of the two coefficient vectors:
anb=0Gyt+4yt+3y)ARy)=10yyy+ 8y
(@A b)’ = (10 yery + 87:,)" = 36

- - 1 1
(@aab)'=(aab)’(@aab)= 36 10y +8vy) = 7o Gyay + 4 v

Outer products of resulting vectors and coefficient vectors:

rAb=vA 27v)=2vyy
anr=0Byt4dyct3v) Avn=—4vx— 31y
2 AD=vcA (2yy) =2 yxry

anT2=By+ 4yt 3vy) Avx=5 v — 3 vxvy
rsAnb=yyA(2vy)=0

anr=0By+a4yx+3v) Ay =5vyy+4 vy
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Elements of the Dirac algebra generalized matrix inverse Qil,
product of the coefficient vectors (a A b)

if the inverse of the outer
“Lis post-multiplied from the right:

1 5,4
X =(rAab)@ab) = = Q2ym) Gray+41xy) = > + ~ Y
18 9" 9
_ 11 _ 4 5
X,=(r2ab)(@nb) "= = 2vxyy) Gy +4vxry) =— = — = Ve¥x
18 9 9
41
3= (rsab)@ab) '= 150 Gy +4vap) =0
11
yi=(@ar)@ab) = o5 4= 3mm) Gray + 4va)
__ L 12 6 .20
18 1g /xT g YT g Py
11
y,=(@Ar)(@ab)’= 15 G 1= 37a1) (B vary + 4 71)
_12 15 20 2
18 18 "7 g YT g W
11
ys=(@nrs)(@ab) = ) (5 vevy + 4 yxyy) (5 vevy + 4 yxyy)
-1
2
5.4 4.5 0
e s g Tx g gl
= 15 12 16 2o 12 15 20 25 1
T18 18 x gV vy Tg Xy 1g gV Yx T g Yy Tg ity 5
Check of Dirac algebra matrix inverse: D 'D =1
5.4 45 0
9 g 't g g 't
12 6 .20 ) 20 2 1
18 1g /T g T g My jg T g kT g Vv g Wy 3
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Quantities of final products, which will be produced:

125
100
145
g+gmx —g—gwx 0 25
15 12 16 20 12 15 20 ., 25 1
g gt Yt gy gt gt g AT gy 5 35

= If 125 units of the first raw material R,, 100 units of the second raw material R,, and 145 units
of the third raw material R; are consumed in the production process, 25 units of the first final
product P, and 35 units of the second final product P, will be produced.

2b) 5x+6y=380 5 6 a=5y+4y+3yy
4x+7y=370 = D=4 7 b=6vy+7y<+8yy
3x+8y=360 3 8 =7 2 ="7vx r3=vy
_ X X X
- 21:{1 2 3} o Q_1D=|
Yi Y2 Y3

Outer product and inverse of the two coefficient vectors:
anb=0Grt+4yt+3y) A1+ 7yt 8yy) =11 yiyx+ 22 vy + 11 yxyy

(@A b)® = (11 yiyx + 22 iy + 11 yyyy)° = 484
) . 1 1
(@ab) '=(aab)?(@ab)= Tyl (11 yeyx + 22 yeyy + 11 yyyy) = " (veyx + 2 vy + ¥xyy)

Outer products of resulting vectors and coefficient vectors:

AD=vA By +7yx+87vy) =7 vivx + 8 yryy
anr=0rn+ta4yn+3y)An=—4yr—3ny
RAD=7A @1+ 7yt 8yy) =—6vivx + 8 vy
anr=0By+4yx+37y) Avx=5vrx— 3 xyy
BBAD=yy A B ye+ 7y 8vy) =—6 vy —T7 vxvy
anrs=0Gy+dy+3v) Ay =51y + 4y
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Elements of the Dirac algebra generalized matrix inverse Qil, if the inverse of the outer
product of the coefficient vectors (a A b) Lis post-multiplied from the right:

_ 1
X, =(riab)(@aab) = 2 v+ 8yany) (rav+ 2 ity + 11y)

= —4 (23 + 8 yryx — 7 viyy — 6 xyy)

X, = (r2Ab) (aab)™ (— 6 verx + 8 1ry) (v + 2 7ayy + Yxvy)

(— 14 — 16 yiyx + 14 viyy + 12 yyyy)

3= (raab) @A b) = = (=6 vy — 7 vxry) (evx + 2 Yery + V)

= — (—5+8yiyx— 7 viyy — 6 vxvy)

— (=4 yeyx— 3 veyy) (revx + 2 vy + Yxvy)

yi=(@ar)(@ab)’

1
= (— 10— 3 yiyx + 4 veyy + 5 vxyy)

_ 1
y,=(@nr)(@ab) = 22 10— 310 (v + 2 ity + 1)

1
“ (8 + 6 yryx — 8 yryy — 10 yxyy)

41
ys=(@nr)@ab) = m (5 vevy + 4 vxry) (vevx + 2 yeyy + ¥xvy)

1
b (6 — 3 yeyx + 4 veyy + 5 vxvy)

L p itz 1238 Ty —Oryy —14-16yyc+ vy, + L2y, S48y - Ty 6y
— 44| -10-3yyy, +4yyy +5v,y,  8+6y.y, -8y, —10v,v,  6-3y.v, +4yyy +5Y,7,
Check of Dirac algebra matrix inverse: D 'D =1 5 6
8

23+ 8ytyx—Tyryy—67vxyy —14-16veyx+ Lyyy + L2yqyy —5+8yiyx—Tyeyy—6vxyy | 44 O

=10 -3 yeyx + 4 yiyy + 5 vy 8+6ytyx—8veyy—107xyy 63 veyx + 4 yivy + 5 yxyy 0 44
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Quantities of final products, which will be produced:
380

370
360

23+ 8yiyx—Tyyy—6yxyy —14—16viyx + L4yeyy + 127v¢yy —5+8yeyx— 7Tyeyy —6yxyy | 1760

— 10— 3 yryx + 4 veyy + 5 vxvy 8+6vyx—8veyy—10yxyy  6-37yeyx+4yry+ Syxyy | 1320

Completing the result:  x = 1760 1320

= If 380 units of the first raw material R, 370 units of the second raw material R,, and 360 units
of the third raw material R; are consumed in the production process, 40 units of the first final
product P; and 30 units of the second final product P, will be produced.

Problem 7:

The scalar terms of the elements of the Pauli algebra generalized matrix inverses D ' of problem 3
and Qfl of problem 4 are the elements of the Moore-Penrose matrix inverses:

D—l _ _Xl X, X3_ N DY = _<X1>o (X300 <X3>o_
LY: Yo Ys Yido Yado (Ya)o ]

or

D—l _ _Xl X, X3_ N DY = _<X1>o (X300 <X3>o_
LY: Yo Ys Yo Yado (Yado ]

As all the bivector terms have opposite signs, they will cancel when added:

D+ - l (D71 + D—l)
2
2a) 5x+0y=125 5 0
4x+0y=100 = D=(4 0
3x+2y=145 3 2
I 5 4 4 ]
. ———0,0, —+—0,0, 0
D= 41 41 41 41
15 6 10 6 15 25 10 1
-—+ «oy+—06,6,+—-6,6, -——-—-0,6,-—06,6,-—0,0,
L 82 41 41 41 41 82 82 41 2]
I 5 4 4 5 |
—+-—0,0, ———0,0, 0
D != 41 41 41 41
= 15 6 10 8 6 15 25 10 1
-—--—-0,6,-—6,6,-—0,6, ——+--0,6,+—-0,6,+—G,6, —
L 82 41 41 41 41 82 82 41 2
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5 4

— — 0
+ 1 -1 -1 41 41 1 10 8 0
= D==(D +D )= = —
2( D) 15 6 1] 82|-15 -12 41
82 41 2
Moore-Penrose conditions: I. DD'D=D
. D'DD'=D"
+ T
. DD =(DD)

V. D'D=(D'D)

Check of the first and third Moore-Penrose condition: DD’ D = (D D+)T D=D

5 0
> 4 4 0
41 41
6 el 3 2
82 41
5 0 s 0, 5 0 )
41 41
4 0 20 16 4 0 »D=DD'D
41 M
3 2 0 0 1 3 2
— J
'
pp" = (D)

Check of the second and fourth Moore-Penrose condition: D' DD’ = (D’ D)T D'=D"

5 0
4 0 R
41 41
3 2 56 1
82 41 2
504 ol o, | s e
41 41 41 41
5 6 1 | o ., | .18 & 1 [P7PPP
82 41 2 82 41 2
H_J
+ + T
D'D=(D'D)
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Quantities of final products, which will be produced:

125
100
145

T 25

a4l

R 35

82 41 2

= If 125 units of the first raw material R;, 100 units of the second raw material R,, and
145 units of the third raw material R; are consumed in the production process, 25 units
of the first final product P, and 35 units of the second final product P, will be produced.

2b) 5x+6y=2380 5 6
4x+7y=370 = D=4 7
3x+8y=360 3 8
D l= 1 _23—8csxcy -6o,6, - 70,0, 2+160,0,+126,0, +145,6, —19-80,0, —60,0, - 75,0,
66 -10+30,06, +50,0, +40,6, 2-60,6,-106,0, -85,0,
Dl= 1 _23+80X0y +6o0,6, + 70,06, 2-160,0,-126,6, -140,0, —19+80,0, +60,0, + 75,0, ]
= 66 -10-30,0, 50,6, 40,6, 2+60,6,+100,6, +80,0,
23 1 19
+_ 1,1 -1y | s 33 66 |_ 1| 23 2 -19
= D==(D +D )= = —
2 ( D) 5 1 71 66/-10 2
33 33 33
Moore-Penrose conditions: . DD'D=D
. D'DD'=D"
m. oo’ =D
V. D'D=(D'D)
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Check of the first and third Moore-Penrose condition:

pp'D=(DD")' D=D

5 6
3 1 19 47
66 33 66
s 17 3 3
33 33 33
5 > i1 5 6 |
6 3 6
4 1 1 1 4 7 ,D=DD'D
3 3 3
1 1 5
3 = =2 3 8
6 3 6 g
- J
Y
pp'=(pD")

Check of the second and fourth Moore-Penrose condition: D DD’ = (D+ D)T D'=D"

5 6
P N B
66 3 66
3 8 > 1 7
33 33 33
3 01 19 |, o | 2 1 19
66 33 66 66 33 66 . . .
5 1 7 |, |5 1 7z (PTPPP
33 33 33 33 33 33
H_/
+ + T
D'D=(D'D)
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Quantities of final products, which will be produced:

380

370

360

3 1 19 |
66 33 66

51 1| gy
33 33 33

= I 380 units of the first raw material R,, 370 units of the second raw material R,, and
360 units of the third raw material R5 are consumed in the production process, 40 units
of the first final product P, and 30 units of the second final product P, will be produced.

Problem 8:

The scalar terms of the elements of the Dirac algebra generalized matrix inverses D ! of pro-
blem 5 and Q_l of problem 6 are the elements of the spacetime matrix inverses:

Dlz{xl X, XS} = D+:{<Xl>o (X220 <X3>0}
(Yo (Yado (Yalo

D1:|:Xl X, Xs} — D+:{<X1>o <X2>o <X3>o}
- Yi Yo Y, V2o Y2do (Yado

As all the bivector terms have opposite signs, they will cancel when added:

D+ — l (D—l + D—l)
2
2a) 5x+0y=125 50
4x+0y=100 = D=
3x+2y=145 3 2
I > 4 _4.5 0
D71 _ 9 9YtYX 9 g’Yt’YX
512 16 20 12 15 20 25 1
i 18 18 Yth 18 YtYy 18 YXYy 18 18 YtYX 18 YtYy 18 YXYy 2
| 5,4 _4.3 0
D71 - 9 9Yth 9 9Yth
= |52 16 20 1215 20 25 1
i 18 18 YIYX 18 YIYy 18 YXYy 18 18 ,YI'YX 18 YIYy 18 YXYy 2
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9
R R s 9 1] 10 -8 0
~ D'=-('+D "= = =
2( D) 11201 18{—15 12 41
18 18 2
Moore-Penrose conditions: I.  DD'D=D m. oo =D
1. D'DD'=D" Iv. D'D=(D'D)

Check of the first and third Moore-Penrose condition: DD’ D = (D D+)T D=D

5 0
0.8 4 0
18 18
15 2 1 3 9
18 18 2
5 0 0 40, 5 0 )
18 18
4 0 O 2, 4 0 »D=DD'D
18 18
3 2 0 0 1 3 2
- J
Y

T
DD % (DD")
= The first Moore-Penrose condition is true for this spacetime generalized matrix inverse.

= The third Moore-Penrose condition is not true for this spacetime generalized matrix inverse.

Check of the second and fourth Moore-Penrose condition: D' DD" = (D" D)T D'=D"

5 0
4 0 08
18 18
s o |8 12 1
18 18 2
I T T I
18 18 18 18
521 g, s o1 [PTPPP
18 18 2 18 18 2
H_/
+ + T
D'D=(D'D)
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= The second and the fourth Moore-Penrose condition are true for this spacetime
generalized matrix inverse.

Finding a new third (and fourth) condition:

As the first, second, and fourth Moore-Penrose conditions hold, we only have to modify the
third condition. To do this we remember the discussion of the first lesson: Mathematics can be
considered as a free invention of the human mind — something, which does not exist outside our
brains, because it is not part of nature (Vince: “The universe does not need any of these mathe-
matical ideas to run its machinery.” See: Mathematics for Computer Graphics. 5th ed., sec., 1.4,
Springer 2017). Mathematics is constructed and thus it is invented by us.

So let us invent a spacetime matrix transposition with the following definition for 2x2 or 3x 3
matrices:

fa,, a _ o o | a, -a
If A=| Y 12} then the spacetime transposed matrix will be: A™' =| “}.
dy Ay L ap a5
d;; A, Qg d;; —dy —ady
: L tT
If A=|a, a, a, | thenthespacetime transposed matrix will be: A™' =|-a,, a,, as,
_a31 dz, dag; | a3 a3 g3

The non-diagonal elements of the first row and first column will change their signs when space-
timely transposed.
The modified conditions can then be stated with this spacetime transposition:
. DD'D=D
. D'DD'=D
n. bpb =(pbD")
IV. D'D=(D"D)

stT

stT

Quantities of final products, which will be produced:

125
100
145
E —E 0 25
18 18
ECT B U
18 18 2

= If 125 units of the first raw material R;, 100 units of the second raw material R,, and
145 units of the third raw material R; are consumed in the production process, 25 units
of the first final product P, and 35 units of the second final product P, will be produced.

© M. Horn (2020): Solving Systems of Linear Equations with Dirac Algebra — Worksheets 97



2b) 5x+6y=380

W)

1
w ~ o
© N o

4x+7y=370 =
3x+8y=360
Dl= 1[8-8y, + Ty, +6v,y, —14+16y,y, —14v.y, 12y, v, —5-8y,y, +Tryy, +6v,7, |
44| —10+3y.v, =4y, —Ov, vy 8-6y.v, +8y,y, +10v,v,  6+3vv, 4.y, —O1.Yy |
ot L[ 2348y =Ty —6y.y, —14-16y,y, +14y,y, +12v,7y ~S+81y, — Ty —61,, |
— 44| -10-3yyy, +4vyy, +5v,y, 8+6v.y, =8y, —10v,v, 6-3y.v, +4v.v, +5V,v, |
23 14 5
e Lyt oh_| 44 a4 44| 1[ 28 -14 -5
= D=Z(D +D )= ==
2( D) 10 8 6 44| -10 8 6
44 44 44
Moore-Penrose conditions: I DD'D=D Il DD+:(DD+)T
. D'DD'=D" Iv. D'D=(D'D)

Check of the first and third Moore-Penrose condition: DD’ D = (D D+)T D=D

5 6
23 145 4 7
77 VI
o8 6 3 8
77V
5 6 » oz L5 g )

44 44 44

4 7 2 90 =z 4 7 o D=DD'D

44 44 44

3 8 | -= 2 B 5 g )
44 44 44

- /)

T
DD = (DD")
= The first Moore-Penrose condition is true for this spacetime generalized matrix inverse.

= The third Moore-Penrose condition is not true for this spacetime generalized matrix inverse.
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Check of the second and fourth Moore-Penrose condition: D DD’ = (D+ D)T D'=D"

5 6
. . | B 1 s
44 44 44
. s | 0 8 6
44 44 44
3 1 s | | 3 14 5
44 44 44 44 44 44
0 8 6 | , , | 0 8 & ([°7PPP
44 44 44 44 44 44
H_/
+ + T
D'D=(D'D)

= The second and the fourth Moore-Penrose condition are true for this spacetime
generalized matrix inverse.

Finding a new third (and fourth) condition:

As the first, second, and fourth Moore-Penrose conditions hold, we only have to modify the
third condition. But again it is possible to change the third and the fourth condition as well into:

. DD'D=D

. D'DD =D
nm. pb =(pD")
IVv. D'D=(D"D)

StT

StT

Quantities of final products, which will be produced:

380

370

360

23 145 40
44 4 M

o8 6 30
44 4 a4

= I 380 units of the first raw material R,, 370 units of the second raw material R,, and
360 units of the third raw material R5 are consumed in the production process, 40 units
of the first final product P, and 30 units of the second final product P, will be produced.
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